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Abstract

Motivated by asymptotic problems in the theory of empirical processes, and specifically by tests
of independence, we study the law of quadratic functionals of the (weighted) Brownian sheet and of
the bivariate Brownian bridge on [0, 1]2. In particular: (i) we use Fubini type techniques to establish
identities in law with quadratic functionals of other Gaussian processes, (ii) we explicitly calculate
the Laplace transform of such functionals by means of Karhunen-Loéve expansions, (iii) we prove
central and non-central limit theorems in the same spirit of Peccati and Yor (2004) and Nualart and
Peccati (2004). Our results extend some classical computations due to P. Lévy (1950), as well as the
formulae recently obtained by Deheuvels and Martynov (2003).
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1 Introduction, Notation and Preliminaries

1.1 Introduction

In this paper, we study quadratic functionals of Gaussian processes related to the multi-parameter Wiener
process. In the one-parameter case, the study of such functionals goes back to [6] and [36], and has been
further developed e.g. in [27] and [37] for purely mathematical purposes (see [54], as well as [23] and
[7] for applications to polymer theory). For some early study in the multi parameter case, the reader is
referred to [11], [20], [21] and [22]. One of the motivations of our study is the investigation of Cramér-von
Mises-type independence tests, where such quadratic functionals turn out to play a crucial role. This
problem is investigated in §1.2, where we concentrate on bivariate distributions. It will become obvious
later on that our results can be written in the more general framework of R%valued random vectors for
an arbitrary d > 2, at the price of minor additional technicalities. The choice of d = 2 turns out, however,
to be of particular interest, first, because of the specific tools available in this case (refer to [4, 5]), and
second, because of the fact that it is the most useful for statistical applications. Our work is closely
related to the study of copula functions, which has received a considerable interest in the recent literature
(see, e.g., [38] and the references therein).

1.2 Preliminaries on Bivariate Tests of Independence

Let {(X,,Y,) : n > 1} be independent replicae of a random vector (X,Y’) with distribution function [df]
F(z,y) = P(X < 2,Y <y). We assume that the corresponding marginal df’s G(z) = P(X < z) and
H(y) = P(Y < y) are continuous. The quantile functions pertaining to G(-) and H(-) are denoted,
respectively, by G"V(s) = inf{z : G(z) > s} and H™(t) = inf{y : H(y) > t}, for 0 < s,t < 1.
Throughout the sequel, we will set U, = G(X,) and V,, = H(Y,), together with U = G(X) and



V = H(Y), and keep in mind that these random variables are uniformly distributed on (0,1). The
copula function (see, e.g., Sklar, [47], Schweizer, [44]) of F(-,-) is defined as the distribution function
C(u,v) = P(U < u,V < v) of the random vector (U, V) = (G(X), H(Y)). This function fulfills the
identity

C(s,t) = F(G™(s),H™(t)) for 0<s,t<]1, (1.1)
= sAt wheneither sVi=1 or sAt=0 with 0<s,t<1.

The empirical counterparts of F(-,-), G(-) and H(:), based upon (X1,Y71),...,(X,,Y,), are given, re-
spectively, for each n > 1 and x,y € R, by

Fn(x, y) = ’nil Z ]I{Xigm’yigy}, Gn( Z ]I{X <z} and H Z ]I{y <y}- (1.2)

=1 =1

Let GIV(s) = inf {z : G,,(7) > s} and H™(t) = inf {y : H,(y) > t}, for 0 < s,t < 1 and n > 1, denote
the empirical quantile functions of F,, and G,,. By a straightforward analogue of (1.1), we define the
empirical copula function of F,(-,-) (see, e.g., [13]) by

Cr (s,t) = F,(GM(s),HM(t)) for 0<s,t<]l, (1.3)
= sAt wheneither sVi=1 or sAt=0 with 0<s,t<1.

Remark 1.1 (a) The empirical copula function C,(-,-) is distribution-free, in the sense that it is in-
variant with respect to changes of (Xy,Yy), into (¢(X,),¥(Yn)), n = 1,2,..., where ¢(-) and ¢(-) are
arbitrary one-to-one nondecreasing mappings of R onto itself. This property entails that the empirical cop-
ula functions based, respectively, upon (X1,Y1),...,(Xpn,Yn) and (Uy = G(X1),V1 = HY1)),..., (U, =
G(X,),V, = H(Y,)), are identical.

(b) As follows from (1.1), the copula function C(s,t) is the df of a bivariate random vector with uniform
(0,1) marginals. This property is not shared by the empirical copula function Cy,(s,t) in (1.3). The
latter is, conditionally upon the sample (X1,Y1),...,(Xn,Yyn), the df of a bivariate random vector with
marginals uniformly distributed on the discrete set {0,1/n,...,(n—1)/n}.

One may check (refer to Theorem 3.1 in [13]) that there exists a constant x (depending upon C(+, ) only)
such that, with probability 1,

1/2
} sup |Cp(u,v) — C(u,v)| =k < 0. (1.4)

0<u,v<1

lim sup {

n—oo

loglog n

In particular, kK = 1/4 in the independence case, where C(u,v) = uv (see, e.g., (2.41) in the sequel). By
introducing the empirical copula process

T, (u,v) = n?(Cp(u,v) — C(u,v)) for 0<wu,v<1, (1.5)

one may show further (see, e.g., p. 389 in van der Vaart and Wellner [49]) that, for each specified pair of
constants a and b with 0 < a < b < 1, {T',(u,v) : a < u,v < b} converges weakly to a centered Gaussian
process {I'(u,v) : a < u,v < b}. For a general C(-,-), this property is not necessarily true when a = 0 and
b = 1, and some additional regularity assumptions on C(,-) are required for its validity. For example,
Fermanian, Radulovi¢ and Wegkamp, [26], show that the weak convergence of T';,(-,-) to I'(,-) holds on
[0,1]? when C(-, ) has continuous partial derivatives on [0, 1]2. In particular, these conditions are satisfied
under the independence assumption of X and Y, which holds iff

C(u,v) =wv for 0<wu,v<1. (1.6)

The fact that, under (1.6), {I',(u,v): 0 < wu,v <1} converges weakly to a centered Gaussian process
{Ty(u,v) : 0 <wu,v <1} can be proved by specific arguments (see, e.g., [13], Theorem 1 in [14], and



the forthcoming §2.1). In this case, the limiting Gaussian process I'(u, v) reduces to a tied-down two-
parameter Brownian bridge B.(-,-) (see, e.g., §2.1 below). This property motivates the idea of testing
the independence assumption by either one of the following Cramér-von Mises-type test statistics

Pooxn = 7 /OO /°° (Ful.) — Co(a) Ho ()2 dF (2, y), (L.7)
02, = / / (Fu(e,y) — Go(2) Ho(9)} dGo (@) dHo (), (18)
Qi;c = // {Ch(u,v) — w}? dudv. (1.9)

The best-known among the above three statistics, namely Q%;BKR, is due to Blum, Kiefer and Rosenblatt
[3], and has been investigated by several authors among which we may cite Csérgé [12]. The statistic
Q2 i, due to Hoeffding [29], is less popular than Q2 gy, since it requires the summation of n* terms

instead of n for Q2. pKR- Lhe statistic Qn ¢ is a variant of the preceding two statistics, and was introduced
by Deheuvels (refer to (6.1) in [13]). A fourth related random variable is

G [ [ {F) ~ Gale) H))? dG )T () (1.10)

We note that, unlike Q2 prg, Q7.4 and Q.o the random variable Q2 1, as defined in (1.10), is not a
statistic in the strict sense, given that it depends upon the unknown marginal df’s G(-) and H(-).

Under the independence assumption (1.6), each one of these random variables converges weakly to

1 1
/ / B2 (s, t)dsdt, (1.11)
0 JO

where B, is a bivariate tied-down Brownian bridge (see §2.1 below). On the other hand, for finite n, these
statistics behave somewhat differently. It is beyond the scope of this paper to investigate this general
problem, and we will rather, in the forthcoming §2, concentrate on the study of Qi;c- In particular, we

will show in this section that Q2 .c Is, in a certain sense, more natural that Qi pkr and QEL .1, since it
remains asymptotically very close to the random variable Qz 1 (we denote this property by (22 QZ;T).
Namely, we will show in the forthcoming Corollary 2.2 that under (1.6), as n — o0,

Q2 -] =0 (n_1/4(10g n)'/2(loglog n)3/4> a.s. (1.12)

In spite of the above-mentioned fact that QZ;T is not determined only by the sample observations, this
random quantity should appear as a more natural discrepancy measure than Qi;BKR and QEL;H, to test
the independence assumption. This is due to the fact that Qi;T does not weigh the square deviation
{F,(z,y) — Gn(z)H,(y)}* with a random measure, such as dF, (z,y) or dG,(z)dH,(y), but rather, with
the “exact” deterministic distribution dG(z)dF(y). For this reason, one should expect some advantages
in the replacement of the previous statistics, Q7 pig and Q7 i by Q7 . This question will be investigated
elsewhere.

Among other results, we will also establish in the sequel (see, e.g., (2.43))) that, on a suitable probability
space, there exists a sequence B,,..(+,-) of bivariate tied-down Brownian bridges such that, almost surely
as n — 0o,

Qi;c = / / B2, (u,v)dudv + O( _1/4(logn)1/2(loglogn)3/4) . (1.13)

This result will be extended below in a more general framework.



1.3 Weighted Bivariate Tests of Independence

Motivated by these preliminaries, we are led to introduce weighted bivariate tests of independence.
Namely, for selected constants v, € R, we set

QEL;BKR;’Y,é - /Oo /oo Gn(x)nyHn(y)za {Fn(ma y) - Gn(‘r)HnQJ)}Q an(.%‘, y)a (1'14)
Dimys = n/oo /OO G (2)*7 Ho (y)* {Fu(,y) — G (@) Ho(y)} dGy (x)dH,(y),  (1.15)

2 = n 1 1u27v25 u,v) — uv}? dudv. .
Qn;C;'y,é - /0/0 {Cn( ’ ) } dud (1 16)

Vritins = "/_OO /_°° G()* H(y)* {Fu(w,y) — Gn(x) Ho(y)}* dG(x)dH (y). (1.17)

The investigation of Qi;BKR; -0 and Qi;H; 6 Will be undertaken elsewhere, and here we will limit ourselves
to the study of Qi;c and QEL;T. In particular, we will show that, under (1.6) and appropriate conditions on
7,0 € R, these two statistics converge in distribution to the limiting random variable (with B, denoting
again a bivariate tied-down Brownian bridge)

1,1
/ / u? B2 (u, v)dudv. (1.18)
0Jo

This leads us to a general study of quadratic functionals of bivariate Brownian bridges. Starting from
Section 3, we will concentrate on this problem, by largely extending results of the kind obtained in the
univariate framework by Lévy [36] and Deheuvels and Martynov [16]. In the next section, we provide
some empirical process arguments to establish the above-mentioned limiting results.

1.4 Organization of the Paper

The rest of the paper is organized as follows. In § 2, the statistical discussion of §1.1-§1.3 is developed
and made precise. In §3, we generalize to the multi-parameter case some Fubini-Wiener identities in
law, formerly obtained (see, e.g., [17] and [55]) between quadratic functionals of one-parameter Gaussian
processes. In §4, we use the Karhunen-Loeve expansion of the previously considered Gaussian processes to
derive the Laplace transform of quadratic functionals such as (1.18). In § 5, we consider weak convergence
results involving the same kind of quadratic functionals of bivariate Gaussian processes.

2 Some Empirical Process Arguments

2.1 Strong Approximation Results

In this section, we will work in the setup of § 1.2. Namely, we assume that X and Y are mutually indepen-
dent with continuous distribution functions G(-) and H(-), so that F(z,y) = G(z)H (y) for z,y € R and
C(u,v) =uv for 0 < u,v < 1. Thus, Uy = G(X1),Us = G(X2),... and V; = H(Y1),Vo = H(Y3),..., are
two independent sequences of independent and identically distributed uniform (0,1) random variables.
The following notation will be useful, in view of (1.2). For each n > 1 and 0 < u,v < 1, set

T, (u, v) = % S Mipuvizy = Fa (G (), H™ () (2.1)

Un(u) = Tu(u, 1) = % S M, <uy = G (G™ (), (2.2)
=1

V() = To(1,0) = % S My, <0y = Hy (H™(0)). (2.3)
j=1



The empirical quantile functions of U, (-) and V,,(-) are given, for 0 < u,v <1, by

Ui (u) = inf {s > 0: Up(s) > u} = G (Gi¥ (u)), (2.4)
ViV(v) =inf{t > 0:V,(¢t) > v} = H (H™(v)) .

Consider the empirical processes defined, respectively, for n > 1 and 0 < u,v < 1, by

o (u,v) = n'?{T,(u,v) —uv}, (2.6)
anv(w) = an(u,1) =nt2{U,(u) — u} (2.7)
anv(v) = a,(lv) = n*’2 {V,(v) — v}, (2.8)
Buu(u) = nM2{UM (u) —u}, (2.9)
Brv(v) = nl/? {Vi,?"(v) —v}. (2.10)
Set further, in view of (1.3)—(1.5) and (2.6)—(2.10),
ano(u,v) = n'/? {T,(u,v) — uV,(v) — U, (u) + uv}
= ap(u,v) —uay(l,v) — vay,(u, 1)
= ap(u,v) — uanv(v) — vogu(u), (2.11)
ana(u,v) = 02 {Ty(u,v) — Un(u)V,(v)}
ano(u,v) — n" Y20, (u, 1) (1,0)
ans0(u,v) — n_l/zan;U(u)an;v(v) (2.12)

an2(u,v) = nt/2 {Tn (Ui’{“’(u),Viﬁw(v)) — uv}
= Fn(ua ’U) = n1/2 {Cn(ua U) - U’U}
= Oy (u + nil/Qﬁn;U(u)a v+ nil/Qﬁn;V(v))
FUBnv (V) 4 V8. (w) + 172 B0 (1) By (). (2.13)

Below, {W(s,t) : s >0,t > 0} will denote a (standard) bivariate Wiener process (or Brownian sheet),
namely, a centered Gaussian process with continuous paths and covariance function given by

E(W(s',t"Y W(s",t")) = (s As") (' At") for &, 8" ¢t >0. (2.14)
A bivariate Brownian bridge is defined, in terms of W (-, ), via
B(s,t) = W(s,t) — stW(1,1) for 0<s,t<1. (2.15)
A tied-down Brownian bridge is, in turn, defined, in terms of B(-,-) and W(-, ), via

B.(s,t) = B(s,t)—sB(1,t) —tB(s, 1)
Wi(s,t) — sW(1,t) —tW(s,1) + stW(1,1) for 0<s,t<1. (2.16)

The processes B(+,-) and B.(+, ) are both Gaussian, with continuous sample paths and covariance func-
tions given by, for 0 < &', ¢, s"”,t" <1,

E(B(s,t)B(s",t") = (s'As")(t At")—s's"t", (2.17)
E(B.(s,t"\B.(s",t")) = (s As"—ss")(t A" —t'1"). (2.18)

The following fact is of particular interest in the present framework (see, e.g., [15]). Consider the (uni-
variate) Brownian bridges defined by

By(u) =B(u,1) and By(v) =B(1,v). (2.19)



Fact 2.1 The processes B.(-,-), Bu(+) and By(-) are independent.

For convenience, we will denote the sup-norm of a bounded function f, defined on J = [0,1] or J = [0, 1],

2

by || fll = sup,cs|f(2)|, and set Z(z) = x for the identity. The next fact, due to Castelle (see, e.g. [5])
and Bonvalot and Castelle (see, e.g. [4]) provides a strong approximation result appropriate for our needs.

Fact 2.2 On a suitable probability space, it is possible to define {c,(u,v) : 0 < wu,v < 1}, jointly with a
sequence of bivariate Brownian bridges {B,(u,v) : 0 <wu,v <1}, n =1,2,..., in such a way that, with

probability 1 as n — oo,

lan — By = O (n_1/2(logn)2) .

(2.20)

Below, unless otherwise specified, we will work on the probability space of Fact 2.2, and define sequences
of tied-down bivariate brownian bridges B,,...(-, -) and univariate Brownian bridges B,,.u(:), Bn:v(-) (with

B,...(, ), Bnu(+), Bnv(-) independent for each n > 1), by setting, for n =1,2,.. .,

B,..(u,v) = By(u,v) —uBy,(1,v) — vB,(u,1)
= B, (u,v) —uByv(v) — vByu(u),

where
Bpu(u) = Bp(u,1) and B,vy(v) = B,(l,v) for 0<wu,v<1.

The next fact follows from (2.20) and a result of Chung (see, e.g., [8]).
Fact 2.3 We have, as n — oo
o] = Op(1) and |joni| = Op(l) for k=0,1,2,
lan,ull = 1Bnull = Op(1) and |an vl = [1Bn. vl = Op(1).
Moreover, with probability 1,

lim sup (loglog n) ~1/2

n—oo

ll, v = limsup(loglog n) /2| Bl = 2712,

lim sup(loglog 7) "Y/2 ||, v || = limsup(loglog n) ~*/2|| 8, v || = 27 /2.

n—oo n—o0

The next proposition collects some easy consequences of the above definitions and facts.

Proposition 2.1 We have, with probability 1 as n — oo,

lamo = Busll = O (n7"2(logn)?)  and Jlaws = Bue| = O (n"2(logn)?),

|lan,u — Brull = O (n_1/2(logn)2> and ||on,y — Bpyv| = O (n_l/Q(logn)2> .

Moreover, we have
lamo = anall = O (n~*(loglogn)?) .
Proof. Combine (2.20) with (2.11)—(2.13).00

Proposition 2.2 We have, with probability 1,

limsup(2loglogn) /2 ||| =

n—oo

== N

lim sup(2loglog ) /2 [lano| =

n— oo

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)



Proof. This non-trivial result turns out to follow from classical arguments, based upon some well-known
facts collected from the literature. We limit ourselves to establish (2.31), the proof of (2.30) being similar,
and therefore, omitted. Recall (2.6) and (2.11). As follows from Révész [43], in combination with (2.11)

and (2.16), there exists (on a suitable probability space) a sequence B,,..,n = 1,2,... of independent
tied-down bivariate Brownian bridges such that, with probability 1 as n — oo,

n
—1/2 E B
’ Qp0 — N / Bj;*
=1

In spite that the rate in (2.32) is sub-optimal (see, e.g., [4, 5] and the references therein), it is sufficient
for our needs. We next apply a result of Lai [34] to show that the sequence

=0 (n_l/G(log n)3/2> . (2.32)

¢n = (2nloglogn)~1/2 Zﬁj?*’ (2.33)

j=1

is almost surely relatively compact in the space C ([0,1]?) of continuous functions on [0, 1]?, endowed
with the uniform topology. The corresponding limit set is the unit ball Ky of the reproducing kernel
Hilbert space pertaining to the tied-down Brownian bridge B.(-,-) (as defined in (2.16)). This, when
combined with (2.32), entails that the sequence (2loglogn)~!/2a,,.q is almost surely relatively compact
in the space B ([0, 1]?) of bounded functions on [0, 1]?, with limit set Ko. In view of (2.18), we combine
this last result with an argument in Section 4 of Lai [34], to show that, almost surely,

lim sup (2loglog )~/ o = limsup (2loglogn) ~/2G, |

n— o0 n—o0

1
= sup [|h]| = sup {Var(B.(u,u)}'?= sup {u—v’}=-.
heKo 0<u<1 0<u<1 4

We so obtain (2.31), as sought.[]

The next fact is due to Kiefer [33]. Recall the notation (2.7)-(2.10).

Fact 2.4 We have, almost surely,

lim sup n'/4(log n) ~Y/2(loglog n)"* ||an.u + Buv|l = 274, (2.34)
lim sup n'/4(log n) "2 (log log n)* lam:y + Burv|| = 274 (2.35)

For our needs, it will be convenient to denote, for each measurable subset R of [0,1]?, the empirical
measure of R by T,(R) = n'#{(U;,V;) € R:1<i<n}. The corresponding set-indexed empirical
process is given likewise by

an(R) = n'/? {T,(R) - |R|}, (2.36)

where |R| stands for the Lebesgue measure of R. Note also the relation with the notation introduced in
(2.1): for every 0 < u,v < 1, T, (u,v) = T, ([0,u] x [0,v]). We will consider especially the class R of
closed rectangles, of the form [a,b] X [¢,d], for 0 <a <b<1and 0 < ¢ <d < 1. Following the notation
of Einmahl (see, e.g., p.67 in [24]), we set

wal@)=  sup  |Ta(R). (2.37)
RER:|R|<a

We will make use of the following fact due to Einmahl (see Theorem 5.3, p.75 in [24], and, e.g., [25]).

Fact 2.5 Let {a, : n > 1} be a sequence of positive numbers such that a,, | 0, na, 1 oo, na,/logn — oo
and (log(1/ay))/loglogn — oo. Then, with probability 1,

lim (2a, log(1/an)) ™2 wn(an) = 1. (2.38)



We are now equipped to prove the next proposition. Recall the definitions (2.11)-(2.13) of ;.0 and 2.
Proposition 2.3 We have, almost surely,

lim sup n'/#(log n) ~Y/2(loglog n) ~** |lan.2 — an ol < 5 x 274, (2.39)

n—oo

Proof. Recalling (2.6), we will make use of the straightforward inequality, for 0 </, v, u” ;v" < 1.

wn (|u" = u”]) +wn ([ = 0"]) + wn (Ju" = u”] x o’ = 0"])
Bwn, (Ju" = u"|V [v" =2"]). (2.40)

| (', 0") — ag (W, 0" <
<

Fix any € > 0, and set a,, = (1 + €)27/2n~1/2(loglogn)'/2. By combining (2.25)—(2.26) with (2.40) and
the triangle inequality, we get that, with probability 1 for all n sufficiently large,

sup
0<u,v<1

Qp (U + nil/Qﬁn;U(u)a v+ nil/Qﬁn;V(v)) - an(u7 ’U)‘ < 3wn(an)7

whence, by (2.34), almost surely,

limsup n'/4(logn)~'/?(loglog n) /4
X sup o (u+n" 2By (w), v+ 0”2y (0) — o (u, v)‘
0<u,v<1
< 3limsup n'/4(logn)~/?(loglogn) 4w, (a,) = 3 x 27Y4/1T + €.

Observe that ¢ > 0 may be chosen as small as desired in this last expression. Therefore, by combining
this last result with (2.7)—(2.8), (2.11)—(2.13) and (2.25)—(2.26), we conclude that, almost surely,

limsup n'/*(logn)~?(loglogn)~*/* latn.0 — Qnsa| <3 x 2 1/4
+limsup n'/*(logn) /2 (loglog n) ~/* {||an;u + Bn:ll + llatn:v + Busv ||}

<2743 492} =5 x 274

where the last inequality follows from (2.34)—(2.35). We so obtain (2.39), as sought.[]

The following corollary is a straightforward consequence of Propositions 2.1, 2.2 and 2.3.

Corollary 2.1 We have, with probability 1,

1
lim sup(2 loglog ) /2 || a1 || = lim sup(2loglog n) ™2 |||l = 1 (2.41)
Moreover, with probability 1,
limsup n'/*(logn)~2(logn)~1/2(loglogn) "% ||anse — Bp.|| < 5 x 274, (2.42)

n—oo

Proof. The proof of (2.41) is achieved by combining (2.29), (2.31) and (2.39). In the same spirit, we
infer readily (2.42) from (2.27) and (2.39).00

2.2 Application to Tests of Independence

The following corollary is a natural consequence of Proposition 2.1 and Corollary 2.1, when combined
with the definitions (1.9) and (1.10) of Q7. and Q7.1. Below, we assume, unless otherwise specified,
that our random observations are defined on the probability space of Fact 2.2



Corollary 2.2 We have, almost surely,

lim sup n/4(log n) ~*/?(loglog n) ~3/* |0 < 5 x 2574, (2.43)

n—oo

1
//Bn*uvdudv
//B (u, v)dudv

and

1210 < o0, (2.44)

lim sup n'/?(log n) 2 (loglog n)~

n—oo

Proof. In view of (1.9) and (2.13), we have

1,1 1,1
Qo= / / {Cn(u,v) — uwv}® dudv = / / oo (u,v)dudv. (2.45)
0Jo 0o

Therefore, by the triangle inequality,

’ /1/ B2, (u, v)dud

< Han;Q - n*“ x {2 HO‘TL;QH + Han;Q - Bn*”}

< llamsz = Bogs|| X [lanz + Bos ||
This, when combined with (2.41) and (2.42) readily yields (2.43).0
Likewise, by (1.10) and (2.12), we get

QiT = // (u, v)dudv. (2.46)

whence, by the triangle inequality,

1
‘Q%;T —// B2, (u,v)dudv

< lan;s = Bogel| X {2 Jan1 ]| + [lang = Bpa} -

< ||an 1 — n,*” X ”Oén;l + Bn,*”

By combining this last inequality with (2.27) and (2.41), we conclude (2.44).0

We now turn to the study of weighted versions of the statistic Q2. .c- We limit ourselves to the following
more or the less straightforward result, given the arguments above

Corollary 2.3 For each choice of v > —1/2 and 6 > —1/2, we have, almost surely,

’ iCi.8 // 271126B2 (u,v)dudv| =

Moreover, (2.47) also holds with Q)+

=0 (n_1/4(log n)'/2(loglog n)3/4) . (2.47)

5 replacing Q.o s

Proof. The proof is essentially identical to the proof of Corollary 2.2, with the added simple observation

that
11
// u? ¥ dudv < o,
0o Jo

when v > —1/2 and § > —1/2.0
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Remark 2.1 In spite of the fact that the random variable

= // 271)25B2 L« (u,v)dudv, (2.48)

is still defined for v > —1 and 6 > —1, the conditions of Corollary 2.3 turn out to be sharp. This follows
from the observation that C,(u,v) = 1/n for 0 < u,v < 1/n. Therefore Qi;c;%é is not defined when
either —1 <y < —=1/2 or =1 <6 < —1/2. In Section 5 we will complete this discussion by investigating
the asymptotic behavior of the r.v. Z. (v,9), when v, | —1.

These results motivate a systematic study of the laws of weighted quadratic forms of the type (2.48).
We will start by establishing some useful identity in laws between quadratic functionals of Gaussian
processes. The results of Sections 2 and 3 will be further developed in §4, where the study of such
functionals as (2.48) is performed by means of Karhunen-Loeve expansions.

3 Distributional Identities via Stochastic Fubini Theorems

3.1 Weighted Processes

Let {W(t) : t > 0} denote a (standard) Wiener process, and let B(t) = W (t) —tW (1) denote a (standard)
Brownian bridge for 0 < ¢ < 1. For each v > —1, consider the weighted processes

W, = {Wv(t):tVW(t):0<t§ 1}, (3.1)
and
B, = {Bw(t) —'B(t) = W (t) — W (1) 0 < t < 1}, (3.2)

with W, (0) = B,(0) := 0. The Karhunen-Loeve expansions of these processes have been given in [16], in
terms of Bessel functions. One of the purposes of the present paper is to extend the results of [16] to the
multivariate case. Towards this aim, we shall make use of the following notation.

For each v > —1 and § > —1 we denote by W) = fW%) (5, ¢) : 0 < s,¢ < 1}, the (restriction to
[0,1]2 of the) weighted process (s,t) — s7t°W (s,t), where W(-,-) denotes, as in (2.14), a (standard)
bivariate Wiener process (or Brownian sheet) on [0,00]%, and we set by convention W9 (s,¢) = 0,
whenever s At = 0. We drop the indexes to write W9 = W when v = § = 0. We set further

B(’Yva) — {B(776) (S7t) : 0 S 57t S 1} ) (33)
B9 — {Bff”é) (s,t) : 0 < s,t< 1} ; (34)
BEZ’(S) = {BEZ’C‘) (s,8):0<s,t< 1} : (35)

to be respectively a weighted bivariate Brownian bridge, a weighted bivariate tied-down Brownian bridge
and a weighted asymmetric bivariate Brownian bridge, also known as a weighted Kiefer process (see, for
instance, [12]). Namely, in agreement with the notation (2.15)—(2.16), we set, for 0 < s,t < 1,

B9 (s,t) = s W (s, t) — 7 0 W (1, 1)

= ST {W (s,t) — stW (1,1)} = s7°B (s, 1), (3.6)
BUY (s,t) = sTOW (s,) — 7THOW (1,8) — sT9H W (5, 1) + 7 P10 H W (1,1)

= SO {W (s,t) — sW (1,1) —tW (s,1) + stW (1,1)} = s7t°B,, (s, 1), (3.7)
BUY (s,0) = W (s,t) — 57T HOW (1,1)

= 70 [W (s,t) — sW (1,1)], (3.8)

11



and we define B("9) (s,t) = B (s,t) = BEZ"S) (s,t) = 0 whenever s At = 0. In agreement with (2.15)—
(2.16), we set B(0:0) = B, B0 — B., BES’O) =B4. For v > —1/2 and 6 > —1/2, we will denote further
by

W0 = {\7&7(%5) (5,t):0< s,t < 1} : (3.9)

the process

(s,t) — W W (du, dv) . (3.10)
[s,1]x[t,1]

It is readily checked that, for 7,0 > —1/2, the distributional identity between processes
WO (5, 1) "2 W (1 — 62 1 —2541) / {(2y +1) (26 + 1)} (3.11)

holds globally on [0, 1]?.

3.2 Main Distributional Identities

The aim of this subsection is to prove the following Theorems 3.1 and 3.2. In the first theorem, we establish
distributional identities involving the conditioned processes B(7:9) Bfﬁ"s) and BEZ"S), for v > —1/2 and
d > —1/2 (the role played by this assumption will be clarified in §3.3 below). In the second theorem,
distributional identities are established for three different realizations of the path-variance of the bivariate
process W79 Ag a corollary, for the case v = § = 0 we obtain a generalization of some known results
holding in the univariate case. For our needs, the following notation will turn out to be convenient. Given
two centered, real valued Gaussian processes Z; = {Z; (t) : t € [0,1]"} and Zy = {Z> (t) : t € [0,1]" },
defined on |0, l]d, we write (with “Quad” for “Quadratic”)

Quad

7, Wz, (3.12)
whenever the identity in law (3.13) below holds:
/ 72 (t) dt 12”/ 72 (t) dt. (3.13)
[0,1)¢ [0,1)¢

To introduce our forthcoming theorems, we recall the following non-trivial example of distributional
identity of the form (3.13) for d = 1 (see, e.g., [17] and [16]). In view of the notation (3.1)—(3.2), we fix
an arbitrary v € (—1, —%), and define

v+1
o(v) == —-1- i 1 (3.14)
so that, under these assumptions, it holds that
Quad 1

We refer to §1.7 of [16] for a proof and discussion of relation (3.15) based on Karhunen-Loéve expansions.

Under the notation above, we may state the main results of the section.
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Theorem 3.1 For each v > —1/2 and 6 > —1/2 the following relations hold.

1,01
B {W(””‘s) (s,t) — // W) (4, v) dudv : (s,t) € [0, 1]2}
0Jo

Quad {(1 )T T (1 — f)" T
(27 +1)2 (26 + 1)

Ll — 2 28
X// (1 —u) 27 (1 —v) 27 W (u,v)
0Jo

1

3
2

lW (s,t) —

(2v+1)(20+1)

: (s,t) € [0, 1]2};

1 1
B9 Quad {W(Wﬁ) (s,t) — / WO (5 0) dv — / W) (u, 1) du
0 0

1 1N(7’5) u,v) dudv : (s 2
+/0/0W (,)dd.(,t)E[O,l}}

Quad {(1—5)2# (1-1)"
(27 +1)2 (26 + 1)

1
20+1

1
/ (1— ) 55 W (s,0) dv +
0

lW (s,t)

_27+1

1 ! 2
/ (1 —u) 27 W (u,t)du
0

1

2y +1) (20 + 1)

" /01/01 (1- u)_% (1- v)_% W (u,v) dudv] : (s,1) € 10,17 };

1
BE;NS) Quad {W(%é) (s,1) _/ WD (u,t) du: (s,t) € [0, 1]2}

0

_ t)_%-l—l

(27 +1)% (26 +1)

Quad {(1—8)_2’;/‘*'1 (1

1
29 +1

3
2

lW (s,t)

/01 (1 — u)” 55 W (u, 1) du]  (s,1) € [0,1]? }

Theorem 3.2 For each v > —1/2 and 6 > —1/2 the following relations hold.

{W(%ﬁ) (s,t) — /1/1 W (7:9) (u,v) dudv : (s,t) € [0, 1]2 }

Qupa {vwm (5.1) -

(1 _ 87-1—1) (1 _ t6+1)

(y+1) (6 +1)

13

W (1,1) : (s,¢t) € [0,1]? };

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)



1 1
{W('y,ﬁ) (8, t) _ / W(’Y,(S) (87 v) dv — / W(’Y:(s) (’LL, t) du
0 0

1,1
+ /O/O W) (4, 0) dudv : (s,t) € [0,1]? } (3.23)
ua = 1-— v+l 1 1— t5+1 1
Qg {W(%‘S) (s, t) — ’y—l—sl/ VW (1, dv) — Sl / uwW (du, 1)
t s

(1 _ S'H—l) (1 _ t6+1)
y+1)(6+1)

W (1,1): (s,t) € [0,1)? };

1
{W“”‘” (s,t) —/ w9 (u,t)du : (s,t) €0, 1]2 } (3.24)
0
wad | o 1— s+t rl
Ad {W(%‘S) (s,8) — —° / VW (1,dv) : (s,1) € [0,1] }
v+1 /i

By specializing Theorems 3.1 and 3.2 to the case where v = § = 0, we obtain the following corollary.

Corollary 3.1 Under the above assumptions and notation,

B {W(s,t)/1/1W(u,v) dudv : (s,t) € [0, 1]2}; (3.25)
0J0
B, % {W(s,t)—/1W(s,v)dv—/1W(u,t)du
0 0
+/0/0 W (u,v) dudv : (s,t) € [0,1] }, (3.26)
B, % {W(s,t)—/01W(u,t)du:(s,t) e o, 1]2}. (3.27)

Remark 3.1 (a) Conditionally on the event that W (1,X) = W (A, 1) = 0 for all X € [0,1], the process
W9 has the same distribution as the (unconditioned) process

— 1— gyt 1
(s,t) — W9 (s,t)—j_l/ v’W (1, dv)
v t
1_ o+l 1 (1— s7F1) (1 5+1)
- YW (du, 1) + W (1,1). 3.28
5+1 /“ o)+ ey Y (3.28)

(b) Conditionally on the event that W (1,1) = 0, the process W9 has the same distribution as the
(unconditioned) process
(1 _ 87-1—1) (1 _ t6+1)

(s,8) > WO (5 ¢) — CERIGE

W (1,1). (3.29)

(¢) Conditionally on the event that W (1,)) = 0 for every A € [0,1], the process W) has the same
distribution as the (unconditioned) process

1— S’Y+1

7t ‘NN(’W(S) ’t —
(5.8) = WO (s,0) - =20

/ VW (1, dv). (3.30)
[t.1]

14



The proof of Theorems 3.1 and 3.2 requires some refinement of the techniques discussed in [17] to the
case of a general Gaussian measure. This will be detailed in the next section.

3.3 Generalized Fubini-Wiener Techniques
3.3.1 A General Fubini Theorem

Let (A, A, ) and (B, B,v) be two measurable spaces, with  and v denoting positive and o-finite mea-
sures. Consider two isonormal Gaussian processes (or Gaussian measures)

{G.(h):heL?(A,Ap)} and {G,(p):peL®(B,B,v)}. (3.31)

Namely, G, and G, are two centered Gaussian processes, indexed respectively by functions in L? (A, A, 1)
and L? (B, B, v), respectively, and fulfilling

E(G, () G, (k) /A h(a)k(a)p(da) Vh ke L2 (A, A p), (3.32)

E (G, (p) Gy (2)) /B p()g(B)v(db) Vp.q € I (B,B.v). (3.33)

The key of the subsequent discussion is stated in the following theorem.

Theorem 3.3 (Fubini Theorem for Gaussian Measures) Under the assumptions above, for every
pel?(AXB,ARB,u@v),

2

/A{/Bfﬁ(a,b)Gu (db)}Qﬂ(d 1aW/ {/¢ a,b) G, (da)} v (db). (3.34)

Proof. Without loss of generality, we can and do assume in our proof that the processes G, and G, are
independent. For every ¢ € L? (A x B, A® B, u ® v), the stochastic integral

/A { /B¢ (a,b) Gy (db) }GM (da)

is well defined as the L2 limit of linear combinations of random variables of the form

[ or@.aa) [ more

with ¢1 € L? (A, A, i) and ¢ € L? (B, B,v). This, in turn, implies the almost sure relation

/{/G (db) 6 ab)}G (da) = /{/¢ (a,b) G, (da)}G,,(db). (3.35)

From the equality in (3.35) we infer, in view of (3.32)-(3.33), that, for every u € R,

E exp< /{/qb (a,b) G, (db)} (da))}

= Eexp< /{/¢ab )}Gﬂ(da))}

_ E_exp( /{/¢ (a,b) G, da)}Gyidb)ﬂ

- E_exp(—é/B{/A¢(a,b)Gu(da)} y(db))], (3.36)

from where (3.34) is straightforward.[]
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3.3.2 The Special Case of the Brownian Sheet
Let p(da) = v(db) be the Lebesgue measure on A = [0, 1] for some n > 1, so that

(4, A ) = (B,B,v) = (0,1, B(0,1]") , dbs ... dt) . (3:37)
Then G, faw G, is the Gaussian measure generated by an n-variate Wiener process (or Brownian sheet)
W(ty,...,t,). Recalling (2.14), by an n-variate Wiener process is meant a centered Gaussian process
{W(t1,...,tn) : t1,...,t, > 0} with continuous sample paths and covariance function fulfilling
E(W(t, ...t W(H,....tn) =[] (& At)). (3.38)
j=1

Consider now a function ¢(s1,...,8n,t1,...,tn) € LQ([O, 127 dsy ... ds,dt; ... dtn), as in Theorem 3.3.
Introduce the random variables

Zl (81,...,8n) = / ¢(81,...,Sn,tl,...,tn)W(dtl,...,dtn) (339)
[0,1]"
Zg(tl,...,tn) = / d)(Sl,...,Sn,tl,...,tn>W(d51,...,d8n). (340)
[0’1]’",
In this special setup, the conclusion (3.34) of Theorem 3.3 may be rewritten into

/ Zf(sl,...,sn)dsl...dsn@V/ Z2(t1, ... ta)dty ... dtn. (3.41)
[0,1]" 0,11

Formula (3.41), for a suitable function ¢ (for example, continuous), can be directly obtained by using
the theory of Karhunen-Loeve [KL] expansions. We refer to [1] and to the discussion in the forthcoming
section for details and limit ourselves to the following fact concerning [KL] expansions. For k = 1,2,
there exist sequences A1, > Ao > ... >0, k = 1,2, of positive constants, such that, if wi,ws, ... denotes
independent standard normal N (0, 1) random variables, then

/ Z2 (uy, ..., up)duy ... duy, law Z )\jvkwjz. (3.42)
[0,1]"

j=1

For k = 1,2, the coefficients A > A2 > ... > 0, are the eigenvalues A of the Hilbert-Schmidt operator,
from LQ([O, 1, dsl...dsn) onto itself, associated to the covariance function of Zj, with eigenfunctions f
such that

)\f(tl,...,tn):/[ | F(s1yey80)E(Zk (81, oy 80) Zk(t1, .o tn))dsy ... dsy,. (3.43)
0,1]"

In the present case, it can be checked (by using for instance the results stated in [28], pp. 246-248) that
the eigenvalues of the two operators are identical for k = 1,2, thus providing another proof of Theorem
3.3.

3.3.3 Integration by Parts Formulse

Theorem 3.3 turns out to have a series of applications of independent interest. Here, we present two
examples yielding integration by parts formulae following from this result. The first one was previously
given on p. 22 of [53], whereas the second one is new and will be used later on, and in particular at the
end of §5.
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Example 3.1 Select z and y in such a way that 0 < xz < y < oo and choose two positive continuous
functions f (+) and g (), with f nonincreasing, and g nondecreasing. Let us now choose A = B in Theorem

3.3 as the closed bounded interval A = B = [z,y]. Denoting, in general, by ¢, the Dirac measure at
z € R, we define the measures 1 and v in §3.3 by
0 (da) = —df (a) + 9, (da) f (y) and v (db) = &, (db) g (2) + dg (b). (3.44)
Then, we set
y
Gu(h) = hWi(F @)~ [ h@dWi (@), he L (4 A (3.45)
y
G = K@Walgla)+ [ kE)AWalg®), keL*(B.Bw). (3.46)

where W7 and Wy denote two independent standard Wiener processes on [0,00), and the stochastic
integrals with respect to the processes {Wi(f (a)) : a € [z,y]} and {W5(g (b)) : b € [x,y]} are defined by
a time reversal. Clearly, the isonormal processes G, and G,, in (3.45)(3.46) are independent. Moreover,

/A { /B 1{p<a} Gy (db) }Qu (da)

/ ' { —df (a) + 6, (da) f (y) }W5 (g (a)) (3.47)

_/ng (g9 (a))df (a) + f () W3 (9 (),

whereas
2 y
= X 2 .
/ { [ Gy <da>} van) = [ {5 @) g @)+ g @) W (7 0) (3.48)
= @ WE(f () + / W2 (f (b)) dg (b).
We so obtain the distributional equality (see, e.g., [53])
-/ "W2g (@)df (@) + £ () W9 () " g () WS () + / "WAF@)dg (). (3.49)

where here, W denotes the restriction of a standard Wiener process to [0, 1].

Example 3.2 Choose A = B = [x,y] X [w, z] in Theorem 3.3, with x, y, w, z such that 0 < z,w < y,z <
+o00. Select positive and continuous functions f1, f2, g1, g2 such that f; and f5 are nonincreasing and g;
and g, are nondecreasing. Set further, in this theorem,

i (dar,da) = { = dfi (@) + 6, (dar) i () H{ = dfa (a2) + 6. (daa) f (2) . (3.50)
v (dby, dby) = {595 (db1) g1 () + dgi (b1) }{5w (dbs) gs (w) + dga (b2) } (3.51)

and define {Wi (s,t): (s,t) € Ri} 1 = 1,2 to be a pair of independent standard bivariate Wiener pro-
cesses (or Brownian sheets) on R?, as in (2.14). Then, we define

.~ [ ’ / i (ar, a2) AW (2 (a1)  fo (a2)) (3.52)
+ [ by, 02) doy Wi (F1 (9) o (a2)

+ [ (a1, 2) dey Wi (f1 (a1)  fo ()
R (g2 W () f2 (2)), he L2(A Au)
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where the stochastic integration is again performed by means of a time reversal, and d,, means integration
with respect to the variable u. Set further

G, (k) = /y /Z k (b1,b2) dW3 (g1 (b1) , 92 (b2)) (3.53)
+/z k(z,b2) dp, W2 (91 () , g2 (b2))

y
+/ k (b1, w) do, W2 (g1 (b1) , g2 (w))
+k (2, w) Wa (g1 (2) , g2 (w)), k€ L*(B,B,v),
where the stochastic integration is taken in the usual sense. Then, by setting

¢ (a1,a2,b1,b2) = 1o, 50,11 {as>b01

we obtain, via an easy application of (3.34), that

Yy rz Yy [z 2
/ / ,u(dal,dag) </ / GV (dbl,dbg) 1{a1>b1}1{a2>b2}) (354)

-/ ’ / dfy (1) dfs (a2) W2 (g1 (1) . g2 (a2)
hw [ " dfs (a2) W3 (91 () . 92 (a2)

—f2(2) /y dfi (a1) W3 (91 (a1) 92 (2)) + f1 () fo (2) W3 (91 (1) . 92 (2)) -

Likewise, we get

2

Y z
/ / 14 dbl,dbg (/ / GM (dal,dag) 1{a1>b1}1{a2>b2}) (355)

" [ () o 00) W3 (53 01) 2 02)
+01(@) [ d (b2) WE (1 (0). £ (02)
42 (w) [ dgn (0) WE (2 (0. fo () + 92 (0) 2 (0) W3 (£ 00, 2 ().
This, in turn, shows that for any standard bivariate Wiener process W(-,-) on R?
[ ) dta (a2 W2 a1 00) g a2)) = £ 0) [ e () W2 (01 ) g2 ) (356)
—f2(2) /: dfy (a1) W? (g1 (a1) , 92 (2)) + f1 () f2 (2) W? (91 () , 92 (2))
[T 01 () W (2 0) £ (0) 91 0) [ (02) WP (42 (0) o 02)
+a () [ dgn (b)) W2 (2 (0). f2 () + 01 (0) 2 () W2 (1 00, o ().
In the special case where g (z) = g2 (w) = f1 (y) = fa (z) = 0, (3.56) may be rewritten into

/ ’ / W2 (g1 (ar) g2 (a2)) dfs (ar) df (a2) 2 / ’ / W (1 (b1) , fo (b)) dgn (b1) dga (ba) . (3.57)
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A special case of (3.57) is obtained by taking r+ = w = 0, y = 2 = 1, g1 (a) = ¢g2(a) = a® and
f1(b) = f2(b) =log(1/b). We so obtain the distributional identity

{%}gw (s%,t%) : (s,t) € [0, 1]2} o {@W <logi,log 1) H(s,1) €0, 1]2},

where the notation is the same as in the previous paragraph.

In the next subsection, we apply Theorem 3.3 to prove Theorems 3.1 and 3.2.

3.4 Proofs of Theorems 3.1 and 3.2, via a Projection Principle

We keep the notation and assumptions of §3.3. Consider a measurable space (A, A, u), where p is
positive and o-finite. For every closed subspace H C L? (A, A, i), we define w[h(-), H] (a1) to be the
canonical projection operator, mapping h € L? (A, A, u) into w[h (-), H](-) € H. For every hy (a1,az) €
L? (A%, A%, u®@p), we write

1 [hz, H] (al,ag) = 7 [hg (',(12) ,H] ((11) (358)
9 [hQ,H] (al,ag) = W[hg (al,-),H] (az). (359)

Then, with the notation of §3.3, we may apply Theorem 3.3, in the case (A, A, u) = (B, B,v), to obtain
that for every hy € L? (A%, A%, u@pu)

la_W/A{/Awg [ha, H] (a1, a2) G, (dal)}Qu(daz)

:/A{W (/AG” (da1) s (a1,~)) (ag)}2u(da2), (3.60)

where 7 ([, G, (da1) hs (a1,-)) (az) stands for the operator « [-, H] applied to the function
ag — / GH (dal) h2 (al, CL2) . (361)
A

We note that formula (3.60) follows from the fact that, with probability 1, for every k € H L where H+
denotes the orthogonal of H in L? (A, A, i),

/A { /A 72 [ho, H] (a1, 0) G, (dal)}k(a)u(da) (3.62)
= [{ [ malh i 0r.0) 0) ) b ()
~ [ @utdw) [ wt k@i, B @ =0,

Since a; and as play a symmetric role in (3.60) we have just proved the following proposition.

Proposition 3.1 (Projection principle) Under the above notation and assumptions, we have

/A { /A 73 [ho, H] (a1,a2) G, (dag)}Qu(dal) (3.63)

la—W/A{yr (/AGM (day) he (al,-)) (az)}Qu(daz)
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and

2
/A { AG/L (dal)m [h27H] (al,az) } 1% (dag) (364)
| 2
a:w/ {ﬂ' (/ GP« (dag) h2 (',(12)) (al) } ,LL(dCLl) .
A A
Now take a real valued kernel K(-,-;-,-) on [0, 1]4, satisfying
K (s,t;a,b)? dsdtdadb < . (3.65)
[0,1)*

Given a bivariate Wiener process (or Brownian sheet) W on [0, 1], and with K as above, we define two
Volterra sheets Vi and Vi by setting

Vi (s,t) = /OI/OIK(s,t;a,b)W(da,db), (s, 1) € 0,1]7, (3.66)

Vi (s,t) = /0/0 K (a,b; s,t) W (da,db), (s,t) € [0,1]>. (3.67)

Remark 3.2 We note for further use that, whenever v > —1/2 and 6 > —1/2, then the kernel
K (87 t;a, b) = Swtél{ags}l{bgt}a

satisfies (3.65). Moreover, in this case, with the notation of §3.1, Vi = W9 and Vg = W),

The following technical Corollary of Proposition 3.1 will turn out to imply Theorems 3.1 and 3.2.

Proposition 3.2 Under the above notation and assumptions, let K satisfy (3.65). Then, for every closed
linear subspace H of L2( [0, 1}2 , B ([O, 1]2) ,dsdt), and for every u € R,

E {exp v /1/1 V2 (5,1) dsdt) ‘W (h)=0, he Hl] (3.68)

- ol (5 [ rem e )os]

where W[IN/K, H] (s,t) denotes the orthogonal projection on H of the random function

(s,1) — Vi (s,1).

Proof of Theorem 3.1. We apply Proposition 3.2 to the special case where
K (8, t;a,b) = Svtél{ags}l{bgt},

and v, > —1/2. In this case, via Remark 3.2, the Volterra sheet Vi coincides with W9 and likewise,
Vi with W79 Now consider the three Hilbert subspaces Hy, H and Hs, of L2( [0, 1]2 , B( [0, 1]2 ), dsdt),
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defined by

H, = {h: 1 1h(:r,y)da:dy—0}, (3.69)
1A Al
Hy, = {h : /0/0 h(z,y)dxdy = /0/0 h(z,y)dxdy =0, VXe]l0, 1}} ) (3.70)
Hy = {h : /1/)\ h(xz,y)dxdy =0, VXe]l0, 1]} . (3.71)
0Jo

Note for further use that Hy C H3z C Hy. It is easily seen that, for every real u € R,

E

= E

-eXp (—“2/1/1W<%5> (s,t)stdt> jW(h) =0, he Hli]
:eXp <// B9 (s,1) dsdtﬂ

/ W) (s, ¢) dsdt) jw he H;]

9
¢ [ neri)]

exp

exp

(-
(-

:exp ( // W9 (s, 4)2 dsdt) jw (h) =0, he H;]
(-5

[k, Hi] (s,t) = k:(s,t)/o/o k (u,v) dudv,

|k, Ho] (s,t) = k(s,t)—/o k (s,v)dv

1 1,01
—/ k (u,t) du+// k (u,v) dudv,
0 0Jo

|k, Hs) (s,t) = k(s,t)—/o k (u,t) du,

so that the conclusions (3.16)-(3.21) of Theorem 3.1 readily follow from Proposition 3.2, when combined
with 3.11), and the change of variables z = 1 — s>7+1, ¢y =1 — 291 [0,

Proof of Theorem 3.2 The result follows from an application of Proposition 3.2 to the kernel

K (s,t;a,b) = a0 16y Lipsey,
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with v > —1/2 and 6 > —1/2. In view of Remark 3.2, Vi and Vi coincide in this case with W9 and
W9 respectively. In particular, as already pointed out, one has obviously the equalities

E-exp<—// WO (s, 1) dsdt)‘W(h ) =0, heHL]

- el [ - USR]
E| exp < - // WO (1) dsdt) ‘W(h) =0, he H;]

1_a’Y+1
= E exp<// {WW” (a,b) — 1 / W (1, dt)
0 b

_ o+l — gt — potl 2
_5+b1/a sTW (ds, 1) + : (7+1§ ((6+f) )W(l’l)} dadbﬂ’
‘W

E[exp < v /1/1 W9 (s, 1) dsdt)
_ [exp(—// {wm (a,b) — 1;51“/,, W(l,dt)}Qdadb>],

and the conclusion is straightforward.[]

=0, heH;]

Remark 3.3 (A counterexample) It is natural to ask whether different representations of the same Gaus-
sian process may lead to different distributional equalities of the form (3.34). The following example gives
a positive answer to this question. Let W denote a standard Wiener process on [0,1]. Now, observe that
the following distributional equality holds between processes on [0, 1]:

W) = ) / wi 1—a W) - Wia) . as /01 [1{s<t}/0m da ]dW(s). (3.72)

1—a

Next, we infer from (3.34) that

/01 {W(s) _ /01 W(u)du}2 ds = /01 B(s)ds

where {B(t) : 0 <t < 1} denotes a standard (univariate) Brownian bridge. Now, since via (3.72),

/W<1> a:S/ (1 —2s) dW (s),

/Ol{w(t)—/o1 W(u)du}th@ /Ol{W(”(t)—/OlW“)(s)ds} U

2

s 1 1 SAt dCL
:/ {/ {1{@}—/ 1_a—1+25] dW(s)} dt
0 0 0

2

. 1 1 SAt a0
gVﬂ/ {/ |:1{s<t} —/ -1+ 28:| dW(t)} ds
0 0 0 l-a

- /1 ds [W(l)(s) —2(W(s) — sW(l))r .

0

we may also write

To conclude, we observe that the process
C(s) :=WW(s) —2(W(s) —sW (1)), sel0,1], (3.73)
is obviously not a Brownian bridge (it fulfills C(0) = 0, but C(1) = W (1) £ 0, a.s.).



4 Karhunen-Loéve Expansions and Laplace Transforms

4.1 Statement of the Main Results

The aim of this section is, for each v > —1 and § > —1, to evaluate explicit expressions for the Laplace
transform of quadratic functionals of the weighted processes W(7:9) B(7:9), Bgﬂ’é) and BEZ"S), as defined
in §3.1. In particular, we will show that, our results extend the results obtained in the univariate case by
[36] when v = ¢ = 0 and by [16] for v > —1 and § > —1. We will now state our main theorems, whereas
the remainder of the section is devoted to their formal proof, mainly through the classical technique of
Karhunen-Loeve [KL] expansions (see, e.g., Ch.1 in [32]).

To achieve our goal, for any real v > —1 define J, (-) to be the Bessel function of first order and index v
(see, e.g., [35], or [16], for any unexplained definition) and denote by {z, 1 : K > 1} the ordered sequence
of positive zeros of J,. For any v > —1, and by setting v =1/ (2 (v + 1)), we define

2 \? - Ju(zu_lktzlv)>
, epyt)=tw 2 ———"——2 | te (0,1, k>1 4.1
<Zu—1,k> ey () (\/;J,, (zv-1,k) 0.1 1)

2v 2 11 JV <ZV7kt%>
= h t) =t 2 | ——————7+—"— t 0,1 k> 1.
Go = (24) b s |t ks

)‘kﬁ

Then, we have the following

Theorem 4.1 For~,8 > —1, let W9 Biﬂf’a) and BEZ’S) be defined as above. Then,

(i) the KL expansions of W(1:%), Bfﬂ’&) and BE;“S) are respectively given by

W(’Y‘S) (s,t) Z Wi/ NjyAks€iy (8)ers (), 0<s,t<1,

7,k=1
B (s,) = Zgjk\/C]kaéh],fy Jhes (t), 0<st<1
J,k=1

and

B(Wa) St Z f]k\/gj,y/\k(sh],y(s ek(; t , 0<s,t<1

7,k=1

where {w; 1}, {0;,1} and {&; 1} are three doubly indezed sequences of independent standard Gaussian
random variables and the A.. and (.. are defined according to (4.1).

) :
( 1+ 2u)\j77/\;€75>

(i1) For any u € C with Re(u) >0

—
2

2
E [exp (—u/ (W(Ws) (s,t)) dsdt) =
[0,1]2 | j=1k=1
E |exp | —u (BS‘%&) (s t))2 dsdt - = ﬁ ﬁ (1>é
[0,1] i j=1k=1 1+ 2065 Cr.s
9 7] 0o o 1 y
E |exp —u/ B (s,t)) dsdt = ()
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Remark 4.1 Note that, point (i) of Theorem 4.1 implies that, for everyi,j,l,m,
1 el
[ s @ ens @ens ) ens 0 aras
0o Jo
1 el
= [ B s 0 b ) s (0) s
0o Jo
1 el
= [ [ B ) ens O (5) e (6)dtds = 330 % G,
o Jo

(4.2)

where § is the Kronecker symbol.

When applied to the case v = § = 0, the above results give some interesting extensions of classic
computations due to P. Lévy (see [36], but also [27]). To this end, introduce, the following remarkable

class of functions, defined for every a € R,
1. C(a) = ][}, cosh (J%),
2. Coqqa (a) = H(;io cosh [m}
3. Ceven (@) = H _, cosh [2N} =C (%) ;

s () ]

4. S(a) =12

5. Seven (@) = Hoi [772] sinh <7T2]> /a} -

6. Sodq (a) = H;i1 [77 (25 — )blnh(

relations

S (a)

sinh ( i, >
)

S(a/2);

) / a,} = C (a/2), where the last equality comes from the

= Sodd ((1) Seven (a)

= 2cosh <;:r]) sinh <2Z]> ;

7. T(a)=Y7, {tanh (ﬁ) (25 + 1)7r]—1}.

Remark 4.2 Observe that

d
—1 R
da og[ dd

and therefore

Z log [cosh (

1)7r>] = 27 (a) (4.3)

Coda(a) _ a
Cog () 27 (a). (4.4)

The following result provides an exhaustive characterization of the case v = § = 0. Note that, to
simplify the notation, we will write e; = e; and hy o = hy for every j,k > 1 where the e.. and h.. are

defined in (4.1).
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Theorem 4.2 Let W be a standard Brownian sheet, then, for every a > 0,
() E [exp (=% fip a2 W (s,0)” dsdt) | = {Coua (20)} 4

(ii) for every real x,

E |exp (_a2 W (s,t)? dsdt> | W (1,1) = x]

2 Jiop2
- (e Z) ] 2 ()

(iii) for every continuous, deterministic function y (s,t) on |0, 1]2

2
E €xXp <a W(S7t)2 det> ‘ W(17 ) = y(la) 7W( 71) = y(7 1):|
[0,1]?
_1 1 2 ((l]{fj?'['z)2
= {S(a)} 2exp |—= *hphi)7, 9 —————5
t5(a 3 2 W0 B g

where y* (s,t) = sy (1,t) +ty (s, 1) — sty (1,1) by definition;

(iv) for every deterministic and square integrable function ¢ on [0,1],

E |exp (_a2 W(s,t)zdsdt> | W (1) = d’()}

2 [0’1]2

. 1 (2j +1)ma 2a
= {Soaa(20)} 2 exp | =5 Y~ (6:¢) a0 [zcoth(w)‘l]

Jj=20

Remark 4.3 Observe that point (ii) of Theorem 4.2 gives the analogue, in the case of a Brownian sheet,
of the well known formula due to P. Lévy (see [36])
2

E [exp (-“22/01 W2 (t) dt> W (1) —x] = (Sinc;a)%exp {—Z(aco‘cha— 1|, (4.5)

where x € R, and {W (t) : t > 0} is a standard, real valued Brownian motion.

The following corollary is obtained by setting z =y (-,-) = ¢ (-) = 0, in Theorem 4.2.

Proposition 4.1 For any u > 0,

Y

(i) E [exp (—“72 fmuz B (s,t)2 dsdt)} = <Codd (2u) 4751‘))7% ;

[V

(1) B [exp (=5 [y B (5,0) dsdt) | = {8 ()}

(iii) E [exp (—“72 f[071]2 B, (s, 1)’ dsdt)] = {Spaq (2u)} 2.
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We now use the same notation as in Paragraph 2.2. In particular, one immediate consequence of
Corollaries 2.2 and 2.3, as well as Theorem 4.1 and Proposition 4.1 is a precise description of the limiting
behavior of some of the statistics introduced in Sections 1 and 2.

Proposition 4.2 Let the notation of Section 2 prevail. Then, for every v,6 > —% and for every u > 0,

ngrfooE [exp (— uQ%;C;W;)] = nhrf E [exp (—uQi;T;Ws)] (4.6)
%
N jl:[lkl:[1<1+2u<]7<’k6)
In particular,
nEI-EooE [exp (—u.c)] = ngme [exp (—uf2.7)] (4.7)

~= {S (\/ﬁ)}*%.

4.2 KL Expansions and Proof of Theorem 4.1

The reader is referred to [1, Chapter III] or [32, Chapter 1] for any definition or proof concerning KL
expansions.

To prove Theorem 4.1, we shall use once again, for every v > —1, the two processes

W, (t) = W), te (0,1, W, (0)=0, (4.8)
B,(t) = t'B(t), te(0,1], B,(0)=0, (4.9)

as defined in (3.1) and (3.2). We use the following result, due to Deheuvels and Martynov (see [16,
Theorems 1.3 and 1.4]).

Proposition 4.3 For~y > —1, let the processes W, and B., be defined as above. Then, the KL expansions
of W, and B are respectively given by

= wi/ Aeqern (), te(0,1] (4.10)
k=1

and

= 0/Conhiny (1), tE€[0,1] (4.11)
k=1

where {wr} and {0} are two sequences of independent standard Gaussian random variables and, by
setting v =1/ (2(y+ 1)), the sequences { Ak}, {€k}s { T~} and {hi~} are given in (4.1).

Remark 4.4 Note that the following relation holds for every v > —1 and every j, k > 1,

1 1
| e e @t = [ hio @iy )dt =550
0 0

where § is the Kronecker symbol.
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In particular, the proof of Theorem 4.1 can be easily deduced from Proposition 4.3, by using an
elementary result about KL expansions of bivariate processes. To this end, let X, = {X, (¢) : t € [0,1]},
a = 1,2, be two centered Gaussian processes, and suppose moreover that, for a = 1,2, the covariance
function

(s,t) — Ry (s,t) =E[X,(s) Xo (t)], (s,t) €]0, 1]2 , (4.12)

is continuous on [0,1]*. The KL expansions of X; and X, will be denoted by

Xo (t) = f: Viaiatia (t), t€0,1], (4.13)

where, for a = 1,2, { .} is a sequence of independent standard Gaussian random variables, and {; .}
and {e; .} are respectively the eigenvalues and eigenfunctions associated to the operator from L2 ([0, 1])

to itself f — [ f(x) Ry (z,-)dx.

Lemma 4.1 Let the process Y = {Y (s,t): (s,t) €10, 1]2} be Gaussian, centered and such that
EY (s5,¢)Y (u,v)] = Ry (s,u) X R (t,v) (4.14)

for every (s,t,u,v) € [0,1]4, where Ry and Ry are defined in (4.12). Then, the KL expansion of Y is
given by

Y (S, t) = Z Zfi,j\/ )\i,l/\j,Zei,l (8) €;.2 (t) 5 (S, t) c [0, 1]2 r (415)

=1 j=1

where {&; ;} is a doubly indexed family of independent, standard Gaussian random variables, and the
sequences {\; o} and {e; o}, a = 1,2, are defined in (4.13).

End of the Proof of Theorem 4.1 Note that, for 7,6 > —1, the covariance functions of W(%), Biﬂf’a)
and BSZ"S) are respectively given by

E (WO (5, ) W (u,0)] = (su)” (s A ) () (£ A v)

E [BSW” (s,) BT (u, v)} — (sw)" (s Au— su) (t0)° (¢ Av — tv)
— E[(su) B(s) B(u)]E [(tu)‘S B(t)B (v)}
and
E[BG? (5)BY” (w0)] = (su) (s Au—su) ()’ (t A 0)
= E[(su)” B(s) B(u)]E [(m)‘s W (t) W (v)}

where, as usual, {W (¢):¢t >0} and {B(t):0<t <1} are respectively a standard Brownian motion
and a standard Brownian bridge from 0 to 0. The first part of Theorem 4.1 can now be immediately
deduced from Proposition 4.3 and Lemma 4.1 in the special cases: (a) Ry (s,t) = Ry (s,t) = (sAt), (b)
Ry (s,t) = Ra(s,t) = [(s At) —st], and (¢) Ry (s,t) = [(s At) — st] and Ry (s,t) = (s At). Point (ii) of
Theorem 4.1 derives from standard calculations.
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Remark 4.5 (a) Clearly, the functions s7 and t° play an immaterial role in the previous discussion, and
we might as well have replaced them by general functions ¢ (s) and ¢ (t) subject to the condition that

1 1
/ top (t)*dt < +00 and / ) (t)* dt < +o0 (4.16)
0 0

/1t(1 — )¢ (t)*dt < +00  and /115(1 — 1) (¢)* dt < +o0. (4.17)
0 0

More precisely, whenever the functions ¢ and v verify (4.16), one can show that, for every u € C
with Re(u) > 0,

E lexp <—u/[071}2 (¢ (s) 1 (t) W (s,1)) dsdt)] 1;[ 1;[ (H%M Ww) (4.18)

where {Xj g :j > 1} (resp. {Apy o k> 1}) denotes the ordered sequence of eigenvalues associated to the
Hilbert-Schmidt operator on L ([0, 1], tdt)

s H/O K (s,-) f (s) ds, (4.19)

with kernel K (s,t) = ¢(s) ¢ (t) (s At) (resp. K (s,t) = (s)¢ (t) (s At)). Likewise, whenever ¢ and 1)
verify (4.17), for every u > 0,

2 - 1 :
exp <—u /[071]2 (¢ (s)1 () By (5,1)) dsdtﬂ = g <1 - 2%@%1&) (4.20)

where {4 1§ > 1} (resp. {Yr,p : k > 1}) denotes the ordered sequence of eigenvalues associated to the
Hilbert-Schmidt operator on L? ([0,1],t (1 —t)dt), with kernel K (s,t) = ¢ (s) ¢ (t) (s At —st) (resp.
K (s,t) =¥ (s)Y (t) (s ANt — st). Similar conclusions can be obtained for weighted asymmetric bivariate
Brownian bridge.

(b) Let ¢ and 1) be such that (4.16) is verified. Then, from (4.18) we infer the relation

E

1
2 law . )2
/[o,u? (¢ (s) ¥ (1) W (5,1))" dsdt "= ;)\m /0 dt (¢ (t) W; (1)) (4.21)

lﬂu ) ! ) 2
o ijw /O at (6 () W; (1))

where {W; (t) : t >0}, j = 1,2, ..., is a sequence of independent standard Wiener processes and we keep
the notation of the previous remark. Similarly, if (4.17) is satisfied, (4.20) gives

/[O i (6 (s) ¢ (t) B (s, 1)) dsdt "2 Zym/o dt (1 (t) B; () (4.22)

law Z%’w/o dt (¢ (t) B; (t))*

where {B; (t) : 0 <t <1}, j = 1,2,..., is a sequence of independent standard Brownian bridges from 0
to 0. Moreover, since the above formulae hold for ¢ = 1 satisfying either (4.16) or (4.17), a Laplace
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transform argument yields immediately

{/[0 " (¢ ()W (5,1))"ds : t € [0, 1]} law ZAM’ (W, (1) : £ € [0,1] (423)

{/[ ] (¢ (s)Bu (s,1))"ds : t € [0, 1]} N e (B (1) € [0,1] (4.24)
0,1]2 J
where the first identity holds for any ¢ € L? ([0,1],tdt), and the second for any ¢ € L? ([0,1],t(1 —t)dt).

4.3 Proof of Theorem 4.2

In what follows, we note {\r : k > 1} and {ej : kK > 1} respectively the ordered sequence of eigenvalues
and the corresponding sequence of eigenfunctions associated to the Hilbert-Schmidt operator (4.19) with
kernel K (s,t) = s At. Observe that, in the notation of (4.1), for every k > 1, Ay = Ay and e, = ey 0,
and in particular (see e.g. [1, p. 77])

2 2
Ak - )‘k,O = ((Qk—l)ﬂ') 3 kf == 1,2,...

ero (t) = V2sin Kk: ;) wt} . te (0,1, k=12, ..

ek (t)

[Proof of Theorem 4.2-(i)] We apply for instance (4.21) in the case ¢ = 1) = 1 to obtain that for every

real a
CL2 2
E lexp (—2 W (s,t) dsdt)

[0,1]2

2 1
=E |exp —0'22)\]@/ Wk(t)zdt
0

E>1

where {W} is a sequence of independent, standard Wiener processes on [0, 1]. Now, it is well known (see
for instance [16]) that for any standard Wiener processes {W (¢) : t > 0}

E [eXp (—a; /01 W (t)? dtﬂ = {cosh (a)} 2

and therefore

E

exp (—“22 [071}2W(s,t)2dsdt>} = J]E [exp (—C‘;Ak/ol Wi, (t)Zdtﬂ

[Proof of Theorem 4.2-(ii)] According to Theorem 4.1-(i), there exists a sequence of i.i.d. standard
Gaussian random variables {w; ;} such that

W (s,t) = Z Z VAiNjwi e (s)ej ().

i>1j>1

Now define, for ¢ = 1,2, ...,

Wi (t) =/ Awije; (), tel01], (4.25)

j21
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and observe that the sequence {W; : i > 1} is composed of independent, standard Brownian motions on
[0,1]. In particular, from the above representation of W we obtain

W (s, t)2dsdt = > > Ndw?,

[0,1)2 i>1j>1
= Z/\ / Wi (
and also

W (1,1)

DD VAidwigei (1)e; (1)

i>15>1
= > Ve (1) W5 (1)
i>1

_ Z\/i D W, (1),

i>1

Now, the above formulae yield, for any a,b € R

E |exp (_a; [0 . A% (s,t)2 dsdt> exp (bW (1, 1))}
= HIE [exp < / Wi ( dt) exp (b\/ﬁ "t w, ))]

= g (%) : E {exp [_ (Wz ( &} exp (b\/i z+1 ))}

where p; = (av/A; coth (av/A;) — 1), due to (4.5). Since, for every i,

B {exp [~ (W (0)* 2 e (b/BN (1) i 1)) = e (1220

one deduces from the definition of the p;

E

exp <_a22 W(s,t)zdsdt> exp (bW(l,l))}

[0,

I 1 S | 3 2\
B et cosh (av/A;) Pl 1+ py

) 5 (S 0) )]

+oo T
drexp| —— + bx
T / P ( 2 ax )\ 2
(Zz>1 1+,u1)

N[
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thus yielding

E

2
exp (_612 W (s,1)? dsdt> | W (1 }

[0,1]?

b oexp | -2 ( ]>11u,)
i g(cosh(lm)> = ((2) A

By substituting for every ¢ the correct values of \; and pu;, we obtain the desired conclusion.

We will write {7 : k& > 1} and {hy : k > 1} respectively for the ordered sequence of eigenvalues and
the sequence of eigenfunctions associated to the operator (4.19) with kernel K (s,t) = s At — st. In
particular, with the notation of (4.1), for every k > 1, v, = (i,0 and hy = hy o, and therefore (see e.g.
(46, pp. 213-214])

1
Ye = gk,O: Wv k:1727

hi () = hpo(t)=V2sin(knt), te (0,1, k=1,2,..

[Proof of Theorem 4.2-(iii)] Given y (s, t), continuous on [0,1]%, the law of W, conditioned to equal y
on 9[0,1]% := {(s,t) : s V¢ = 1} coincides with the law of the process

B* (Svt) Jr y* (Svt)
= Z {\/Wei,j + <y*7 hihj>L2([0’1]2)} h; (S) hj (t) , (S,t) c [O, 1]2

4,521

where {0; ;} is a doubly indexed sequence of independent standard Gaussian random variables. This
implies in particular that, for any real a,

E

exp <—a2 W(S,t)2 det) | W(l, ) = y(L ) ;W ('7 1) = y('? 1)

[0,1]2

exp <_“22 /[0 . (B, (s,t) +y* (s,t))stdtﬂ

_ = {exp <_“22 [0 + <y*7hkhj>]2>] .

k,j>1

= E

Now fix k and j, and observe that standard calculations yield

a? «
E [exp <—2 (V70,5 + (v 7hkhj>]2):|
2
1 o (akjm?) ( 1 >
= exp |~ ) L (e
Xpl B (", hihj) a2+(l<:j7r2)2 1+ a2y

Now, according to Theorem 4.1-(ii) and (4.22)
(12 2
exp | —— B. (s,t)" dsdt
2 Joap

=

=

) 1
() -
; 1+ a®vky;

el [ mors)

j>1
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where {B;} is a sequence of independent standard Brownian bridges on [0, 1], from 0to 0, and (4.5) yields

H]E[exp (—a;fyj /OlBj (t)th>] Iml—%—

. . a
iS1 §>1 jTl'SlIlh (E)

— S(a)?,

2

which yields immediately the desired conclusion.

[Proof of Theorem 4.2-(iv)] To prove this point, we shall use the sequence of independent Brownian
motions {W; : i > 1} introduced in (4.25). We start by observing that

c{W(s,1):5€[0,1]} = {W;(1):i>1}

as easily proved by the relations

W(s,1) = > Vae(s)Wi(1), selo,1] (4.26)

i>1

Wi (1) = \%/0 W (s,1)e; (s)ds

= [ Wi </uldsei(s>>, =12,

We can therefore use (4.5) directly, to obtain that for any real a

E |exp (-“2 W(s,t)2dsdt> |0 {W (s,1):s€0,1]}

2
= E |exp —C;ZAi/ ]Q[Wi(t)fdt Wi (1), i=1,2..

_ H (‘1)‘]> 2 exp _% Z (Wi (1)]2 [amcoth (am) - 1}

k>1

X exp —%Z[Wj (1)]2 [(2]2_6”1)7r coth <(2]2_“1)7r> - 1] ,

j=21

and the conclusion follows by using (4.26).

4.4 An Application: the Laws of some Double Stochastic Integrals

In this section, we use Theorem 4.2 and Proposition 4.1 to calculate the laws of double stochastic integrals
involving two independent, bivariate and centered Gaussian processes. As discussed below, our results
extend and generalize some classic computations due to Julia and Nualart ([31], but see also [39]).
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4.4.1 The law of a double stochastic integral involving two independent Brownian sheets

Consider two independent, standard Brownian sheets
{w1 (s,8) : (s,t) € [0, 1]2} and {W2 (s,8) : (s,8) € [0, 1]2}.
In [31, Theorem 1], it is proved that the characteristic function of the random variable

X = W2 (S, t) W1 (dS, dt)
[0,1]2

is given by the formula )
E [exp (IAX)] = {Coaa (2A)} 2.

Such a result can be obtained by means of the identities in law discussed in the previous section. As
a matter of fact, a standard conditioning argument and Theorem 4.2-(i), yield

Elexp (iAXX)] = E = {Coqa (20} 2. (4.27)

A2 2
exp |~ W (s,t)" dsdt

[0,1]2

4.4.2 The law of a double stochastic integral involving a Brownian sheet and an indepen-
dent bivariate Brownian bridge

Consider a Brownian sheet {W(s,t) : (s,t) €10, 1]2}, as well as an independent bivariate Brownian
bridge {B (s,t): (s,t) €10, 1]2}, as defined above. We shall study the laws of the two random variables
T = B (s,t) W (ds, dt)
[0,1)2

U = W (s,t) B (ds, dt)
[0,1)?

= (W (s,t) — W) B (ds, dt)
[0,1]2

where W = f[o 2 W (u,v) dudv. Relation (3.25) yields that for every real A

A2 2
exp | —— B (s,t)” dsdt
2 Jioap?

exp <—)\22 (W (s,t) — W)Q dsdt)}

[0,1]?

Elexp (iAT)] = E

= E

— Elfexp (iAU)],

thus implying that 7" and U are equal in distribution. Moreover, thanks to Proposition 4.1-(i), for every
real A,

1
2

E [exp (iAT)] = E [exp (I\U)] = (Codd (2)) 47')\()\)> . (4.28)

4.4.3 The law of a double stochastic integral involving a Brownian sheet and an indepen-
dent tied-down bivariate Brownian bridge

Define {W(s,t) : (s,t) €0, 1]2} and {B* (s,t): (s,t) €0, 1]2} to be two independent processes, and
namely a standard Brownian sheet and a tied-down bivariate Brownian bridge, as defined above. We
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want to show that the two random variables
Yy = / B. (s,t) W (ds, dt)
[0,1]?

7z = W (s,t) B, (ds, dt)
[0,1]?

_ /{071]2 (W (5,0) = W (s,1)) B (ds, db),

where

I 1 1
W (s,t) = / W (a,t)da + / W (s,b) db— W (a, b) dadb,
0 0 [0,1)

have the same law, and moreover we will compute their common characteristic function. Indeed, from

(3.26) we deduce that for every real A
A2 2
exp | —— B. (s,t)" dsdt
2 Joap

exp (—)\22 /[02’1]2 (W (s, t) — W(s,t))2 dsdt)]

= Elexp (iAZ)]

Elexp(iAY)] = E

= E

and finally, from Proposition 4.1,

E [exp (iAY)] = E [exp (IAZ)] = {S (\)} 2.

[SIE

(4.29)

4.4.4 The law of a double stochastic integral involving a Brownian sheet and an indepen-
dent asymmetric bivariate Brownian bridge

Let {W(s,t) s (s,t) €10, 1]2} and {Bh (s,t) : (s,t) €0, 1]2} denote a standard Brownian sheet and an

independent asymmetric bivariate Brownian bridge, as defined above. We define

Q = By (s,t) W (ds, dt)
[0,1]2

J = W (s,t) By (ds, dt)
[0,1]2

_ /[0’1]2 (W (5,0) = W (1)) B (ds, db),

where W (t) = fl

o W (u,t) du. From the identity in law (3.27), we obtain that for every real A

A2 2
exp | —— B (s,t) dsdt
[0,1)?

exp (—/\22 /[071]2 (W (s,t) — W (t)>2 dsdt)}

= Efexp (irJ)],

Elexp (IAQ)] = E

E

and therefore that @ and J have the same law. Eventually, Proposition 4.1-(iii) yields

E [exp (iIAQ)] = E [exp (i\J)] = {Soad (2A)} 2. (4.30)
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5 Weak convergence

5.1 Preliminaries

To simplify the notation, throughout this section we will write, for any —1 < 7, < +00,

Z(v,8) = [Ollzwﬁﬂ (s,t)%dsdt ; Z,(7,0)= [01]21353’5)(3,75)26156115 (5.1)
E1(v,6) = /{OlFB(”"”(s,t)zdsdt ;o Ba(n,0) = [OI]ZBEZ’J)(s,t)stdt. (5.2)

Standard arguments (see e.g. [30, Lemma 1, page 44]) yield that, a.s.-P,

lim Z(v,6) = lim Z.(v,6)= lim Z;(v,0) = lm Z4(v,0) = +oo,
i (7,0) i Ex (7,96) i 1(7,0) Jlim A(7,6) = 400

as well as
lim Z(v,6)= lim ZE.(v,6)= lim Z1(v,6)= lim Z4(y,0)=0.

¥,8400 =400 7,600 7,600

The aim of this section is to study the speed at which the above quantities respectively diverge to
infinity and converge to zero. In particular, we will prove the following

Theorem 5.1 Let N (0,1) denote a standard Gaussian random variable independent of W. Then, as
Vs d l _17

(v+1)(6+1D)E(v,8)—1 . law ) )
(Z){ 4/E+D v+ W} = {N(0,1) 5 W}

i) {40rD0nE 001 law W
(m){ Vs W} {N(0,1) ; W};

A+ (0+DE(1,0)—1 . taw . .
(m){ /G0 ; W} {N(0,1) ; W}

. 4(v+1D)(6+1)EA(v,0)—1 | law .
(i) {0zt | wh s (v (0,1) W),

A partial description of the asymptotic behavior of the above quadratic functionals, when v, § — +o0,
is the following non-central limit theorem.

Theorem 5.2 Let the above notation prevail, and let W denote a standard Brownian sheet independent
of B.. Then, as v,d — 400

4+ 12 G +1°E, (1,0) B*}lﬂ”{i/[()”? PEW (5,07 B*} (5.3)

The proofs of Theorem 5.1 and Theorem 5.2 are obtained in the next two paragraphs.
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5.2 Asymptotic Study as v, | —1, and Proof of Theorem 5.1

In this paragraph, we use the apparatus of the Malliavin calculus, and we refer the reader to [39] for any
unexplained notion or definition concerning this topic. We also use some standard convention: by noting

{Wy :t € ]0,1]} a standard Brownian motion and {W (s,t): (s,t) €0, 1}2} a standard Brownian sheet,
for any hq,he € L?([0,1],ds) and g € L? ([O, 1)? ,dsdt) , we write

Wi(hy) = /0 hi (s) dWsy
W (hi,hy) = /[0 T ) () W (s,
Wi(g) := /[0 " g (s,t) W (ds, dt)

In particular, our main tool to prove Theorem 5.1 is the following consequence of Theorem 1 in [40)
(but see also [42]).

Lemma 5.1 Let ¢;, i = 1,2, be an operator from L? ([0,1],dt) to itself, and let {u’g te > O}, 1=1,2,
be a collection of finite measures on ([0, 1], B([0,1])). Define moreover, for e > 0,

i i 2
Y! = /[0 ; pl (dt) [W (¢ilpg)]”, i=1,2 (5.4)
2
Zoo= [ mh9pt ) [W (orli0. dal0)]" (55)
and suppose that, fori=1,2, A A
Vi~ E (YY) 1pu
Y ZEUY) iy g, (56)
Var (V)

as € goes to 0, where N (0,1) is a standard Gaussian random variable. Then,

ZE -E (Zs) law

— = N (0,1). (5.7)
Var(Z.)?
Moreover, if there exist positive numbers {b; . : € > 0}, i = 1,2, such that
Var (YZ)? ~bi. (5.8)
as e — 0, then
VG,’I“(ZE)§ ~ bl,a X 1)275. (59)

Proof. A standard application of Stroock’s formula (see [48]) gives the Wiener chaos expansion of Y2,
for every ¢ > 0 and i = 1,2, namely

i i 2 i
Yi = / 4t (dt) / dz (6i1p.q () + 1V / i (dt) (qsil[o,t])&’}
[0,1] [0,1] [0,1]

where I}V indicates a double Wiener stochastic integral with respect to W, and, for every f € L% ([0,1], dt),
(f)®°stands for the element of L? <[O, 1)? ,dsdt) given by f (s) f (t). Moreover, the isometric properties
of multiple stochastic integrals imply that

Var (Y;) = 2/ dxdy [/[0 . il (dt) (¢i1[0,t])®o (‘r’y)l

[0,1]2
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and therefore, since (5.6) holds, we deduce immediately from Theorem 1 in [40] that the quantity

2

fo 12 dydy’ fo 1 dx fO,l pt (dt) (@1[0775])@0 (2,9) f0.1 pit (du) (d’il[O,u})@O (z,y')
[0,1] [0,1] [0,1] [0.1]

f[o71}2 dxdy U[o,l] pt (dt) (¢i1[07t])® (, y)}

(5.10)

converges to zero, as € goes to zero. On the other hand, the chaotic decomposition of Z., £ > 0, is given
— thanks again to Stroock’s formula — by

Z. =/ pl (ds) p? (dt)/ dxdy (¢1110,) () P2lio (y))2 + LV 9 ()]
[0,1]2 [0,1)2

where IV stands for a double stochastic integral with respect to W, and, for € > 0, the functions ¥, are
symmetric on [0,1]* x [0,1]* and given by

(@y). @) = Ve (ya.b)
= [ ukds) [(e11p.9) " (@) %

[0,1]

/[0 1] pe (d) [((’521[077%])@0 (Y, b)}

where the notation is as before. Observe also that

2
Var (Z.) = 2/ dzda / pl (ds) (¢11[0’S])®0 (z,a)| X (5.11)
[0,1]2 [0,1]

2
/ dydb [ / p2 (dt) (¢2110,9)"° (9, b)} :
[0.1]2 [0,1]

Thanks again to Theorem 1 in [40], to show (5.7) one shall only verify that

128172 10,0
17 exfoa) _ (5.12)
=0 ||\p ||4

1¥elzz o.10)

where

U2 (2,y;a,b) = / dudz¥. (z,y;u,2) V. (a,b;u, 2)
[0,1)2

as usual. Standard computations imply that

2
H\Il?luLQ([O’l]él) = KI,E X KQ,E

where, for i = 1, 2,

Ki.= / dydy'
[0,1)2

and ||lI!€||i2([071}4) = Var(Z.)?, and therefore (5.12) is proved, since the sequence in (5.10) converges to

[ [ ) (6a00)* @) [ n @) (6r10.0)" (20
[0,1] [0,1]

[0.1]

zero. The last assertion in the statement follows immediately from (5.11). O

Proof of Theorem 5.1 We note {W;:t >0} a standard Brownian motion, and {B;:t € [0,1]} a
standard Brownian bridge of length 1, from 0 to 0. We start by observing that Proposition 3.2 in [41]
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implies the following asymptotic relations

2074+ 1) fo WAt~ 1 gy
Vvy+1 y——1

2(y+1) [y 1 B2dt — 1 faw
27 +1 y—-1

Formula (5.13) yields immediately point (i) of Theorem 5.1, thanks to Lemma 5.1 in the special case
¢1 = @2 =S id., and

N (0,1) (5.13)

N(0,1).

phig(ds) = 2(y+1)sds (5.14)
p3q (dt) = 2(5+1)t¥dt.

Point (ii) derives again from (5.13) and Lemma 5.1 in the case

1
01f (@) =621 0) = 1 0) = [ f(a)da
0
and g}, and p3,, defined as in (5.14). Point (iii) is a consequence of the identity in law
{B(s,t) L (s,1) € [0,1]2} faw {W(s,t) W (1,1): (s,0) € [0,1]2}.

Eventually, point (iv) of Theorem 5.1 comes from (5.13) and Lemma 5.1, with

¢1f(a;)—f(x)—/0 fla)da : ¢o=id,

and ,u,ly 41 and u2 41 asin (5.14). The asymptotic independence is an immediate consequence of Theorem
1 in [42]. This concludes the proof of Theorem 12. [J

5.3 Asymptotic Study as v, T +o0

We start by proving a useful analogue of Lemma 2.1 in [41].

Proposition 5.1 Let W = {W (s,t): (s,t) € Ri} be a standard Brownian sheet, and let B, tied down

bivariate Brownian bridge defined above. We write W = {W (s,t): (s,t) € R%r} to indicate a standard
Brownian sheet independent of W and B,. Then, as v and § tend to infinity,

(i) the family
{\/»75 {W <e*%,e—%) ~W (eﬁ, 1) ~W (1e 3) + W(1, 1)} L(u,0) ERE W}
converges in distribution to
{W(u,v) t(u,v) ERE W};
(ii) the family
{\/% [W (6_%, 1-— 67%) -W (1, 1-— 67%)} :(u,v) € Rf_ ; W}
converges in distribution to

{W(u,v) s (u,v) GR%F ; W};
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(iii) the family
{\/véB* (67%,6_%> (s, t) € Ri ; B*}
converges in distribution to
{W(u,v) : (u,v) €RE B*}.

Proof. Parts (i) and (ii) of the statement are an easy consequence of the fact that if W denotes a
standard Brownian sheet, then as v,d — +o0o the family

{\/775‘/7\\7 (1—6_%,1—67%):(u,v)GR%r ; W(S,t):(s,t)€[0,1]2}

converges in distribution to
{W(u,v) :(u,v) €RE W}

where W is another standard Brownian sheet independent of W. Now write

v

W(e_%,e_f) —W(e_%,l) —W(l,e_%) +W(1,1) :W<1—e_%,l—e%>

where

o~

W(s,t) =W (l—s51—t)-W(1-s1)—W(1,1-t)+W(1),

)

to obtain point (i), whereas to prove point (ii) it is sufficient to write

ol

W(e_%,l—ef%)—W(l,l—ef%):\/if(l—e_%,l—e

for

o~

W (s,t) = W (1 —s,¢) - W(1,1).
To deal with point (iii), just use the identity in law (for the processes as a whole)
B, (s,1) 'Y W (s,t) — tW (s,1) — sW (1, 1) + stW (1, 1)

as well as the fact that the process

T [W (e—%,e*%) W (e—%, 1) —W (Le 3) + W (1,1) -

W (e 8, e78) = e FW (e75,1) e W (LeTF) e T TEW (1,1)]

= VAOW L) (1-eH) (1= e )+ VA0 [W(Le ) = W (L, )] (1-e7F)

+v/76 [W (e—%, 1) W (L, 1)} (1—e%)

trivially converges in distribution to the zero process. CJ

Proof of Theorem 5.2 Standard changes of variables yield

A(v+1)* (6 +1)°E, (7,0)

1% (641)° 27+1  20+1 AN
= D" @+1) / dxdy exp |:l' i -y * ]B* (e_ﬂ7e*%)
6 R% 27 26
so that we can apply directly Proposition 5.1 to the left side to obtain
aw 1 _ X7
{40416+ 1’2 (1,0) 3 B.} "™ {4 dedye”"TOW (2,y)” B*}'
RL
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The conclusion follows from an application of the Fubini type techniques developed in Section 3,

yielding
2
—~ —~ 1 1 aw dsdt —
drdye” "W (z,y)? = / dsdtW <log —,log ) fay / Tw (s,1)°. (5.15)
Ri [071]2 S t [0’1]2 st

O
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