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Abstract

We develop and implement a technique for maximum likelihood estimation in closed-form of multivariate
affine yield models of the term structure of interest rates. Affine yield models owe their popularity among
both practitioners and academics to the fact that they allow for straightforward pricing of bonds and other
interest rate derivatives. However, estimation still poses many challenging issues. Applying the method of
Ait-Sahalia (2001), we derive closed-form approximations to the likelihood functions for all nine of the Dai
and Singleton (2000) canonical affine models corresponding to dimensions 1, 2 and 3 of the state vector.
Monte Carlo simulations reveal that our technique produces extremely accurate approximations of the
exact likelihood function.
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1 Introduction

In this paper, we develop and implement a technique for closed-form maximum likelihood estimation of
multivariate affine yield models of the term structure of interest rates. Affine yield models are very popular
among both practitioners and academics, largely because they have very desirable analytical properties and
allow for straightforward pricing of bonds and other interest rate derivatives. These prices are solutions to
the Feynman-Kac partial differential equation. For most non-affine term structure models, solutions to this
differential equation must be found through numeric methods, which become increasingly impractical as the
number of factors underlying the model increases. However, affine yield models owe their popularity to the
fact that this partial differential equation decomposes into a system of ordinary differential equations, which
can be solved quickly, even with a large number of underlying factors.

Despite their relatively desirable analytic properties, estimation of affine yield models still poses many
challenges. The likelihood function of an affine yield model is known in closed-form only for a few special
cases. Most studies of estimation of affine yield models outside this relatively restricted subclass have therefore
focused either on numeric techniques or method of moments estimators. Each of these methods has its
advantages and disadvantages, which we now discuss in turn.

Moments of affine diffusions can be found in closed-form. Estimation of affine yield models through the
generalized method of moments is therefore feasible. As an early example, Gibbons and Ramaswamy (1993)
use this method to estimate the model of Cox, Ingersoll, and Ross (1985). Chacko and Viceira (2001) and
Singleton (2001) consider estimation methods based on moments derived from the characteristic function of
the transition density which is known in closed-form for affine diffusions, even though the density is not.

Dai and Singleton (2000) estimate several affine yield models using the simulation-based efficient method
of moments. At least in theory, efficiency can be achieved if the number of moment conditions goes to infinity
with the number of data observations. Because the method is computationally intensive, requiring heavy
simulations, and is highly flexible, requiring the a priori selection of an auxiliary model and resulting moment
conditions, little is known about its behavior in repeated simulation trials, although it has been shown to
perform poorly at least in the context of dynamic term structure models (see Duffee and Stanton (2001)). In
addition, most affine yield models have lower bounds on one or more state variables. Most implementations of
the method of moments techniques calculate moments of bond yields directly, and never explicitly calculate
the values of the state variables implied by the observed bond yields. The implied values of some of the state
variables may lie on the wrong side of the boundaries for some observations, in which case the estimated model
implies that the observed data could not have occurred. Duffee (2002) notes that the parameters estimated
by Dai and Singleton (2000) imply that many of the data observations could not have occurred.

One alternative to method of moments estimation is quasi-maximum likelihood (see e.g., Duffee (2002)).



In this approach, the density of the state vector, conditional on the previous observation, is assumed to have a
multivariate Gaussian distribution, and the mean vector and covariance matrix of the state vector are assumed
to be proportional to the length of time between observations. If the number of observed yields is greater
than the number of state variables in the model being estimated (as is necessary for full identification for some
affine yield models), it is necessary to assume that at least some of the yields are observed with error; Piazzesi
(2002) discusses this issue. Quasi-maximum likelihood estimation has the advantages that it is feasible for all
affine yield models, and never estimates models that imply the state vector took on unattainable values for
some data observations. However, only some affine yield models have a Gaussian transition density, and even
for those models, the assumptions of QML estimation regarding the means and variances of the transition
density are not accurate.

Instead of quasi-maximum likelihood one can consider true maximum likelihood estimation, with the
likelihood function calculated numerically or estimated through simulation techniques. The transition function
can be found as the solution to the Kolmogorov forward equation; this partial differential equation must be
solved numerically. However, the transition density must be calculated for each data observation, and for each
value of the parameter vector considered during a likelihood search. Already computationally intensive for a
scalar diffusion, estimation by this method becomes extremely difficult for multivariate diffusions; see Jensen
and Poulsen (2002) for a comparison of different methods. Maximum likelihood estimation can be implemented
via simulations instead. Pedersen (1995) developed a technique for estimating the likelihood function of
discrete observations of a diffusion process by simulations, which Brandt and Santa-Clara (2002) extended
to multivariate diffusions. When applied to term structure models, likelihood methods usually assume, as
does Duffee (2002), that an arbitrary set of benchmark yields are observed without error, with all remaining
yields observed with some error; however, Brandt and He (2002) perform simulated maximum likelihood
estimation of a model when all yields are observed with some error. However, because new simulations are
required for each parameter vector considered during the likelihood search, the computing time required can
still be considerable. Finally, Liu, Pan, and Pedersen (2001) propose to numerically Fourier-invert the known
characteristic function of an affine diffusion to recover an approximation of its density.

As an alternative to the above techniques, we propose maximum likelihood estimation with the likelihood
function approximated by a series of highly accurate expansions for the log-likelihood function (or equivalent
the density) due to Ait-Sahalia (2001), which generalizes to arbitrary multivariate processes the univariate
results developed in Ait-Sahalia (2002) (see also Ait-Sahalia (1999) for examples of application of the univariate
method in finance). The key aspect of the method is that, unlike all the approaches described above, the
resulting density expansion from this approach is in closed form. While the method can be applied to any

multivariate diffusion, irrespectively of the particular specification adopted, we illustrate this technique here



in the context of affine term structure models.

This class of models has been studied extensively by Dai and Singleton (2000). They show that there are
N + 1 non-nested families of affine models with N state variables, M of which entering the diffusion matrix.
Without parameter restrictions, the likelihood function is known in closed-form for only one of these NV + 1
families, corresponding to M = 0. (The only exception is when N = 1, where both single-factor affine models
have closed-form likelihoods.) Duffie, Pedersen, and Singleton (2002) propose a decomposition of the likelihood
function of an affine model which requires independence of the volatility variables and the simulation of the
remaining part of the likelihood. The independence assumption is not satisfied as soon as M > 1. By contrast,
we derive closed-form approximations to the likelihood functions for all N + 1 families for all N < 3 (a total
of nine models, four of which have known likelihood functions). No simulations are required in our approach,
and we are not limited to any particular affine model (such as those with independent volatility variables as in
Duffie, Pedersen, and Singleton (2002)), nor for that matter to affine specifications although this is our focus
here. We show how maximum-likelihood estimation can be implemented using for instance bond yields as the
observables.

The paper is organized as follows. We start with a brief review of affine term structure models in Section
2. Next, we describe our estimation technique in Section 3, before detailing in Section 4 the construction of
the closed-form likelihood expansions. We then test in Section 5 the accuracy of our technique by imposing
necessary parameter restrictions so that all nine models have closed-form likelihood functions, and compare
estimates derived using the true likelihoods on simulated data to those derived using our approximations
on the same data. We find uniformly that the maximum-likelihood estimates produced by our method are
extremely close to the estimates produced by the exact likelihood function, and conclude in Section 6. The
explicit formulae we obtain for the affine term structure models are contained in the Appendix. They are also

available in computer form from the authors upon request.

2 Affine Term Structure Models

At its most general level, a multivariate term structure model specifies that the instantaneous riskless rate r;

is a determinsitic function of an IN—dimensional vector of state variables, X;:
re =1 (X4 0). (2.1)
Under the equivalent martingale measure @), the state vector follows the dynamics

dX, = p® (Xy;0) dt + o (X;;0) AW 2 (2.2)



where X; and p(X;;0) are N x 1 vectors, o (X¢;6) is an N X N matrix, € is a p-dimensional parameter
and W is an N x 1 vector of independent Brownian motions. Let v (z;60) = o (z;0) o’ (z;0) where ' denotes
transposition.

In order to avoid arbitrage opportunities, the price at ¢ of a zero-coupon bond maturing at T is given by

the Feynman-Kac representation:

T
B(z,t,T;0)=F lexp (—/ Tudu>
t

where the expectation is taken with respect to the risk-neutral dynamics of X specified in (2.2). It is also

X = x] (2.3)

well-known that B satisfies the partial differential equation:

0’B
oxox’

9B +p(2;0) 9B + %Trace {v (x;0)

ey o } —r(z,t;0)B=0 (2.4)

with the final condition B (z,T,T;60) = 1 for all z and 6. Such a model is well-defined provided that (2.2) is

well-defined, the expected value (2.3) is finite, or, equivalently, the PDE (2.4) has a well-defined solution.
Although there are several different ways to define affine yield term structure models, we shall use the

following definition. An affine yield model is any model where the short rate (2.1) is an affine function of the

state vector and the risk-neutral dynamics (2.2) are affine:

dX, = K ([1 - Xt> dt + /S (Xg; B)dW2 (2.5)

where S (Xy; 8) is the diagonal matrix with elements S;; = 1+ X/3,. (Note that the requirement that S (Xy; 8)
be diagonal does not result in a loss of generality.) Let 5 denote the N x N matrix whose i-th column is the
vector (;, and let M denote the rank of 5. M denotes the number of independent state variables entering the
diffusion structure for the state variables. With N factors, there are therefore N + 1 non-nested families of
affine models corresponding to M = 0,1,..., N, and we will consider one, two and three factor models. Even
holding the size of the state vector fixed, there are several distinct non-nested families of affine yield models,
each with its own form of likelihood function. We characterize all possible affine yield models with three or
fewer state variables in Appendix A.

It can then be seen that, in affine models, bond prices have the exponential affine form
B(z,t,T;0) = exp (=7 (1;0) — v (1;0) z) (2.6)

where 7 = T — t is the bond’s time to maturity. That is, bond yields (non-annualized, and denoted by

g (z,t,T;0) = —In (B (z,t,T;0))) are affine functions of the state vector:

9(@,t,T;0) = v (1:0) + 7 (:0) = (2.7)



Alternatively, one can start with the requirement that the yields be affine, and show that the dynamics of the
state vector must be affine (see Duffie and Kan (1996)).
The final condition for the bond price implies that v, (0;6) = 7 (0;0) = 0, while

1
reo= lim = {yo(m;0) +7(:0) z}
— 9 0.0y D 0.0y
- 87’ (078)+ 67’ (079) T

5o +0'x. (2.8)

Affine yield models undoubtedly owe much of their popularity to the fact that bond prices can be calculated
quickly as solutions to a system of ordinary differential equations. Under non-linear models, bond prices will
normally be solutions to a partial differential equation that is far more difficult to solve. Plugging the solution
(2.6) into the PDE (2.4), we see indeed that the functions v, and 7 jointly solve the two ordinary Ricatti

differential equations:

N
M Ti0) 5y ARy () — > (o) (2.9)
or 2 AT
N
_37(;7;5 o _ 5+ K'y(r;0) — % Z [y (7:0)]7 B;. (2.10)
i=M+1

The solution can be evaluated rapidly by standard numerical techniques for ordinary differential equations,

yielding the functions vy, and 7.

3 Estimation Procedure

3.1 From Yields to State

We propose to estimate the parameter vector 6 based on a panel data of observed bond prices or equivalently
bond yields, recognizing that the state vector X; is unobservable. The first task is therefore to infer the state
vector X; at date t from the cross-section of bond yields at date ¢ with different maturities. We estimate
the models using highly accurate approximations to the likelihood function of the state vector, applying the
technique of Ait-Sahalia (2001). Affine yield models, as their name implies, make yields of zero coupon bonds
linear functions of the state vector. Given this simple relationship between yields and the state vector, the
likelihood function of bond yields is a simple transformation of the likelihood function of the state vector.

If the number of observed yields at that point in time is smaller than the number N of state variables in the
model, then the state is not completely observed, and the vector of observed yields does not follow a Markov

process, even if the (unobserved) state vector does, enormously complicating maximum likelihood estimation.



On the other hand, if the number of observed yields is larger than the number of state variables, then some
of the yields can be expressed as deterministic functions of other observed yields, without error. Even tiny
deviations from the predicted values have a likelihood of zero. A common practice (see, for example, Duffee
(2002)) is to assume that certain benchmark yields are observed precisely, whereas other yields are observed
with measurement error, where the error is generally held to be independent over time, of the error on other
yields, and of the model.

To avoid these issues, we propose to use a number of observed yields that is exactly equal to the number
N of state variables in the postulated model Ays (N). At each date t, the state vector X; is then exactly
identified, and the vector of observed yields follows a Markov process. However, the parameters of the model
will not always be completely identified. Specifically, there are affine yield models that generate identical
dynamics for the time series of observed yields, but different dynamics for additional yields. Equating N
observed yields with time to maturity 71, ..., 7n on the left hand side with their values under the model, given

in light of (2.7) by the affine expression on the right hand side, we have:

g(t,t+71) Yo (11;6) v (71;0)’ X
= + (3.1)
g(tt+7N) Yo (T3 6) YN0 | | X
or, in matrix form,
gt — Fot(a) + Ft(ﬁ)’Xt. (32)

3.2 The Observed State Dynamics

While the only parameters entering the transformation from observed yields to the state variables are the
parameters of the dynamics of the state process under the risk-neutral measure (), once we have constructed
our time series of values of X; sampled at dates tg, t1, ..., t, the dynamics of the state variable that we will
be able to infer from this time series are the dynamics under the physical measure of the process, which we
denote as P. The first step in the estimation procedure is the only place where we rely on the tractability of the
affine bond pricing model. In particular, we can now specify freely (that is, without regard for considerations
of analytical tractability) the market prices of risk of the different Brownian motions, or equivalently the

Radon-Nykodym derivative d@Q/dP:

dX; pf (Xy;0) dt + o (Xy;0) awf

= {u® (X;0) + 0 (X30) A (Xy30)} dt + o (X4;0) dW. (3.3)



We adopt the simple specification for the market price of risk
A(Xy;0) =0 (X450)' A (3.4)

with A an IV x 1 vector of constant parameters, so that under P, the instantaneous drift of each state variables
is its drift under the risk-neutral measure, plus a constant times its volatility squared. Under this specification,

the drift of the state vector is then affine under both the physical and risk-neutral measures, since

Wf(X0) = K (!1 - Xt) +S(Xi58) A

K(A-X,). (3.5)

Following Dai and Singleton (2000), we consider the canonical affine models where K, A and § have the

normalized form

Kyrxm Onrx(N—ar) Ao Aprxi g Inisomr Baisc(N—nr)

Kn_amyxm  K(N—myx(N=M) O(N—n)x1 ON—nnyxmr ON—n)x(N—M)

K:

The parameters governing the state variable dynamics are constrained as follows:

Apre1 >0 (3.6)
Brx(n—my =0 (3.7)

(3.8)

N~

KyrxmAprsaa >

Furthermore, the off-diagonal elements of kps,3s must be non-positive. We further discuss these restrictions
in the Appendix.

As mentioned above, having an affine p” is not required for our likelihood expansions. Since we can derive
likelihood expansions for arbitrary diffusions, we can allow puf to contain terms that are non-affine, such as
square roots of linear functions of the state vector, as in Duarte (1999) for instance. Duffee (2002) also allows
for a more general market price of risk specification than Dai and Singleton (2000), where p@ and pf (and the
diffusion matrix) remain affine. However, we do rely on the affine character of the dynamics under @ because

those allow us to go from state to yields in the tractable manner given by (3.1).

3.3 Maximum-Likelihood Estimation

Since the relationship between the state vector and bond yields is affine, as given by (3.2), the transition
function of the bond yields can be derived from the transition function of the state vector by a change of
variables and multiplication by a Jacobian, which is a constant matrix in this case. Specifically, consider the

stochastic differential equation describing the dynamics of the state vector X; under the measure P, as specified



by (3.3). Let px (A, z|xg; 8) denote its transition function, that is the conditional density of Xy A = = given
Xt = zo. Let pa(A, glgo; ) similarly denote the transition function of the vector of yields observed A units

apart. Since x = I""1(0)(g — '0(0)), we have
pc(A,glgo:0) = T7HO) px (A, T (0)(g — To(9))T" 1 (6)(g0 — To(0));0) (3.9)

Then, recognizing that the yields vector is Markovian and applying Bayes’ Rule, the log-likelihood function

for discrete data on the yield vector g; sampled at dates tg,t1, ..., t, has the simple form

0, (0) =n~1 Zj:1 lg (ti —ti—1,9,

where I = Inpg. We assume in this paper that the sampling process is deterministic (see Ait-Sahalia and
Mykland (2003) for a treatment of maximum likelihood estimation in the case of randomly spaced sampling
times). In typical practical situations, and in our Monte Carlo experiments below, these types of models are
estimated on the basis of weekly data, so that ¢; —t;_1 = A = 7/365 is a fixed number. Figure 1 describes
our estimation method: for each parameter vector, we can evaluate the likelihood of the observed bond yields
using a combination of the affine pricing model and our closed form likelihood expansions. As the figure shows,
the only role the affine structure plays in our estimation method consists in allowing the transformation from

observed yields to state variables (i.e., the pricing model) to be easily solvable.

4 Closed-Form Likelihood Expansions

In the next Section, we explain how to derive closed-form approximations to l¢g, hence to the log-likelihood
function of the discretely sampled vector of yields in light (3.10). Closed-form approximations to lg are
obtained by applying to the different term structure models (3.3) the general method described in Ait-Sahalia
(2001), which extends to multivariate diffusions the univariate results of Ait-Sahalia (1999) and Ait-Sahalia
(2002). To construct an expansion for g, we first construct an expansion for [x = Inpx and then take logs
on both sides of (3.9) to recover the corresponding expansion for /5. So we can reduce the problem to one of

approximating lx, and we now turn to that question.

4.1 Reducibilty

As defined in Ait-Sahalia (2001), a diffusion X is reducible if and if only if there exists a one-to-one transfor-
mation of the diffusion X into a diffusion Y whose diffusion matrix oy is the identity matrix. That is, there

exists an invertible function v (x; ) such that Y; = v (X;; 0) satisfies the stochastic differential equation

dY; = py (Y3 0) dt + dW;. (4.1)



Every univariate diffusion is reducible. However, this is not the case for every multivariate diffusion.
Whether or not a given multivariate diffusion is reducible depends on the specification of its o matrix. Specif-

ically, Proposition 1 of Ait-Sahalia (2001) provides a necessary and sufficient condition for reducibility: the

diffusion X is reducible if and only if the inverse diffusion matrix c=! = [J; ]-1]7_ im1,..m satisfies on Sx x ©
the condition that
—1,. _
aZ'k 8xj
for each triplet (¢,5,k) = 1,...,m such that k > j, or equivalently
" Do (x;0) " Doy (x;0)
— 0 (z;0) = — :0) . 4.3
; oz, 014 (xa ) ; oy Olk ({L‘, ) ( )

Whenever a diffusion is reducible, an expansion can be computed for the transition density px of X by
first computing it for the density py of Y and then transforming Y back into X (see Section 4.2). When a
diffusion is not reducible, the situation is more involved (see Section 4.3).

Affine yield models of the class Ay (V) with M = 0 or M = N are reducible. Ap; (N) models with

0 < M < N are reducible only if the f3;; coefficients are constrained to be zero.

4.2 Determination of the Coefficients in the Reducible Case
The expansion for [y is of the form

Y (ylyo; 6 K : AF
& _Wlid) | 5 o lo) oy (1.9

m
lg,K) (A, ylyo; 0) = ) In (27A) + R

As shown in Theorem 1 of Ait-Sahalia (2001), the coefficients of the expansion are given explicitly by:

Oy lyoi6) = —5 > =)’ (4.5)
m 1
O i) = 3 = w0 | v+ uy = w0)i6) du (46)
T 0
and, for k > 1,
*) e
O i) =k [ G (o + 0y o) i) e (4.7)
0
where
(0)
1) o N Oy (130) o oy 90y (ylyos 6)
GY (y|y079) - Zi:l 8y1 Zi:l Hy; (y79) 6y1
2
g ) POY i) |, [0 (ylan:6) (48)
2 L—i=1 dy? Ay; '



and for k > 2

1)

80 ) m aZCk ;
G¥ (ylyor0) = —Z fy; (0 —yylyo 22 ay(nyo 0)
— 1) 9Cs" (ylyo; 0) 9" (ylyo: 0)
221 1Zh o< > Ay oy . (4.9)

Given an expansion for the density py of Y, an expansion for the density px of X can be obtained by a

direct application of the Jacobian formula:

OV (3 (;0) |y (03 60) ; 0)

I8 (A alao;6) =~ In(2rA) - D, (a:6) + )
F O (@it 1 (i 0):0) 2 (410
from lSYK) given in (4.4), using the coefficients C‘(/k), k=-1,0,..., K given above, and where
Dy (2;0) = 5 In (Det[v(z; 0)]) . (4.11)

4.3 Determination of the Coefficients in the Irreducible Case

In the irreducible case, we apply Theorem 2 of Ait-Sahalia (2001). The expansion of the log likelihood has

the form
(_
K (&, efaes ) =~ tn (2m) - D, (2:0) + DD LS oW ey S (122)

The approach is to calculate a Taylor series in (x — xg) of each coefficient Cgf), at order jj in (x — xg). Such
an expansion will be denoted by C'y Urk) ot order Jr =2(K — k), for k= -1,0,..., K.

The resulting expansion will then be

C(j—l,—l) ;9
G aleost) |

- AF
x oo O (eleos 0) 7

I (A olwo; ) = =5 In (28) = Dy (2:6) + W

(4.13)

Such a Taylor expansion was unnecessary in the reducible case: the expressions given in Section 4.2 provide
the explicit expressions of the coefficients C‘(/k) and then in (4.10) we have the corresponding ones for C’gf).
However, even for an irreducible diffusion, it is still possible to compute the coefficients C; ik explicitly.

With v (z;0) = o (2;0) o (x;0), define the following functions of the coefficients and their derivatives:

m E :m oC Y (@lo; m 81}1 x;6) 80( Y (z)zo;
Gg?) (.’1:|.7,'0,9) = D) ; 1/'1/1' (;ije)x—“) . jx ;| 05 )
i= § : E o oz,

520}( (2|20 0)
221 12 vij (@ 0x;0x; (4.14)
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10



) - mamxﬁ maUU.Ta)
Gy (zlzo;0) = _Zizl oz 221 12 Ox; 0z

Rk _ 3CX (z]z0;0)  ODy (20)
ZiZl K (:I“ﬂ 9) < axl 8.’137

m Quyj (3 0) 8C§?) (x|z0;6) 0D, (2;0)
+Zz 1 Z ox; ( Ox; Ox; (4.15)
1em —m 2CY) (2|20;0) 92D, (x;6)
+§ Zi:l Zj:l vij (2;0) { O0x;0x; B 0x;0x;
. 90 (xlz0;0) D, (2;0)\ (9CY (wlwo:60) DD, (w;6)
6%1‘ 81‘1' 8£Ej 6£Ej
and for k > 2:
m 3C(k71) (x|zo; 0 m Qv (x;6 80 x|xg; 6
GY (alwo;0) = - >, () —= o Zz 1 Z ]3% : aafj i
1 —m m 3205(’ (x]xo;0)
+3 > ZFl vij (;0) DD, (4.16)

0CY (xlzo;0) D, (2;60) ) 9CE (a]20;0)
221 12 vis (@3 6) { ( Ox; - Om Oz;

+Z —2 C Y (zz0;0) 0CE M) (2]0:6)
h=1 ox; 6£Ej ’

For each k = —1,0, ..., K, the coefficient C’gf) (x]zo; 0) in (4.12) solves the equation
)((kfl) (x]z0;0) =0 (4.17)

where

157 (@]20; 0)
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and for k > 1
(k—1) *) m~m aCY (x|20;0) 9CSY (x|20;0) i
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where the functions Gg?), k = 0,1,..., K are given above. Gg?) involves only the coefficients ng) for h =
—1,...,k — 1, so this system of equation can be utilized to solve recursively for each coefficient at a time.
Specifically, the equation f)((_Z) = 0 determines C(_l)' given C(_l) G(O) becomes known and the equation
)((_1) = 0 determines C’gg); given C’g(_l and C(O Gy U hecomes known and the equation fX = 0 then

determines C’g(l), etc. It turns out that this results in a system of linear equations in the coefficients of the

11



polynomials C’gg’“k), so each one of these equations can be solved explicitly in the form of the Taylor expansion

ng"”k) of the coefficient Cg?), at order jj in (z — o).

5 Monte Carlo Results

In order to determine the accuracy of our technique, we now consider models for which the likelihood function
is known in closed-form, and compare parameter estimates using our technique to those obtained using the
true likelihood functions. In all examples considered, we find our parameter estimates are very close to the
true maximum likelihood estimates for simulated data at the weekly frequency. Since our estimation approach
is based on Taylor expansions in the sampling interval A, observations at the daily frequency would result in
even greater accuracy.

As shown in (3.9), the likelihood function of a yield vector is simply the likelihood of the canonical state
variables times a Jacobian factor. The full parameter vector 6 consists of all the elements of (K, A, ). As
mentioned, we consider all nine models corresponding to N =1, 2 and 3 and we estimate each Ap;(N) model
using n time series observations of N zero-coupon bond yields.

The individual models themselves are shown in Appendix A, the parameter restrictions are shown in Table
1, while the actual parameter values used in the simulations are contained in Table 2. The parameter values
satisfy all existence, boundary non-attainability, and stationarity conditions. For the purpose of studying
the accuracy of our likelihood expansion approach, we also consider further parameter restrictions whenever
necessary to obtain a closed-form likelihood to which we can then compare our expansion. These further
parameter restrictions are shown in Table 2. Note again that our expansion does not require these further
restrictions. The only reason we impose them is to have an exact likelihood to compare our expansion to.

For each canonical model, we simulate 5,000 data series of 501 weekly observations each (A = 1/52) of the
vector of N state variables, giving n = 500 pairs of discrete transitions of that process. The parameter values
we use to generate the simulated data are specified in Table 2. Each of the simulated sample path samples
is produced by a Milshtein discretization of the process, using thirty intervals per week. Twenty nine out of
every thirty observations are discarded, leaving only the observations at the weekly frequency. Each simulated
data series is initialized based on the unconditional distribution of the yields.

We then proceed to estimate the model parameters, using both our approximate likelihood expressions
and the true likelihood functions. We go through all nine models, in Tables 3 through 6, reporting the results
in a common format that allows for the comparison of the sampling noise error in the parameter estimates,

~(MLE) ~(2)

~(MLE
9( - 9(TRUE) ¢4 the error due to the approximation of the true likelihood by our approach, 6 -0 .

(2
The notation 9( ) indicates that we use an expansion at order 2 in A (i.e., K = 2 in Section 4) to obtain the

(2 ~(MLE
approximate likelihood estimator. The bias and standard deviation of 9( ) around 9( ) are reported as a
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~(MLE
percentage of the corresponding quantities for 9( - g(TRUE),

These tables show that our technique produces parameter estimates that are extremely close to the MLE
based on the true likelihood, both in absolute terms and relative to the sampling distribution of the latter
relative to the true parameter. The mean difference between the two estimates is very small compared to the
mean difference between the true maximum likelihood estimator and the true parameter value; the standard
deviation of the difference between the two estimators is also very small compared to the standard deviation
of the MLE itself. This means that the approximation error introduced by our likelihood approximation is
swamped by the sampling error of the MLE estimator, i.e., the noise resulting from the fact that the parameters
are estimated from random data. Consequently, the exact MLE can be replaced by our estimator at almost
no cost (and of course, our estimator can always be calculated, unlike the exact MLE which is only available
for models which have a known closed-form likelihood.)

Finally, we report in Figures 2, 3 and 4 the empirical distribution of the estimation of the exact MLE
around the true value (left column) and the approximation error from replacing the exact MLE with our
estimator (left column), for the parameters estimated under the two-dimensional models Ay (2), M =0,1,2
based on the same 5,000 simulations as above. Results are similar for the one and three dimensional models
and are not reported to save space. As expected, the small sample distribution of the MLE estimates of the
mean reversion parameters x tends to to be slightly skewed to the right, as is typical in a near unit root case
(our values of k are all between 0.5 and 2.0). The right columns also show that the estimation error is largely
uneventful. The difference in the scale of the = axis between the left and right columns is another way of
showing that the approximation error induced by replacing the exact MLE estimator with our approximation
is negligible.

In summary, we find that any additional bias and variance introduced by the use of an approximate
likelihood are insignificant in magnitude relative to the bias and variance of the MLE estimator itself, so that

use of our approximations does not result in a degradation of the quality of the MLE estimates.

6 Conclusions

We have developed and implemented a technique for maximum likelihood estimation of affine yield models, and
implemented this technique for several families of such models. In those cases where the likelihood function for
a model is known in closed-form, we find through simulations that estimates obtained through our technique
are extremely close to the true maximum likelihood estimates. Our technique, which applies to all affine yield
models (including those for which the likelihood function is not known in closed-form), therefore promises to
be an accurate and computationally efficient estimation method. The bias and variance introduced by using

an approximation to the likelihood function, rather than the true likelihood function, are trivial compared to

13



the bias and variance of the true maximum likelihood estimator itself. And not only do we produce maximum-
likelihood estimates (as opposed to second-best solutions such as GMM or other estimators), but we do so at
a trivial computational cost given the closed form nature of our formulae.

Much remains to be done. Our technique can be applied to models that are non-affine. One special case
of this are models that are affine under ) but non-affine under P, since being affine is useful only for pricing;
it is irrelevant as far as deriving closed-form likelihood expansions, which are available for unconstrained
multivariate diffusions. Such models have been proposed by several papers, but have been estimated only in
restricted special cases. Our technique allows estimation of a much broader class of such models, and does so

in closed form.
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Appendix

A Families of Admissible Affine Diffusions

Several practical issues arise when we study affine yield models. First, as discussed in Duffie and Kan (1996),
existence considerations impose constraints on the coefficients of both the drift and diffusion coefficients. Fur-
thermore, there will typically be infinitely many model specifications that produce exactly the same interest
rate dynamics. Dai and Singleton (2000) consider these issues, and, for affine yield models with N state vari-
ables, specify N +1 non-nested canonical models that very nearly achieve three goals: (1) each canonical model
satisfies all existence and uniqueness requirements, (2) each affine yield model is observationally equivalent to
a canonical model, and (3) each canonical model is observationally different from all others. As we show in
this appendix, neither of the last two goals is completely achieved, although Dai and Singleton (2000) come
very close. We detail in Table 1 the parameter restrictions corresponding to the various models.

Using their notation, each affine diffusion can be assigned to a family Aps (N), in which N is the number
of state variables and M is the number of those state variables that appear in the diffusion matrix. The vector
of state variables is premultiplied by a non-singular matrix of constants; the result is taken to be a new state
vector. If the diffusion is affine in the old state vector, the diffusion followed by the alternate state vector is
also affine, and by judicious choice of the matrix of constants, also corresponds to one of the canonical models.

Considering affine yield models with one, two, or three state variables, there are a total of nine observation-
ally distinct canonical models, not counting the trivial zero-factor model with a constant interest rate. The
likelihood function for each of the nine models is different, so we will discuss each model in turn. Although
the likelihood function is known in closed-form for four of the nine canonical models (as well as for special
cases of the other five), we nonetheless find it useful to explore all nine in full detail. Those models for which
a closed-form likelihood function is known provide useful test cases for evaluating our estimation technique.

A.1 One Factor Models

In single factor affine yield models, the interest rate is a linear function a single state variable:
ry = 0g + 0 X1¢

The dynamics of the state variable (under the physical measure P) may take one of two distinct forms. In the
Ap (1) model, we have:
Xmt = —I€11X1tdt + dWlfi

This model is an Ornstein-Uhlenbeck process, corresponding to the model of Vasicek (1977), and has a Gaussian
transition function.
The A; (1) model has the dynamics:

dX1; = k11 Joy — Xpg) dt + /X1 dWE

When 69 = 0, the A; (1) model reduces to Feller’s square-root model, corresponding to the model of Cox,
Ingersoll, and Ross (1985), and the transition density of the state variable is non-central chi-squared. When
0o # 0, the transition function readily follows by a simple change of variable. The likelihood function is
therefore known for all single-factor affine yield models.

Under @, the dynamics of the Ag (1) and A; (1) model are respectively.

dX1y = [~M — ki Xg] dt + dW3

dX1: = [k1101 — (K11 + A1) X dt + / X1tdW8-
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A.2 Two Factor Models

There are three families of two factor affine yield models. In all three the interest rate is specified as:
re =00 + 01 X14 + 02Xy

In the A (2) family, the dynamics of the state variables are (under the physical measure P):

Xlt K11 0 _Xlt Wﬁ
d = dt +d Al
[ Xot ] [ K21 K22 } [ —Xoy } * [ W3, (A1)

The transition function for this type of diffusion is known in closed-form, and is bivariate Gaussian.
The A; (2) model has dynamics under P:

Xt ki1 0 o1 — Xy VXt 0 wi
d = dt d . A2
[ KXot } [ K21  f2o ] [ —Xot } * [ 0 1+B8yX1u } [ W3, (A42)

In general, the likelihood function for this type of diffusion is not known in closed-form; however, if we impose
the constraints k21 = 0 and 85, = 0, then the two state variables are independent, and their joint transition
density is the product of the two marginal transition densities, which are Gaussian and non-central chi-squared,
respectively.

The Az (2) model has the representation:

X1 K11 K12 ar — Xy VX1 0 wi;
d = dt d A3
[ Xot } [ K21 K22 } [ g — Xo } * [ 0 VX ] [ Wiy (4-3)

The transition density of this type of diffusion is known only if k12 = 0 and ko1 = 0, in which case the two
state variables are independent non-central chi-squared random variables.

The three canonical specifications are as presented in Dai and Singleton (2000); however, there are two
types of two variable affine diffusions that are not observationally equivalent to any of the three canonical
models. An example of the first type is:

Xt K11 K12 —X1¢ wi;
d = dt+d
[ Xot ] [ K21 K22 } [ —Xo¢ } + [ wi

with the constraint (k17 — &22)2 < 4Kj9k91. This diffusion shares many properties of the Ag (2) model (the
transition density is bivariate Gaussian, both state variables are unbounded, etc.), but cannot be expressed
in the Ag (2) canonical form unless we allow k17 and ka2 to be complex conjugate pairs. An example of the
second type of non-conforming diffusion is:

g| X | run 0 a; — Xit dt + vXie 0 d W
Xoy Ko1 K22 —Xo4 0 VX1 Wi,

This diffusion most closely resembles the A; (2) canonical form, but no change of variables can generate the
constant coefficient in the diffusion term of the second state variable in the A; (2) model.

In all but a few special cases, each canonical model is observationally unique. In the Aj(2) model,
the two state variables can switch places; in the Ap (2), model, there are infinitely many representations of
observationally equivalent models for some restricted values of the x matrix.

Under @, the dynamics of the state vector in the three models are respectively

Xt Ao ki1 0 Xt ng
d = - — dt +d
B G R R | S KSR
gl X | (| ek | | kit 0 X dt + VX1 0 d Wi
Xot -2 Ko1 + A2f3g; Koo Xoy 0 14 By Xt WQC%
d|:X1t:|:<|:"€11041+1‘€12042:|_[’fll+>\11 K11 :|[X1t]>dt+[\/Xlt 0 ]d[WS]

Xt K210 + Kaa0rp K21 K22 + A2z Xot 0 VXu W
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A.3 Three Factor Models

In three factor affine yield models, the instantaneous interest rate is defined as:
Tt = 0o + 01 X1t + 02Xt + 03 X5:.

The first of the four canonical three factor models is the Ag (3) family, in which the state variables have the
following dynamics:

Xt ki1 0 0 — X1t wi
d th = K21 K22 0 —th dt + d WQI:
Xst K31 K32 K33 — X3t wh

The transition density of the state vector is trivariate Gaussian.
The A; (3) model has the following dynamics:

X1 kn 00 ar — Xt VX 0 0 Wk
d th = K21 K22 K23 —th dt + 0 A/ 1 + 621X1t 0 d W2Iz
Xt K31 K32 K33 — X3y 0 0 V14 By X1s Wi,

The transition density function is known in closed-form only if the first state variable is independent of the
other two, i.e., if ko1 = 0, k31 = 0, By = 0, and S3; = 0. In this case, the joint transition density is the
product of a non-central chi-squared (the distribution of the first state variable) and a bivariate Gaussian (the
distribution of the other two).

In the Aj (3) model, the state vector has the following dynamics:

Xt ki1 K1z 0 a; — Xy vXu 0 0 wi;
d X2t = K21 K22 0 Qo — th dt + 0 X2t 0 d WQIz
X3t K31 K32 K33 — X3¢ 0 0 V14 Ba1 X1t + BaaXos Wi

The transition density is known in closed-form only if the three state variables are independent of each other,
ie., if K12 = K21 = K31 = Kaa = P53, = P35 = 0. In this case, the density is the product of two non-central
chi-squared densities and a Gaussian density.

Finally, in the A3 (3) model, the dynamics are:

Xt K11 K12 K13 a; — Xt vXie 0 0 Wi
d| Xot | = | K21 K22 K23 az — Xop | di + 0 Xor 0 d| Wi
X3¢ K31 K32 K33 o3 — X3¢ 0 0 X3¢ [EH

The transition density is known in closed-form only if the three state variables are independent of each other,
i.e., if kK19 = K13 = ka1 = ka3 = k31 = k32 = 0. In this case, the density is the product of three independent
non-central chi-squared densities.

As in the two factor case, there are two types of affine diffusions with three state variables that are not
observationally equivalent to any of the canonical models. The model

P

X1 K11 K12 K13 — X1 Wi,

d| Xo = K91 K22 Ko3 —Xo dt +d W£
P

X3¢ K31 K32 K33 — X34 Ws,

is similar to the Ag (3) canonical model, but there is no change of variables that results in the Ag (3) model if
any two eigenvalues of the x matrix are complex conjugate pairs. Similarly, the model

X k11 0 0 ar — Xy VX1 0 0 wi
d| Xot | = | K21 K22 Ko —Xo dt + 0 VX1 0 d| Wy
Xt K31 K32 K33 — X34 0 0 V14 Bg X W,

is similar to the A; (3) model, but the absence of a constant coefficient in the diffusion of the second state
variable make it impossible to convert this model into the A; (3) model by a change of variables. Similar
variants of the As (3) model exist.
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Under @, the dynamics of the state vector in the four models are respectively

[ X1 ] ! ki1 0 0 X1 Wl?
d th = —)\2 — K21 K22 0 th dt + d Wg
| X3t | —A3 K31 K32 K33 Xt W&
[ X1 ] [ Ki1on K11+ A1 0 0 ][ Xu
d| Xo = —A2 | — | K21+ 2By K22 Ko Xoy dt
| Xst | | -3 k31 +A3fBs1 ka2 ks | | Xae
[ VX1 0 0 1 [ w2
+1 0 1TF By Xu 0 d| wg
.0 0 VI+BaX | | wy

X1t [ Kiian + K1z K11+ A1 K12 0 X1t
d| Xo = K210 + KoaQy | — ko1 Koo + Ao 0 Xoy dt
Xt i —A3 K31+ A3fs1 K32 + A3Bse ka3 Xt
[ VX 0 0 wg
+] 0 X 0 d| wg
| 0 0 \/1 + 851 X1t + B39X0s Wﬁ
X1t K1101 + K12Qig + K13Q3 K11 + A1 K12 K13 Xt
d| Xo = K211 + KooQia + Kogig | — K21 K22 + A22 K23 Xop | dt
X3t K310 + K320 + K33003 K31 K32 K33 + A33 X3t
VX 0 0 we
+] 0 Xoe 0 |d| WE
0 0 X W

B Formulae for the Log-Transition Functions

In this Section, we give the coefficients of the closed-form expansions for the log-transition functions corre-
sponding to the three two-dimensional models. Expansions for the two univariate models (Vasicek and CIR
respectively) can be found in Ait-Sahalia (1999), while the expressions for the four three-dimensional models

are not reported here to save space. They are available from the authors upon request.

B.1 The Ay(2) Model
The coefficients below correspond to the SDE (A.1).

ngl) ($|$0; 9) = —% (331 - $10)2 - % (352 - $20)2
O (x]o;0) = 1 (21 — 3:102)2 k11 — (21 — 10) T10k11 — 5 (21 — T10) (T2 — T20) K21
- % (902 - 9020) Kag + ($2 - $20) (—9010%21 - 9020"622)

Cgfl) (.’13|.’13(]; 9) = (.7,‘1 — .7,‘1())2 (—4/42%1 — 3/‘@%1) — % (.’131 — .’131()) (.’132 — .7,‘2()) K21K22

(w2 — T20) K22 (T10K21 + T20k22) + % (1 — z10) (— (-7510 (fﬂ%l =+ fﬂgl)) - $20/€21/€22)

42

2
+ 2—14 (x2 — $20)2 (531 — 4532) + %(511 — x%olﬁﬂ + Koo — (T10k21 + T20K22)")
O (alxo;0) = —55 ((ml — 210)° 531“‘22> + 35 (22 — 720)” K3y k22

% (w1 — T10) K21K22 (T10K21 + T20K22) + % (72 — 220) K21 (3510 (lﬂ%l + 531) + $20/€21/€22)

+ 15 (—2k3) — K3, — 263y) + 35 (21 — m10) (T2 — Ta0) ka1 (K1) + K3, — K3,)
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B.2 The A;(2) Model
The coefficients below correspond to the SDE (A.2).

(=1) . _ —21(2?1—2?10)G 7(301—3010)5 5(11—2?10)4 (371—2?10)3 ?710(12—120)653 (3=Tx10085;)
Cx 7 (z]xo; 0) = 2605, T oamd, | smad, | 4, 1520121085, “
+ z10(T2—20)*B3, + (x1—210) (T2 —=20)Ba1  (x1—F10)” (T2 —520)Bo1 (14+721085;)
96(1+z1085,)* 4(14x108,)* 48210 (1+x10/32,)"
+ (11—110)3(372—3720)2[321(1""4110521""91%05%1) (?71—3710)2(372—3720)4531(—7—114'”105214‘19337%0531)
9623, (1+210821)* + 11520210 (1+210891)°
+ (11—110)(12—120)4([331—33710531) (2?1—2?10)4(2?2—2?20)2521(15+712?10[321+1331?0[3§1+1491‘;’0[321)
192(14z10851)° 230423, (14+210821)°
_ zio(ma—x20)°+(21—210)*> (1+71085;)
2(m10+w%0521)

C(O) (.7,‘|.’13() 9) - (w1*wm)(1+4w10511+4w%0521511*40411111*496105210411%11) 210(T2—220)> Boy (ka1 485, @1 ka1 —T20Bo1 Ka2)
X ) - -

) —dz10—423) B2, o 24(14x10841)*
+ (1’171‘10) (6724a1n11+1‘10621(13748041}“1)723:10621(1+12a1511))
4822, (14210841)°
+ (2}1—1‘10)3(—8—‘1-32(11."611—‘1-41‘?0631(1—‘,—8(11}{11)4—31‘?0[331(—9+32a1l{11)+f1)10ﬁ21(—25—‘,—960&1}{,11))
9623, (14210897 )°
4(.3 ;33 2 18 1or21
n (w1—310)* (23085 (659—230401 k11)+223, B3, (461—1728a1 K11)) n (22— w20)(—(z10K21 )t 1 K21 —T20K22)
2304z, (1421085, )* 1421084,
+ (2}1—1‘10)4(31‘10[321(197—7680&1}{,11)—‘,—144(1—4(11K,ll)—zr%oﬁél(43+288(11K11))
23047, (1+210841)?
_ (m1—m10)(w2—x20) (K21 +Bo; 1 K21 —T20B21 K22)
2(1+$10621)2
C(l) (x|{17 9) o (szizo)(wzolizz(521*121422*24I10521522*2I105§1(1+6w10522))) + (szizo)(lizl(*1290?0531N22+12a1f€22))
X 0> . 24(14-110521)3 ) 24(14'110521)3
+(7327‘7320)(”21(12‘T10521(72+621a1)522“1’2‘7310(5214’521&176522“’12621&1522))) + (z2—w20) (k21 (—1—Bo 1))
24(1+210841)° 24(1421082;)°
+(Il*Ilo)(IQ*IQO)(*16521N22+521(20$20532+521(5*28I10N22*200¢1/€22)))
5 48(14-30102521)4
+(2?1—2?10)(2?2—2?20)(4?710[321(K22($20+$10K21+5x10$20f€22)—al(ﬁ21+52?101€21ﬁ22)))
48(1+z10821)*
+(2?1—2?10)(2?2—2?20)(—,331(—5(11K21+52?20K:22+82?fgﬁ21K22+4110(K21+10(11K21K22—10$20K§2)))
) 48(1+w10821)"
_ (z2—20)* (82303, (—14+30a1 k11 —30a k], +60x10K22+302 ]y (], +8k3,)))
, Y 1152010 (142108471)°
_(mz—mzo) (+4110621(—79—&-6027?0&31—180(1% Kfl—i-xmngl))) _ (zg—xgo)z(—480110(2710}4,31—4;@%2))
, ) 311520w10(1+w10521)5 11520210 (14210821 )°
_(Iz*l‘zo) (+4w10521(7180m10r€22(71+I§0N22)+180a1(Nu+2w10I20N21N22)+60$§0(3N?1+32ﬁ§2)))
, 11520210 (1+x 10621 )°
_(1’271’20) (+15621(73716&%1@%14*160[1(Iillfﬁwfoﬁgl)716$10K22+16I%0(H%1+6w205211‘€22+32532)))
1152010 (1+210851)°
- (mzfa:zo)Q (wmﬁgl (71134’7201‘?014317720(1% (ﬁfl+w10n§1§$
11520x10(1+2108271)°
- (1‘271’20)2 (wloﬁgl (77203]101’%0/{%24*7201"%0 (5514’21"20/{211%224*16/1%2)))
) ) 11520210 (1+210821)°
_ (m2—w20) (w10521(7200¢1(511+2w10521(*(I10521)+w20522))))
11520210 (1+2108491)°
+(fL‘l—2}10)(9—480&1K11+480¢?K§1+9110621(3—160&1}{,11—‘,—160&%}{%1))
192$%0(1+$10321)3
+($1*$10)(*48w505§1(521”%1+”§1)*16$%0521(9521”%1+9”§1+331”22))
Y 192w§0(12+m10321)32
+(1‘171"10)(83:10(621(176041511+6a1511)712n21))
19223, (14210841)°
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(r1—10 (ST 0(—6[321 (SKf1+2ﬁ21(—(041*621)-"-2?20'622))4-2[331 (30@'4[%1—62?20(11K21K22+K22(—2-"—33030%22))))

+ 19223, (1+210821)°
wlfwm (161’ 0(631(279&1/{11%’9&%/{%1)73(1@%1%’2/{21(7(&1}@21)4’1’20/{22))))
+ 19222, (14-210821)>
+ (r1—10 (16?“ 0(,321(3(1fﬁ§1—6120(11f€21ﬁ22+f<22(—1+3r§gﬁ22))))
) 19222, (14210821)°
(z1—10)?(—135 (3716041n11+16afn?1)7540w10621(3716a1n11+16o¢ff€%1))
+ 2 11520w10(1+w10621)
(#1—z10) (2409”10 521(521“11+“21)+480w10521(2621“11+2“21+521“22))
+ 115207‘10(1—{-7‘10621)
Tl—Tlo 2([3 1( 2461+12960()¢1K11—12960(11K11) 240621(Q1K21—120}{,22)2+240(K%1—20&1}{,31—‘1-21‘20}{21.‘-622))
+ 1152010 (14210891 )*
n (z1—z10 2( 4z 0(521(473 2160a1K11+2160a1K11)+240K§1—240621(Kf1+4f<,21(—(alnzl)+m20n22))))
11520w10(1+m10621)
wlfwlo 2( 4w10(120521(4a152178w20a1/{21522+/{22(71+4m20nm))))
+ 11520T10(1+T10ﬁ21)
+ Tl—Tlo 2( 8T10621(621(47 270&1&11+270(11K11)+30K,21—60621(3K11+7K21( ((11}{,21)4—120.‘{22))))
11520I10(1+I10621)
wlfwm 2( 89010521(30521(7041/121714w20a1521n22+522( 4+7w§01‘€22))))
+ 115201‘10(1—{-1‘10621)

9—48(11n11+48afn%1+48,r‘110621 (521*6%1-“6%1)—4827%(—%%14-5%1(2041Kf1+ﬁ22)—2521 (h‘,%l—alﬁgl—‘y—flfggﬁglh‘,gg))
9610 (1+210821)
42710(621 (5—24(11}@11—}-24&?&?1)—&-12(04?}4,31—}-&22(—1-&-27%0&223—2(11 (Kfl—&-mggnglngg)))
96210 (14210821 )2
827?0(631 (1—6041}4,11—&-6(1?&?1)—&-6(&?1+2K21(—(a1n21)+m20n22)))
96x10 (14710851 )°
_ 827%0(6,821 (afngl+f-c22 (—2+x§0fc22)—2a1 (2&%1 +T20k21 K,zg)))
96x10(14+710851)°

—(45(3- 16a1511+16a1r€11)+195m10621(3716a1n11+160€ﬁ%1)) 23, (1208 (a1 k21 —w20k22)?)

O (w|wo; ) =

576022, (1+210841)*

576022, (1+210831)*

223 (83,1 (467252001 k114252007 K7, ) +120( K7, —201 K3, +2220 K21 Kaa+4K3, 960210° 84, K2,
o 576022, (14210821 )" "~ 576022 (14210821 )"
24028083, (K51 +Ba1 (k11 +1663,))  8aly (85, (91-450a1 k11 +450a7 KT, ) +120K3, +3083, (a1 ko1 —waoka2)”
576022, (1410821 )" 576022, (14+z10821)*
827 (3085, (3r7) +201 K3, —2wa0ka1 koo +16K3,))  8210Ba (B3, (23-120a k11 +120a7 k7, ))
o 576022, (14+z10821)" 576022 (14+z10821)"

84’154110[321 (150&31 +60[3§1 ((11}{,21 —2}20}{22)24-30621 (3}{,%1 +4a Kgl —4xogkalkan +24K,§2))

576023, (1+z10821)*

B.3 The A5(2) Model
The coefficients below correspond to the SDE (A.3).

(=1 . _ —21(z1—=10)° 7(z1—10)° 5(z1—x10)* (z1—210)* (z1—10)*
CX (x|x0, 9) - 2562750 6424 322730 427% 2x10
_ (wa—wp0)®  21(wa—z20) + T(xa—x20)°  5(r2—x20) (z2—w20)®
2x20 256wgo 643:30 32w%0 4w§0

1—4dai k11 +4%20K12—

40[2/112) + (1‘17

210)?(1—4a1k11+daaoki2—4azk12)

O (xlro;0) = Lrimzuell

161, 81y
_ (z1—=%10)(A+4z10K811 41 K11 H4x20 k12 —4a2K12) + (z1—210)%(=14+4a1 k11 —4a20Kk12+4a2k12)
4w10 12w‘;’0
_ (z1—210)%(z2—m20)*(z20k12+T10K21)  (®1—10)(z2—220)(T20K12+T10K21)
48’1‘10’1‘20 2x10T20
+ (z1=210)%(x2—20) (TT20K12+T10k21)  (®1—=210)% (22 —220) (102z20K12+T10k21)
243:1 T20 48I30w20
+ (z1—m10)(x2—220) (T20K12+7T10K21)  (T1—x10)(T2—T20)" (x20K12+10z10K21)
24’1‘107‘20 482710ng
+ (z2—r20)* (1+4z10K21 —4v1 ko1 —4azk22) + (z2—120)% (144x10K21 —40 ko1 —4aakzz)
16w§0 Sw
_ (za—w20)(1+4w10K21 —4as Ko1 +4T20 k22 —4aako2) + (z2—w20)%(— 1 4xi0k21+4a k21 +H4askaz)
4,7320 121%0
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C(l) (x|x0. ) _ (2}1—2}10)(2}2—1‘20)(16130K,§2+1‘30K12(9—16(11}{11—160&2}{,12)—&-1‘%0&21(9+16f1)10l€21—160&1.‘-621—16(12.‘{22))
)

482323,
+ (,731—,7210)(481‘%0K€2—481%0}612(—1+20¢1K,11+2(12K12)) + (2}1—1‘10)(81‘%0&21(—7—121‘10.‘{21—‘1-12(11K21+120¢2K22))
1923 w20 192z% w20
+ (1‘1—1‘10)(1‘20(9+480¢?K§?1—81‘1(}:‘{,12—480[2&12-‘(‘480[%&?2-"-48(11}{,11(—1+2a2ﬁ12)—481‘?0(K?1+2K,21K,22)))
R 3 ) ) 192w%0w20
+ (wlfwlo) (7144w201112+16m20n12(79+18a1511+2w10512+18a2n12))
768m?0w20
+ (szwzo)(48‘7::1501%%1748w%0}€21(714’2&11@21%’2&2/{22)) + (1’171’10)2(716w?0521(714’41’10}@214’2&1/{21+2a2l€22))
19221072, 76827020
+ wlfwm 2(1‘ ( 144&?/{%1+16I10K127144(111%11(71+2a2Klz)79(3716&2}@12%’16&%}@?2)))
R 768I10I20 ) R
. (x2—x20) (Igofﬁz( 1+2Ot1N11+4I20N12+2a2512)) + (x2—x20) (1690101‘%1(*9+2I20N21+18a1521+18a2522))
48z19x3, 768z1075,
2 2 3 2
4 (x2—x20) (’1‘1 (16T20K21+16T20(2K11K12—4K12K21+K22))) _ (x2—ma0) (144110n21)
7681‘101‘20 7681‘101‘%0
T (x2—x20 2(’1‘10( 9(3—&-1604%&%1—16(12&224-16(1%&%24-16041&21(—1+2a2fc22))))
7681101%0
+ (12—1‘20)(81‘%0&12(—7—"—12()&1Kll—121‘20}{,12—‘,—12(12}{,12)) + (12—120)(481‘?0K31—481‘%0K21(—1—‘1—2(11}{21—‘1-2042.‘{22))
192103, 192z193,
+ (362—120)(3610(—8$20K21—4836%0(2%11&124-'@%2))) + (2?1—2?10)2(3620(162?%(K?1—4K12K21+2K:21Kl22)))
192103, 768320
+ (,1‘2—,7320)(1‘10(3(3—{-160&?.‘6%1—16(12}{224—16(1%&%2—‘1-16(11Kgl(—1+2a2K22))))
1921’10ng
w20(3+16a1511 16(12512+16w§0/i§2+16a§n%2+16m20512(172042}@12)716011511(1+2m20n1272a2r€12))
3 2 2 32€10I20 2. .2 2 2
16w10521+16I10(I€21(172&11@2172&21@22)*%1‘20(Iill+2}€21}€22)) wm(3+16a1r€21716012522«%16042522)
- 32x109T20 - 32x10T20
2 2 2 2
. w10(16a1521(71+2a2522)+16m20 2N11512+N22)) . wlo(*32I20(a1(N11+521N22)+Ot2(511N12+522)))
32x10%20 32x10%20
(2) . _ 161101§0K12(1—2(11}{,11—{-41‘20}{12—2(12}{,12)
CY’ (z]zo; 0) = 384z 23,
(3m20(3+16a1n11 16&2/{12+16I§0K?2+16a§H%2+16w20}€12(172az512)716a1}€11(1+2w201i1272a2512)))
384x3,75,
(48w10521+16I10K21(3+4w2052176&1/{2176&2/{22))+(I%0(716w20521(71%’2&1/{21%’2&21@22)))
) ) 3841‘131"20
(w 0(16I20(Nu+2N11512+4512N21+2N21N22+N22)))
384x3,23,
af - - 22 - - 2 2 3
(23, (3(3+16a7n3; —16az ka2 +1603K3, +1601 ko1 (—14+2a2k22))))
384z2 77
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Model Existence Boundary Stationarity

A (1) — — k11 >0
k1101 >0

A (D) a; >0 K110 > % k11 >0

01 >0

k11 >0

Ag (2) N N Koo > 0
K11 >0

a; >0 k11 >0

A (2) 511 >0 K110 > % l{;; 50

k1101 + K120 > 0
k2101 + Kogag > 0

K11Q Kioan > & . K K
As (2) a1 >0, as >0 Kllal 1&12042 > 1 Elgen{ KH ;2 } >0
51>0, 65>0 21001 22002 2 5 21 K22
k12 <0, K21 <0
k11 >0
A(] (3) — — Koo >0
K3z >0
Kiiap >0
101[ 1>_0 k11 >0
12> 1 - - 17
> 1
A1 (3) 01 >0 fPion = 3 Re | Eigen :22 :23 >0
32 K33
621207 63120 - - 4
K110 + Kiaae > 0
ko1 + Kooz 2> 0 - - .
1 . K11 K12
As (3) a1 >0, ap >0 K110 + K1aQg > ? Re | Eigen . . >0
2 21 K22
0120, 622>0 k2100 + K220y 2 5 - raa >0
k12 <0, ko1 <0 33
631 Z 07 632 Z 0
K1101 + Ki2ao + Kizaz > 0
Ko101 + Kagaia + Kagaz > 0
K310 + k3o + Kgzag > 0
s 8 3378 K101 + K120 + K1zag > 4 K11 K12 K13
A 041207 0[220, QSZO >% Ei
3(3) 5,>0, §,>0, 63>0 K210 + Koo + Kozaig > P igen | ko1 K22 Koz | >0
- - . K310 + K322 + K333 2> 5 K31 K32 K33

k12 <0, K13 <0
k21 <0, ko3 <0
k31 <0, K32 <0

Table 1: Parameter Restrictions

This table shows the parameter restrictions imposed on the different models under consideration. “Eigen” denotes the
eigenvalues of the matrix.
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Model Restrictions for Exact Density Parameter Values
Ap (1) none k11 = 1.0
A (1) none k11 = 0.50, a; = 2.67
Ap (2) none k11 = 1.00, ko1 = —0.50, Koo = 2.00
Al (2) K21 = 0, 621 = 0 K11 = 050, K929 = 200, a1 = 200
_ _ k11 = 1.00, k92 = 2.00
42(2) F12 =0, k21 =0 a; = 2.00, ay = 3.00
K11 = 050, Ro1 = —0.20, Koo = 1.00
Ao (3) none kg1 = 0.10, k3o = 0.20, K3z = 2.00
A (3) K21 = 0, K23 = 0, K31 — 0, K11 = 050, K929 = 200, K32 = —0.10
1 Boy =0, B3, =0 k33 = 5.00, a; = 2.00
A (3) K19 = 0, Ko1 — 0, K31 — 0, K32 = 0, K11 = 050, Koo = 200, K33 — 5.0
2 Ba; =0, B35 =0 a1 = 2.00, g = 1.00
A' (3) o o e w = a0 = 0 K11 = 050, Koo = 200, K33 = 1.00
3 fiz = 21 = s = el = es = s a; = 2.00, a = 1.00, ag = 1.00

Table 2: Parameter Values for Monte-Carlo Simulations of Canonical Affine Processes

This table shows the parameter values used in the Monte Carlo simulations. For each model, the additional parameter
restrictions (relative to those in Table 1) needed to ensure existence of a known exact likelihood function are shown in
the second column. The sole purpose of imposing these restrictions is to allow us to test the accuracy of our expansion
in Monte Carlo simulations by comparing it to the exact, closed-form, likelihood function. The third column shows the
values of the remaining parameter values used in the simulations.
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Model Parameter | §(71UF) 9(MLE) — p(TRUE) 9(MLE) - 9(2)
Mean Std. Dev. Mean Std. Dev.
Ap (1) K11 1.00 0.1927 0.5419 0.09% 0.06%
A (1) K11 0.5000 0.4843 0.5494 0.02% 0.06%
o 2.6667 0.0792 1.3341 —0.06% 0.11%

Table 3: Monte Carlo Simulations for the One-Dimensional Models

This table reports the results of 5,000 Monte Carlo simulations comparing the distribution of the maximum-likelihood
. A(MLE) .- . .
estimator 6 , based on the exact transition density for this model, around the true value of the parameters

Q(TRUE), to the distribution of the difference between the exact MLE é(MLE) and the approximate MLE @(2), based

on the expansion with K = 2 terms, for the A (1) and A; (1) models. The results in the table show that the difference
A(MLE)  A(2) ~(MLE)

0 — 0" is several orders of magnitude smaller than the difference 0 — 0(TRUE) que to the sampling noise.

25



Model Parameter | §(71UF) 9(MLE) — p(TRUE) 9(MLE) - 9(2)
Mean Std. Dev. Mean Std. Dev.
K11 1.00 0.2131 0.5442 0.09% 0.06%
Ao (2) K21 —0.50 —0.0386 0.5872 0.82% 0.09%
K29 2.00 0.3301 0.7428 0.34% 0.16%
K11 0.50 0.4931 0.5560 0.05% 3.34%
A1 (2) K92 2.00 0.1976 0.6916 0.54% 1.64%
o1 2.00 0.1265 2.7746 0.90% 2.32%
K11 1.00 0.4462 0.6277 0.09% 0.95%
As (2) K992 2.00 0.4477 0.7615 0.36% 3.89%
o1 2.00 0.0190 0.4699 0.91% 2.78%
e 3.00 0.0001 0.2802 -5.93% 0.32%

Table 4: Monte Carlo Simulations for the Two-Dimensional Models

This table reports the results of 5,000 Monte Carlo simulations for the Ag (2), A1(2) and A2(2) models comparing
L . o . ~(MLE)
the distribution of the maximum-likelihood estimator 6
distribution of the difference between the exact MLE é(MLE) and the approximate MLE 9(2), based on the expansion
with K = 2 terms. The results in the table show that the difference 9(MLE) — 9(2)

~(MLE
orders of magnitude smaller, than the difference 9( ) OTRUE) que to the sampling noise.

around the true value of the parameters 87 V%) to the

is much smaller, and often several
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Model Parameter | §(TEUE) 9(MLE) — g(TRUE) é(MLE) — é@)
Mean Std. Dev. Mean Std. Dev.

K11 0.50 0.1922 0.4229 0.03% 0.03%
Ko1 -0.20 —0.0489 0.4730 0.47% 2.31%

Ao (3) K9 1.00 0.3568 0.6090 0.17% 3.11%
K31 0.10 0.0240 0.4893 0.47% 0.71%
K39 0.20 0.0277 0.6268 0.59% 1.05%
K33 2.00 0.5343 0.8227 0.29% 0.87%
K11 0.50 0.4949 0.5565 —0.02% 0.74%
K29 2.00 0.1963 0.6979 0.45% 0.45%

A1 (3) K39 -0.10 0.0007 0.7284 —6.33% 3.08%
K33 5.00 0.3781 1.1021 2.84% 0.94%
o 2.00 0.0846 1.3796 —0.87% 7.16%

Table 5: Monte Carlo Simulations for the A0(3) and A1(3) Models

This table reports the results of 5,000 Monte Carlo simulations for the Ao (3) and A;(3) models comparing the
distribution of the maximum-likelihood estimator 9(MLE) around the true value of the parameters O(TRUE), to the
distribution of the difference between the exact MLE 9(MLE) and the approximate MLE @(2), based on the expansion
with K = 2 terms. The results in the table show that the difference é(MLE) — 9(2) i

orders of magnitude smaller, than the difference Q(MLE) — 0TRUE) due to the sampling noise.

is much smaller, and often several
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Model Parameter | §(TEUE) 9(MLE) — g(TRUE) é(MLE) — é@)
Mean Std. Dev. Mean Std. Dev.

K11 0.50 0.4923 0.5556 —0.04% 0.40%
K9 2.00 0.4379 0.7703 0.30% 0.21%

As (3) K33 5.00 0.2025 1.0681 4.64% 0.57%
oq 2.00 0.1141 2.6185 1.27% 2.98%
oo 1.00 —0.0011 0.1600 1.81% 0.01%
K11 0.50 0.4918 0.5466 —0.04% 0.43%
K29 2.00 0.4411 0.7658 0.29% 0.21%

As (3) K33 1.00 0.4533 0.6231 —0.22% 0.76%
oy 2.00 0.0909 1.8325 1.03% 1.81%
Qo 1.00 0.0016 0.1607 —-1.30% 0.04%
Qs 1.00 0.0179 0.3435 0.46% 0.59%

Table 6: Monte Carlo Simulations for the A2(3) and A3(3) Models

This table reports the results of 5,000 Monte Carlo simulations for the Aj(3) and As(3) models comparing the
distribution of the maximum-likelihood estimator 9(MLE) around the true value of the parameters O(TRUE), to the
distribution of the difference between the exact MLE 9(MLE) and the approximate MLE @(2), based on the expansion
with K = 2 terms. The results in the table show that the difference é(MLE) — 9(2) i

orders of magnitude smaller, than the difference Q(MLE) — 0TRUE) due to the sampling noise.

is much smaller, and often several
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For a given 0

l

Observed Bond Yields: y

Ordinaryl Differential Equations

Vector of Latent State Variables: S

Closed Form l Approximation

Transition Density: p,(A,Sa|S¢;0)

l

[n(8)

Figure 1: The Likelihood-Based Estimation Method
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Figure 2: Empirical Distributions of the MLE Estimator (left column) and the Approximation Error (right
column) in the Ay (2) Model

30



200

150

100

50

175

150

125

100

75

50

25

150

125

100

75

50

25

K11: MLE- TRUE

K2,: MLE- TRUE

o1: MLE- TRUE

500 |f

400r

300r

2001

100

K11: MLE- APPROX

300t

250r

200

150 g

100¢

50r

0.0004 0.0008

K22: MLE- APPROX

Arrnon o0l

300¢

2501

200r

150¢

100¢

50r

0.002 0.004

a1: MLE- APPROX

.0001 0

0.0001

Figure 3: Empirical Distributions of the MLE Estimator (left column) and the Approximation Error (right
column) in the A; (2) Model
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Figure 4: Empirical Distributions of the MLE Estimator (left column) and the Approximation Error (right
column) in the A (2) Model
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