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1. APPENDIX 1: CONSTRUCT CORRELATED BROWNIAN MOTIONS

In Appendix 1, we provide details of the calculations to construct correlated Brownian
motions in our model. We start with the Brownian motion parts of interest rate process
and stock price process. Then we derive the Brownian motion parts of default intensity
process and convenience yield process step by step. Readers are referred to Shreve (2004)

Chapter 3.4 for discussions about quadratic variation.

Step 1

Step 2

Let dW, =dW,, then dW, = o dW, +/1- p3 dW,.
pf .
dW,dWs = dw, (prsdwo +/1- P dWl) = Pt

dW,dW = (prs dW, ++/1- pfs dWl)(prS dW, + 1~ o5 dWl)

= (przs +1- Py )dt = dt

dW, = o dW, + p; dW, + o’ dW,,

where o = Psx PP i _ 1= P =Pl = Pay + 2P Py Ps,
pS;{ [ 2‘ ypl,l 1_ > ]
l_prs Prs
pf.

dW,dW, = dW, (o, dW, + p{,dW, + o/, dW, ) = p, dt
AW, dw, = ( P 0W, +1- p2 dWl)( P, AW, + pl AW, + o/ dW,

= (prsprl + P, 1 Prs )dt = ps, dt

12 12 p _pl’ pl’
PrsPr, T Ps, 1-pf = ps,» then pg, :SZ—SZZ'
Vl_prs

dW,dW, = (p,,dW, + p{,dW, + p. dW, )( p,,dW, + pf, AW, + o/, dW, )
=(p?,+pL +pll )dt = dt

(psy = Psr)”

Pl + sy + Py =1 then pr =1-pf, = pl, =1-pr, ——5
rS

. =P P, P, 2P Py, Ps
Then, Py :\/ X l_plrzs 275y
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Step 3
dW, = p dW, + pl dW, + p7 dW, + o dW,,
where p{, = By _Prslry prSZpr;/ ,
1- Prs
, Py = PeyPr, = Ps,Ps, = PPy + PisPuyPs,  PrsPi,Ps,

Xy = !
1+ P =205 P, ps, — 205 + PEPE, + PaPE, — Pl — Piy +2PsPeyPs,

Pl =1=pl =Pl =Pl
pf.
dW,dW, = dW, ( p,,dW, + pf,dW, + p7 dW, + o7 dW; ) = p, dt

dW,dw, = ( P AW, +1- p2 dWl)( Py, AW, + p AW, + p" dW, + o dW,)
= (prsp,, +pE L= Prs )dt = pg, dt
pSy _prspr;/

\ll_Przs

AW, dW, =(p,,dW, + o5, dW, + o, dW, ) ( o, dW, + pZ,dW; + p7, dW, + o, dW; )

Then, p{, =

= (prlpry +pé)(pg}/ +p;(lp;y)dt = plydt
v _ Py = PiPry = Ps,PS
przpw+pslp5y+pzzpw:pzy’thenpw: “ ~ 7 L
P
. Py = PuyPey = Ps,Psy = PisPyy & PrisPe,Ps, + PisPr,Ps,
Va4
JL+ 05 =203 p,, s, — 205 + PAPT, + PAPL, — Py — PLy + 2P Pry s,

dW,dW, = (p,,dW, + p2,dW, + p7, dW, + p7, dW, )( o,,dW, + o2, AW, + o7 dW, + o7, AW, )

:(pfy+p§f+p;f+p}’;2)dt:dt

Pl + P+ i+ plf =1, then pf) =1 pl, = plZ = pI7.

2
- [ Ph =Pl =PL+205P,Ps, Py PPy = PsyPs, — PP+ PisPuyPs, PPy Ps,)
7 1-pk 1+ pis = 2P P, Ps, = 2Pss + PrsPry + PrsPay = Pry = Pay + 2PisPryPs,

D
= \/g , where C = (1- p2 ) (1+ s =205 p,,Ps, = 2P + Ps Pl + PaPL, = PF, = P, + 20 P15, )

=1= P +2P5Pr,Ps, ~ PrsPry =~ PrsPey + 3P = 4P P Ps, + 205 Pry + 2P 5,
=3P — Pr, = P5, + 2P Py Ps
D =1-pis + P15 Py, = 2P PeyPsy Py = 2P Pey Ps, Py + 2P Py Ps, + 2P0 Py, Ps,
=20, P, Ps ,Ps, 2P PuyPuy Py 2P P, Ps, Py + Prs Poy P, + Pis P Pa,
~ PrsPry = PisPry = 3Pis Py, — PrsPay — PrsPay + 301 T AP P, P,y AP PP P,
~ AP Py Ps, ~ AP P, Psy + 4P PeyPry Ps, Psy — APt Py Pry Py —4P1s Ps, Ps, P,
~ 2P0, Py~ 2P1s Pay Pay + 2P0 Pry + 2P0 Py + 2P0 Pay + 2P0 oy + 305 0, + P, s,
+ D1, Ps, =3Pl — Pry — Pr, = Pay — Py~ Py = 2P PiyPsy Py — 2Pis PryPs, Py
2D, P4, Ps,Psy T 2PsPryPsy + 2P Pry Ps, + 2P0, Pey Py + 2P, Ps, Py,
Following this recursive method, we could construct n correlated Brownian motions.

However, the coefficients for each independent Brownian motions would become more
and more tedious. In addition, if two variables are negative linearly correlated, then add a

_3_
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negative sign in front of one of the two variables would make them positive linearly
correlated (such that the formulas here work).

Alternatively, if the correlation matrix of n correlated Brownian motions C_ is

symmetric and positive definite, we could decompose C into LL' by Cholesky
decomposition, where L is a lower triangular matrix and L' is the transpose of L.

Then we could generate n correlated Brownian motions B, by LW, here W,_, is a

vector of n independent Brownian motions and BB =LWW'L' =C.
2. APPENDIX 2: DERIVE DRIFT TERM AND DIFFUSION TERM OF P (t,T,r(t))

In Appendix 2, we derive the drift term ,[z(t,r(t)) and the diffusion term &(t,r(t)) for

P(t T, r ) Let the process of zero coupon bond of no risk with maturity T be
dP(t,T,r(t
I:)((t?rr((t)))):,[z(t,r(t))dt-i-o~'(t,r(t))dWr (t) Since P(t,T,r(t)) is a function of t and

r(t), by 1té formula, we have

oP oP 1 0%°P
dP(t,T,r(t))=—dt+—dr ———dr(t)dr(t
(T.r(0) =S e+ Sdr 1)+ % Zar (1 (1)
0P
a 2
are the first and second partial derivative of P(t,T,r(t)) with respect to r(t) . Thus, the

i oP
where = is the first partial derivative of P(t,T,r(t)) with respect to t, o and —-

dynamics of P(t,T, r(t)) could also be written as

dP(t,T,r(t)) =(Pt +a(t,r(t))P, +% P. A (t, r(t))jdt +PA(t,r(t))dw, (t),

oP oP o’P
P =0 P =20 P =— pw . Comparing these two representations of dP(t T,r(t )) we

have P(t,T,r(t))&(t,r( )):Prﬂ(t,r(t)). As a result, we could calculate &(t,r(t)) by

PA(Lr (1))

P(tT,r(t))

Next step is to derive the drift term (t,r(t)) in the physical world. &(t) equals efﬂr(s)ds,
and let I(t) equal I s)ds, and f(x)=e™ . Then, dI(t) is equal to r(t)dt,
f'(x)=—f(x),and f"(x )—f(X).By [t6 formula again,

ds(t)=df (1(t))= £'(1(t))d (t)+% £(1(1))dl (t)dl (t) =—r ()5 (t)a.
d[S()P(LT.r(t)[=6(t)dP(t,T,r(t))+P(LT,r(t))ds(t)+d5(t)dP(t,T,r(t)) by Ito



ECONOMIC SCENARIO GENERATOR WITH FIVE FACTORS

product rule. We introduce the process of market price of risk 49( ) here, and let
o (1) = o(t)dt+aw, (1) Let ¥ =7 (1)= exp{ [o(s)aw, -2 [/ (s } z-2(1),
and assume E(jOT 6% (s)Z° (s)ds) <. Then by Girsanov's Theorem, E(Z)=1, and W, (t)
, 0<t<T, under probability measure Q' is a Brownian motion. Then
d[5(t)P(tT,r(t))]
=[ a(t.r(1))- (t)]5(t)P(t T,r(t))dt+6(t,r(t))s(t)P(LT,r(t))dw, (t) (A21)
t,r(t))s(t)P(t,T,r(t))dwW, (t)

, mathematically speaking.

dP(t,T,r(t))
P(t,T,r(t))
(t T, r )) is the zero coupon bond of no risk with maturity T, so the drift term of
dP(tT.r(t))
P(LT,r(t)) (1))

equals r(t)+&(t,r(t))o(t).

3. APPENDIX 3: DERIVE GENERAL FORM OF DEFLATOR D (t)

We rewrite

=(A(t.r(t)-6(tr(t))o(t))dt+6(tr(t))dw, (t).

under probability measure Q’ is equal to r(t).' Hence, we have [z(t, r(t))

In Appendix 3, we provide details of the calculations to derive the general form of
deflator D(t) step by step.

dD(t)=Q(t)dt+ @ (t)dW, (t)+¥ (t)dW, (t)+ T (t)dW, (t)+I(t)dW,(t) (A3.1)
Recall that we would like to have E°(&(t)X )=E[D(t)X | for a nonnegative random

variable X . We let D(t)B(t), D(t)P(t,T,r(t)), D(t)S(t), D(t)x(t),and D(t)y(t) be

P -martingales, then their drift terms are all equal to zero.

'We could verify this by the intuition of change of measure with 5(t) and also the solution of
S(t)P(t,T,r(t)) being exponential functions. Alternatively, we could plug ﬂ(t,r(t)) back to
d [5(t) P (t,T, r (t))J to verify the statement.
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A3.1Short-term saving, D(t)B(t)
d[D(t)B(t)]=B(t)dD(t)+D(t)dB(t)+dB(t)dD(t)
=[Q(t)B(t)+D(t)B(t)r(t)]dt+d(t)B(t)dW, (t)+ ¥ (t)B(t)dW, (t)+T(t)B(t)dw, (t)
+1(t)B(t)dw; (t)
(

Let the drift term of d[D t)B t)] equal zero, Q(t)B(t)+D(t)B(t)r(t)=0, then Q(t) is

equalto —D(t)r(t).

A3.2 Zero coupon bond of no risk with maturity T, D(t )P(t T, r(t))

d[D(t)P(t,T,r(1))]= P(tT r(t))d (t)+D()dP(tT r(t))+dP(tT r(t))dD(t)
(tT r(t))+@(t)P(t,T.r( )) (t.r(t))+D(t)P(t,T.r(t))r(t)

P(LTr( >>a< (et .
+[ )P(LT,r( t))+D (tT r (1)) ]dw,
+P(t (tT r(t))dw, (t (tT r( )) ,(t)+ () (t.T,r(t))dw,(t)

Let the drift term of d[ t T,r(t )] equal zero and plug Q(t) into the drift term,
we have @ (t)=-D(t)0(t )

A3.3 Stock, D(t)S(t)

d[D(1)s(t)]=8(t)d (t)+D(t)dS()+dD()dS()
—| (1S (1) + @ (1)S (1) 0% (1) e + W (1)S (1) of1- Pk +D(1)S (1) s (1)
+[@(1)S(t)+D(1)S(t)os (t) 2 AW, (1) [ (t)S(t)+D()S(t) (041 Pk aw (1)

)o

(t)os
+T(1)S ()W, (t) +1(t)S (t)dw, (1)
Let the drift term of d [D(t)S (t) ] equal zero and plug Q(t), ®(t) into the drift term,
D(O)[r(t)+0(t)os (1) prs — 115 (1) ]
o t )\/175 |

then W (t) is equal to

A3.4 Default density, D( )x(t)

d[D(t) 7(t)]=z(1)dD(t)+ D(t)dz (1) + d £ (t)dD(1)
=[Q< ()7, 2,7 (1) + ¥ ( apslﬁw(t)@p;ﬂ %(t)+D(t)e-D(t) f £(t) Jat
o) 2()+ D)o, p, 2 (1) oW, [ 2(t)+D(t), o, 2 (1) | aw (1)
+[r () +D(t)o, 0, \[(t) |aw, Z(t)dw, (1)

Let the drift term of d [D t }((t)] equal zero and plug Q(t), ®(t), ¥(t) into the drift

term, we have
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o aloey rx0=es () oty [ (01005 ()0 ]
r(t)D(t){ R 1) 20 }

A3.5 Convenience yield, D(t) 7 (t)
d[D(t)7(t)]=7(t)dD(t)+D(t)dy(t)+dy(t)dD(t)
=[a(t)y(t

+@(t)np,, + ¥ ()npl, + T (t)npl, +1(t)np), |dt+[ @ (t)y (t)+D(t)npe,, JdW, (t)
[ €) (1) D)t ], (1) [ (0) (1) DE)as, Jow, 1)
(1) (1) D)ot ) 1)

Let the drift term of d [D(t) (t )] equal zero and plug Q(t), @(t), ¥(t), [(t) into the

drift term, then

PO r()7(t) pLe,0) A [e r()2(t) 12 ( )]

N P04 x(1)
n (pgyp;'(z _p;péz)['us (t)_ r(t)_prse(t) Os (t):'

PLp,,0s (1) (1= 05

)
(

A3.6 Deflator, D(t)

We could derive the general form of deflator D(t) now. Let y(t) equal InD(t), then the

2
gé SD{ ) of y(t) with respect
to D(t) are —D](-t) and ——Dzl(t) respectively. By Ito formula,
oy 1 0%y
d dD(t)+= dD(t)dD(t).
y(t)=—5dD(t)+2 5 dD(t)dD(t)

) @) W T ], o
) 2D*(t) 2D(t) 2D(t) 2D7(t) d”D(t)dWr(t)
t

(A3.2)
200 g 1)+ L, (1) L )

D(t)
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_() _r()+0(t)os () ps — s (1)
Kly( )_ D(t) - o (t) 1—Pr5
(t)_r(t)ZH( )Py () x(t)-e+ () P[4 (B)=r(1)=0(t)os (1) ps ]

Let F D(t) p;‘l 9, ;:1 Z(t) ,0;10'3 \/1 prZS , and

<, ()= 10 _ 200 107 () _popu6()  phle-r(O)z()- f2(1)]

T () R p;;p;ZaZJz
et =ps s, ) (=1 (D)= PO (t)os (1)]
P10 (D)1= Pl

integrate both sides of dy(t), plugging gDZE:; =-r(t) and %=—0(t) into y(t). We

have y(t) as follows.

y(t)= y(0)+ﬁ[—r(s)—%92(s)—%K§, (s)—%Kﬁ(s)—%Kf(s)}ds

(A3.3)
t t t t
—Le(s)dwr (t)+jO Kq,(s)dwl(s)+.f0 Kr(s)dW2(3)+_|‘0 K, (s)dW, (s
Take exponential both sides of y(t) , we have the general form of deflator.
_ e i 2 2 2
D(t)= D(O)exp{ fo r(s)ds jo 2[«9 (s)+K2(s)+KE(s)+K; (s)]ds} (A34)

xexp[_j;e(s)dw, (s)+ [ Ky ()W, (5)+[ K, (5)aW, (5)+] Kl(s)dW3(s)}

4. APPENDIX 4: REGULARITY CONDITIONS FOR DEFLATOR D (t)

In Appendix 4, we provide an analysis for regularity conditions regarding the drift
coefficient () of stock prices, e in the drift term of default density (t), and the

diffusion coefficient 77 of convenience yield 7(t). In Appendix 3, we derive the general
form of deflator D(t)by letting D(t)B(t), D(t)P(t,T,r(t)), D(t)S(t), D(t) x(t), and
D(t)y(t) be P -martingales. However, recall that we'd like to have
E° (5(t)X)=E[D(t)X} for a nonnegative random variable X, in which §(t) is a

discount process equalling e_j‘:r(s)ds. In our model, B(t), P(t,T,r(t)), and S(t) are the
nonnegative random variables X in E?(5(t)X)=E[D(t)X ]. In addition, we also have
to consider y(t) and y(t) under probability measure Q when deriving the deflator
D(t). We discuss &(t)B(t), 5(t)P(t,T,r(t)), 5(t)S(t), 5(t) x(t), and 5(t)y(t) under
probability measure Q as follows.

A4.1 Short-term saving, §(t) B(t)
d[5(t)B(t)]=5(t)dB(t)+B(t)ds(t)+ds(t)dB(t)=0

-8-
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Thus, §(t)B(t) is a Q-martingale.

A4.2 Zero coupon bond of no risk with maturity T, 5(t)P(t,T,r(t))

From (A2.1), d[ (t)P(t,T,r(t)) ]| =& (t.r(t))5(t)P(L.T,r(t))dw, (t).

Thus, §(t)P(t,T,r(t)) isa Q-martingale.

A4.3 Stock, 5(t)S(t)
d[s(t)s(t)]=5(t)d

s (1)
08 () s (1)1 (1)]ot+5(1)S (1) (1) W, (1)

+
5%
—~~
—
w
~~
—+
Q
~~
—
~—
[y
S
»
=
~~
~—

I
S,
—~
—
N—
w ~
—~
—
N—
N—
&
—~
—
N—
|
-
—~
—
~—
|
D
—~
—
N—

o5 (1) ps dt+5(1)S (t) o (1) prsdW, (1)
+6(t)S(t) o (t)y1-p5dW,(t), under Q

[T (5)-r(5)-0(5)ors ()rs Js

Alternatively, let J; (t) be a process equalto e ™ . We could see that

S(t)[ o (t)S(t ] is a Q -martingale as follows.

Let 5 (t ) g el (t)=ﬁ[us(s)—r(s)—@(s)oS (s)pys Jds, and f (x)=e
then dl (t) =[x (t) (t)—H(t)cfS (t) pys Jat, £/ (x)=—F (x),and f"(x) = f (x).

do (t)=df (I (t))= f’(ls(t))dls(t)+% £7(15 (1)) dIg (t)dlg (t)=—[ 15 (t) -1 (1) = O(t) o (1) ps | 55 (t)dlt

d[ S (t)S(t)]=55 (t)dS(t)+S(t)ds, (t)+dd, (t)dS (t)
=55 (t)S (t)[r(t)+9(t)aS (t) pis ]dt +65 (1) S (t) o (1) psdW, (1) + 65 (1) S (t) o (1) y1— o dW, (t)

d (505, ()3 ()] =5()d[6: (1) (1)] 3. (S ()ds(t) + do(t)d 5, (1)3 (1)
= 5(0)3, (S (D8(t) o (1) ettt + 5 (1) 5 (1) (1) (1) 70V (1) + 5 (1) (1)S (1) (1) o W (1)
= 5(t)s, (1)S(t) (t) o (£)1= P2 AW, (1), underQ

t0()/)50'W() S(t)os (t)
t

S
Let D(t)[ &, (t)S(t)] bea P-martingale, then ¥ (t)=0 (so that K, (t)=0
(

d{D(1)[ & (t)S (1) ]} = (t)S (1)dD(t)+ D()d[5 (1)S (1) ]+ dD()d [4; (1) S (1)]
=6, (1S (){PO[r (1) +0(1) o (1) ps [+ (1) + () (1) pis + ¥ () ()2 % |t
+65 (1)S (1)@ (t)+D(t) o (t) pys AW, 1)+ (t)S (t)[‘l’(t)+ D(t)og (t)4/1- p% }dw1 (t)
()s(t)

+0 (1) S ()T () dW, (t)+55 (1) S (t)I(t)dW,(t)

Plug Q(t),®(t) into D(t)[ r (t)+0(t) oy (1) ps |+ Q(t)+@(t) o (1) ps + ¥ (t) o5 (1) y1- o5 =0, then ¥ (t)=0.
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A4.4 Default density, &(t) x(t)
d[5(t)z(t) ]:5 (t)dy t)+;((t)d5(t)+d5(t)d;((t)
(t)[e-r(t)z(t)-fx(t)]dt+o,p,6 t)mdwr(t)
+0,04,0(1) JT (1)aW, (t) +, 07,6 (1) ()W,
=s(t)[e=r(t) 2(0)- f 2(t)-0,2,0(t)x(0) ]dtwlpw I (0
+0,p,,8(t)y 2 (1)AW, (1) + 0,08 (t) /1 (t)dW, (t), under Q

We require e=r(t) z(t)+ f y(t)+o,p,,0(t)x(t) as regularity condition, such that
5(t) x(t) is a Q-martingale. As a result, K. (t)=0. In addition, we also have to consider

if the Feller condition holds, i.e. r(t) x(t)+ f x(t)+o,p,,0(t)x(t) >= G

A4.5 Convenience yield, &(t)y(t)

ds(t) ]5 (t)dy (t)+7(t)ds(t)+d5(t)dy (t)
=5 () (t)r (t)dt+np,, 8 (t)dW, (t)+npf,5 (1) dW, (t)
+1p},5 (1) AW, (1) +707,5 (1) dW; (1)
=5(t)[ -7 (t)r(t)-7p,0(t) |dt+np,,5 (1) AW, (t)+npl,5 (t)dW, (t)
5(

+1p,, t)dw, (t )+77,0 5(t)dW,(t), under Q

We require 77 =—"———== as regularity condition, such that &§(t)y(t) is a Q-martingale.

As aresult, K (t)=0.

From (A3.4), we rewrite the general form of deflator as
t 1 et t
D(t)=D(0)exp [—'[0 r(s)ds-EJ'0 6*(s)ds —J'O 6(s)dw, (s)} :

5. APPENDIX 5: EUROPEAN PUT OPTION PRICING UNDER CIR INTEREST RATE IN Kim (2002)

In Kim (2002), the process of CIR interest rate dr(t) under probability measure Q' is as
follows.

= [KKimgKim - (KKlm + 5K|mﬂ’K|m ) r (t):l dt+ 5Kim mdwr (t) (A51)

Let A, =1, then &y, =0,, Kqn =b, —0,, bn =8, /(b,—0,). Then, we could calculate

the price of a European call option of stock S with strike K and maturity T at time zero,
Call,;, (0,5(0).T.K).

-10 -



ECONOMIC SCENARIO GENERATOR WITH FIVE FACTORS
Cally,, (0,5(0),T.K) =[s(o)q>(d1)— K exp(—joT rt*dt)cp(dz)J
+30,Co| 8(0)9(d,)- K exp -], et (4(d,) -0 T (d,)) | @)
+5KimC1[dZS (0)4(¢,)-dKexp(-] rt*dt)(,;s(dz)}o(ﬁmm),

where @ (-) and ¢(-) are the cumulative density function and probability density function
of the standard normal distribution respectively;

=re " + 6, (1— CR ) , EXp (—IOT ﬁ*dt) =exp {—M (l_ et )_ OcinT } ;

KKim

Kim

—KigimT _ —Kigm T
Co = : (ro —im ) e ~Te ! j + Gl | 1- e ’
KyimOs JT Kim Kim

Kiim T

20 {(mew o3t o~ (1—e'“w)}+wm [Gan (1+26%T) -1,
__F _
Cl i O-S-Sr Cll, Cll ) ZeKKWT K}iim VeKim

Oy (267 ~1) 41, 4 25 O (657 1)+ 0,

(5o 40 )

. - 2
d, = ! {Ins(o)+(rO QK'm)(l—e"mT)ﬂS? T+%T}d2=d1—%\ﬁ;

l//Kim = In

By Put-Call parity, Call(0,S(0),T,K)+ Ke b Put(0,S(0),T,K)+S(0). We could
then calculate the price of the European put option at time zero Put,,, (O, $(0),T, K) as
Call,;, (0,S(0),T,K)+KP(0,T,r(0))-S(0).

6. APPENDIX 6: IMPLEMENTATION OF SIMPLIFIED SECOND MILSTEIN METHOD

In Appendix 6, we present the implementation of simplified Second Milstein method in
our example. dX, =a(t, X, )dt+b(t, X,)dW, where X,, W,, a(t, X,), and b(t, X,) are as
follows.

r(t)
o(t _ _
NSO
X, = P(t’T’r(t)) ,W — xz((tt; (A61)

' S(t) ' W, (1)
#(!) A0
7(1) -

. D(t) |

_11_
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a, —br(t)+0(t)o,r(t)
a,—b,0(t)
B(t)f(t)
a(t,X,)= (t I (0)r(t)+Po F@ (A6.2)
t s(t)[r(t) (t) s ]
r(t),}j(t)—i—o'lpw@() Z(t)
0
i —r(t)D(t) |
Grm 0 0 . 7
0 0 0 0 0
0 0 0 0 o,4/0(1)
Pfo-rm 0 0 0 0
b(t,X,)=|S(t) () s S(D)os (V1= P35 0 0 0 (A6.3)
N O R LG IR LA IO N :
ey A ) L Or)
oy e0ly 00 e
- —9(t)D(t) 0 0 0 |
Foreachi=1...,d,
Vo Yo b (MY, )AL Y b, (Y, ) AW, +%L°ai (n.Y,)(At)’
+%§;[Lkai(n,Yn)+|_0bik(n,Y ]AW At + kizml: )(AW AW, v_)

(A6.4)
In order to calculate Y., at each time step n+1, we have to calculate operators L° and

L for each a;(n, X, ) and b, (n, X, ). We present two illustrative examples below as
follows.

-12 -
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A6.1 a,(t, X,)

oa(tX)_ oo L oa, (t, X,)

= t
%, TV (1)
Fa(tX)_ 1,0 1  da(tx) da(tX)_1_

oxox, 4 (). \/rs(t)’ X0, OX,0X, \/

a(tX,)=a —br(t)+0(t)o,/r(t),

0 o (LX) < da(t.X) 1& . da(tX,)
_ (t, X 2.2
a, (t, X,) p +iZ=l:a-( ) ax +2i;1 W axx

—at Xt){—br+—0(t)ar rl(t)] (6X,)o, Jr (1)
—lZmaﬁ(t) ! +lzmar !
: o 2

A6.2 b, (t,X,)

b, (t,X,) =0, Jr(t), L2 2d Lo

b, (LX) 1 1

X%, __ZarrS—(t)
ob,, 8 b, (t, X, 8 o%b,, (t, X,
- B S B 5 P
1 o111
- al(t’xt) r r(t) 82t,ll r rs(t)
Lkbu(t,Xt):il:b,k (t.X )abﬂé; X)
1 1

7. APPENDIX 7: CORPORATE COUPON BOND PRICING IN LONGSTAFF ET AL. (2005)

In Longstaff et al. (2005), the formula to calculate price of a corporate coupon bond is as
follows.
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CB(c,®,T) cj Acs (1)exp(Beg (1) 7o) Ces (1) P (0,1, 1 (0)) et
+ Acg (T)exp(Bes (T) 2, )Ces (T)P(0.T,r (0)) e
+(1—a))joT exp(Bgg (1) 2 )Ceg (1) P (0., (0))[ Geg (1) + Heg (1) 2, |7t

_ 2e
e,(f,+4) |( 1-x Yo f,—¢ 2¢
t)= 1 r Tt " B ()= !
Ace (1) eXp_ o }(1_,@&} os (1) o +o‘§ (1—K6¢t)
Coa (1) =exp| =~ ,Gce(t)=g(e )EXp G; (1—K€¢tj ’

e,(f,+4)+do’ 1— %*2
HCB(t)exp{ ( O_z) t](l—K’;¢tj ' K:(fz+¢)/( fl_¢)’
¢:1/20;+ f;

V4
In our numerical example, e, is equal to r(0)z(0)+ f ¥(0)+0o,p,,0(0),/x(0) and f,

equals f,inwhich f is equal to o.1.

8. APPENDIX 8: EXAMPLE WITH CIR MODEL AND CORPORATE COUPON BOND IN SECTION 4.1.2

For the example with CIR model and corporate coupon bond in Section 4.2, the discount

AL ds(t)=-[r(t)+x(t)+y(t)]s(t)dt . To

accommodate the three risk factors (interest rate, default mtensnty, and convenience
yield) with deflator, we let dB(t)= B(t)[r(t)+;((t)+y(t)] dt . We repeat the calculation

process &§(t) is equal to e

in Appendix 3.1, then we have Q(t) equalling —D(t)[r(t)+;((t)+;/(t)]. Similarly, we
have ®(t) equalling -D(t)@(t) and W¥(t), I'(t), I(t) equalling zero. We show the
detailed calculations as follows.

A8.1 Short-term saving, ( )B(t)
d[D(1)B(1)]=B(t +D(t)dB(t )+d5( ) (t)
=i () +D(1)B(L)[r(t) 7(t) Jpdt+@(t)B(t)dw, (t)
+¥(1)B ( ) W, (t)+T(t)B(t )dW ( ) I(t)B(t)dWy(t)

Let the drift term of d[ (t)B(t
(

)] equal zero, Q(t)B(t)+D(t)B(t)[r(t)+ z(t)+(t)]=0,
then Q(t) is equal to —D(t)[ r(t)+

x(O)+7(1)].
Also, d[ 5(t)B(t)]=05(t)dB(t)+B(t)d5(t)+ds(t)dB(t)=0.
Thus, §(t)B(t) is a Q-martingale.

A8.2 Zero coupon bond of no risk with maturity T, D(t) P(t,T, r(t))

_14_
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Similar to Appendix 2 (A2.1), d[ 5(t)P(t,T,r(t)) ] =& (t,r (t))5(t) P(t,T,r (t))dW, (t) with

«9(t) equalling [l( l t)) og(rt,r(t)) 4 t)J here. 5(t)P(t,T,r(t)) is a Q -martingale.
We rewrite %=([1(t,r(t))—&(t,r(t))@(t))dt+6(t,r(t))dV\7r (t).

(t T,r(t )) is the zero coupon bond of no risk with maturity T, so the drift term of
d:((tt-l'_l' rr(it)))) under probability measure Q' is equal to r(t)+ y(t)+y(t). Hence, we
have fi(t,r(t)) equal r(t)+z(t)+y(t)+&(t,r(t))o(t).

(LT r(t) r( ) PA(L (1))

BETr) =[r(O)+ 2 ()+7(t)+&(tr(t)o(t) Jdt+&(t,r (t))dw, (t), &(t.r(t))= plLr(y)  (A8)
dP(t.T.r(1))= (tTr())[ (O)+2(O)+r(O)+s(tr(t)oft )]d”P(tT r(1))6(tr (t))dw, (t)
d[ D(t)P(t,T,r(t))|=P(tT,r(t))dD(t)+D(t)dP(t,T, r(t))+dP(tT r(t))dD(t)
[P (tT ()« oOPETr)sr©) |
t

)
+D(O)P(LT,r (1)) r(t)+ 2 (t)+x(t) (1))ot ]
+ @t (tT r(t))+D(t)P (tT r(t))&(t.r(t)) ]dw, (
+¥ () P(LT,r(t))dW, (1) + () P (LT, r (t))dW, (1) + ( ) (LT.r (1)) dW, (t)
Let the drift term of d[ (t)P (t T,r(t ))] equal zero and plug Q(t) into the drift term,
we have @ (t)=-D(t)0(t).

)+&(t.r

A8.3 Stock, D(t)S(t)

d[D(t)S(t)]=S(t)dD(t)+D(t)dS(t)+dD(t)dst )

- 205 (1)+ () (V) (1) ps + (1) L= pk +D(1)S (1) s (1) |
+[@(1)S(t)+D(t)S (t)os (t) o AW, (1) [‘P(t)S(t)JrD(t)S(t) (t)1/1 Pk Jaw (1)
+T(1)S(t)dW, (t)+I(t)S(t)dW,(t)

Let the drift term of d[D (t)S( )] qual zero and plug Q( ) ®(t) into the drift term,

D(O)[r(t)+x(t)+7(t)+0(t) o # (1))
s(t)\/l Pis

then W (t) is equal to

_15_



P.K. Cheng, F. Planchet
d[5(t)S(t)]=5(t)dS(t)+S(t)do(t)+ds(t)dS(t)
S(1)S(t) s (t)=r ()= 2 (t)=y(t) Jdt+5(t)S (t) o (1) prsdW, (1)

+68(1)S(t) o (t)y/1- pidW,(t)
=508 (O ()~ (1)~ () -7 (1)-0(t) s (1) 2 J0t+ (1) (1) (1) o, (1)
+68(1)S(t) o (t)y1- p5dW, (t), under Q

We require s (t)=r(t)+z(t)+7(t)+(t)

o, (t) p,s as regularity condition, such that
5(t)S(t) isa Q-martingale. As aresult, ¥ (t)=0.

A8.4 Default density, D( )x (1)
d[D(t) 7(t)]= 7 (t)dD (1) + D(t)dx(t)+d z(t)dD(t)
= ()7 (1)+ ) 0, P2 (1) + ¥ apslﬁw() 0, P, 7(1)+D(t)e=D(t) Tz (t) |dt

+| (1) 2(1)+ D(t)o, 0,2 (1) | W, (t)+] ¥ (1) 2(t)+ D(t) o, 0%, 2 (2) | v (1)
+[r(t)z <> D(t)o pﬂm}dvvm (1) 2(t)aw, (1)
Let the drift term of d [D(t 2(t equal zero and plug Q(t), ®(t), ¥ (t) into the drift
term, wehaveF {H(t Pry [r +7 ]Z —e+f;((t) .
Pl ZP;M%(U
d[5(t) 2(t)]=0(t)dx(t)+ x(t)ds(t)+ds(t )d;(()

=5(t){e~[r(t)+2(t)+7 ()] 2(t)~ 2 (D)} dt+o, 0,8 ()2 ()W, (1)
+0,0%,8 (1) ()W (t) +7, 2,5 mdwz (t)
=s(t)fe-[r <t>+z< 7t ]z - 12(t)-0,p,0(0)Jx(D)|dt+o,p,5(t) 7 (t)AW, (1)
(D)2 (D)W, (t)+o,0,,5( \/dez(t), under Q
We require € = [ 2(t)+7( ];{ +fy(t)+o,p,,0(t)|/x(t) as regularity condition,
such that &(t) z(t ) is a Q-martingale. As a result, I'(t) = 0. In addition, we also have to

consider if the Feller condition holds (though this does not guarantee y(t) to be positive
since e involves several factors and is not a constant here), i.e.

[I’(t)+;((t)+}/(t)] ()"'f?( +0,p., g \/7> 2

+O_7(p51
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A8.5 Convenience yield, D(t)y(t)
d[D(t)7(t)]=7(t)dD(t)+D(t)dy(t)+dy(t)dD(t)
=[Q(t)7(t)
+[ W (t)y(t)+ D(t)npl, |dW, (t)+[T(t)7 (t)+D(t)nel, [dW, (t)

+(1(6)7(1)+ D()npy, )Wy (1)

(
Let the drift term of d [D(t)}/( )] equal zero and plug Q(t), ®(t), ¥(t), ['(t) into the

drift term, then I(t) = D(t){p”e(t) + [r(t)+;((t)+y(t)];/(t)}

o, ne,,

d[5(t) }5 )dy(t)+y(t)ds(t)+do(t)dy(t)
Sy () r(t)+z(t)+7(t)]dt+np,,8(t)dW, (t)+n7pf,5(t)dW, (t)
#7100, (1)dW, (1) 70, 3 (1) AW (1)
=5 (O){-r ([ r(t)+ 2 () +7(t)]-np,,0(t)} dt+7p,,5 () AW, (t)+1p%,5 (t)dW, (1)
+np; 6 (1)dW, (t )+77,0 §(t)dw;(t), under Q
(

([t +2(O)+7(1)]
prﬂ(t)
Q -martingale. As a result, I(t) =0. In addition, readers should be very careful about the

We require 77 = as regularity condition, such that 5(t)y(t) is a

initial parameter setting since 7 also involves several factors and is not a constant here.
In our numerical example under Longstaff et al. (2005) in Section 4.2, y(t) becomes

negative after projecting longer than 7 years and the simulation couldn't continue, in
which the large (t) is the reason leads to the negative value of y(t). Further study

would be to investigate the long-term behaviours of y(t) and y(t) after we require the
regularity conditions.

A8.6 Implementation of time discretization

In A8.6, we show the implementation of time discretization for stochastic processes in
A8.1to A8.5 (different from the example in Section 4.1).

0

B 0 0
() BO[F(0)+£(0)+7(0)] o ° °
o, 0 dt
dP(Tr(t) | |PT.rO)r(0)+ 20+ 0]+ Poro() S(t)s ()2 S(t)os(tyi-rk 0 0 aw, (1)
s || SOIO20+70+00)0 1)n] o 0 T 0,020 0 a 1)
31(:) [r)+2(0)+7(O]2()+ 0,0, 00z (1) YO[r )+ 207 (0)] PO+ 0)] rOr0+ 20+ ©)] _rOr®+2@)+r)] | dw. (1)
() 0 T BT E— 2,000) aw, ()
do(1) —DO[r )+ 2(0)+7 (V)] oW £,0(t) Py
x D(t)o(t) 0 0 0

_17_
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A8.6.1 Euler method

[ 0 0 0 0
B.(r+x+7)
B. . B. (AN i i O
i+ i Pr lopie 0 0 At
Bl | p| | Pemrn)+Po g :
s 1 3 S, (n+z+7 +6:7 Prs) S5, Prs S5 V1= 0 0 AW,y
i1 | _| i ilh i TVi TUOs Pr o ' A
h * T O Py i Oy PsyN i TP N 0 AW,

Z’+ Z " "
}/.ll 7.- (ﬁ+zi+7i)li+alpr19i\/?i 7+ 2+7) oLy(n+x+7) 7ply7i(l’i+;(i+yi) _pyy;/i(r,+;(,+yl) AW,
i1 Dl 0 - 0 - .6 o 2,6, AW,

_Di(n+li+7i) -Do 0 0 0

A8.6.2 Milstein method

0
B (h+7+7) 0
B N B (AN] i i 0
i d P o ﬁ 0 0 At
R(ri+z+7)+R o6 PV !
:m ;’, S(( ) . 4 ‘/7) S.Gs,gprs S0%, 'l*ﬂrzs 0 0 AW,
i1 || i i\f T2 +7i 605, pis , ,
Znl | * t o‘lﬂrz\/?i O}ﬂs;\/l—u U’pll\/;' ) 0 AW,
y . (ri+l\+y‘)li+o-zpfzgl\/l—i v+ z+7) pLyi(h+x+7) /’;y}’\(ru*?(u*%) pw?’n("u*%*%) AW, ;
| : ; |,
] LD D (1+4+7) o . 0 0
0 0 0 0
0 0 0 0 (aw,, ) -at,
2 2
1 205, Pl 202, (1-pf) 20 " 0 (aw,, )’ -t
R olp? olpg oipl 0 hi ;
o e LN o Y o Y (aw,, ) - at
G+ 2 +7)(6+ 7+ 2y pis g Y 2n| | (n+ i r)(n +27) 2| | (h+x+r)(h+ 2z +2n
Qz( x+n)(n+x+27) 27'[/%&} (n+2+7) 5+ 7 +27) 7[%/9‘] (h+xm+7)(n+2z+27) 7(%9‘] (h+z+7)(n+xz+27) (aw, ) -a,
2D,07 0 0 0

A8.6.2 Second Milstein method

Here are X, W,, a(t, X,), and b(t, X, ) of simplified Second Milstein method in Section
4.2, dX, =a(t, X, )dt+b(t, X, )dW,.

0
o(t _ _
| [
x| PET )]y w(t)| A8
| s W (1)
x(1) W, (1)
7(t) -
. D) |

B(t)[r(t)+2(t)+r(t)]

a(t,X,)= P(LT.r(t)[r(t)+2(t)+r(1)] PUFH (A8.2)
T SO+ 20+ (0)+0(1)ox (1) ]

[r()+2()+7(t) ]2 (t)+0,0,0(t) 2 (1)

0
—[r t)+7 ]D
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o r(t)
0

o O O o
o O O O o

0
Po, r(t)
b(t,X,)= S(I)U:/('[Tprs S(t)og ()y1-p2

o, P NZ() o,pi, 1 (1) o, PN (1)
yO[r()+2(O)+r(t)] _PrO[rO)+2(O)+r(1)] O+ 2+ (0] AL
) o(1) p,0(t) £,0(0)

-6(t)D(t) 0 0

(A8.3)

Similar to Section A6.1, We choose a, (t, X,) as anillustrative example here.

3 (t.X,)==[r(t)+ x(t)+»(1)|D(t)

aagg;xt):_D(t), aaggi,ext):_D(t), aag(g;,?xt):_D(t), aag(gi;x‘)=—[r(t)+z(t)+y(t)]

gy (t X)) _da(tX,)_ , da(tX,) & (tX,) _
X%, %0, L OX0X, OO, L OX,0%, OXOX,

3, (t, X, ) = 888 (t.X) +I281"a|( _8a8g(ix ) %Iizt,ij azzsxi((;(j(t)

=—a1(tX) (£) =3 (£, X,) D (1), (t,X) D (t) =3 (&, X, )[r (t) + (1) + (1)

-

t

—_

()

X
o‘%\roooooo

L PaX)_Faltx)

t,18 z:t 68

-2,
Zblktx a8 % (LX)

:_blk (t’xt)D( )_bek (t’xt)D(t)_bn (t’xt)D(t)_bsk (t'xt)[r(t)"‘l(t)"‘}/(t)]

9. APPENDIX 9: ONE MORE REQUIRED REGULARITY CONDITION FOR THE DIFFUSION TERM IN
STOCK PRICE

In this section, we explain the one more required regularity for the diffusion term in stock
price in detail. Recall that the dynamics of stock price after requiring regularity condition
for p (t) is as follows.

=S(t)[r(t)+0(t) o (t) ps Jdt+S (t) o5 (1) psdW, (1) +S (t) o () J1- p5dW, (1) (A9.1)

By It6 formula,

afins (] = LSO g 1), LELNS W] g a5

InS
aS(t) 2 8[S(t)]

- () +0)01 (1)

Lot (t)} t+ 0 (1) AW, (t)+ o (€)1 P2 AV (1)
Integrate both sides of d[InS(t)], we have

InS(t)=|ﬂS(0)+£[V(S)+6’(s)aS(S)prs—; }mjas ) £W, (s)+[ o (s)1- 2w (s) - (A9.2)
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From Appendix 4, we have InD(t):InD(O)+IO[—( ——92 }ds .o
Then,
In[D(t)S(t)]=InD(t)+InS(t)
:mD(o)+|ns(o)+j;{e(s)as(s)prs—%ag(s)—%m(s)}ds.
+j[as Prs —0(s) AW, (t +j o (5)y1- P2 dW, (s)

The first identity comes from that In[D(t)S(t)] and InD(t)+InS(t) are two random

variables with the same characteristic function.

Take exponential both side of In [D(t) S (t)] , we have

1 1

D(t)S(t)=D(0)S (O)exp{'[;{@(s)as (s) P —Eo-sz (S)—EQZ (5)}ds}
- (A9:3)
t 2
xexp{ {05 (5) 2 ~O(s) AW, (t)+] o (5)1- P2 dWl(s)}
If O(t) and o, (t) are constants, then D(t)S(t) is a martingale since W, (t) and W, (t)
are independent with exp {O‘Wi (t)—%azt} being a martingale for i=r,1.?

1 1
—EO'SZ (t)—zﬁz (t) equal

zero, then both D(t)S(t) and In[D(t)S(t)J are P -martingales. 3 Then,
o5 (t)=psO(t)£6(t)yp5 —1 and o (t) is a complex number if p =1 (so that |ps|<1).

In our numerical example in Section 4.2, we choose p,s equalling 1then o (t) is equal to

However, 6(t) and o, (t) are not constants. Let 8(t)os (t) s

6(t). After plugging in ps =1 and o (t)=6(t) into d[InS(t)], we have

d[Ins(t)]= [r(t)+%02 (t)}dt LO()dW, (1).

In addition, d[In D(t)]:[—r(t)—%ﬁz(t)}dt—é?(t)dwr (t). Comparing d[InS(t)] with

d[ln D(t)], we could see that the drift and the diffusion terms of d[InS(t)] and
d [In D(t)] offset each other.

2 See for example, Shreve (2004) Chapter 3.6 Theorem 3.6.1.
3 Observe that after this required condition with the dynamics of In[D(t)S(t)], we could derive that

D(t)S(t) isstilla P-martingale by It6 formula.
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10. APPENDIX 10: INTEREST RATE IN PHYSICAL WORLD

In this section, we provide some analyses for the process of interest rate in physical world.
In Section 4, the process of interest rate in P-measure is

dr(t)=| a, b, (1)+0(t)o, T (1) |dt+ o, fr (E)aw, (1)
We show that the mean and variance of the interest rate process r(t) behave like the

mean and variance of a CIR process asymptotically.

First, we could see that the mean and variance of the market price of risk H(t) are

e‘b”‘9(0)+2—:(1—e"’”t) and b_e(o)( gDt —e‘Zbﬂt)+ aZ";; (1 2e" te Zb”t) respectively. 4

2

a
When t goes larger, the mean and variance of (t) asymptotically become Z and 29;9
0 (4

respectively. We show the calculation details as follows.
i. 6(t)
do(t)=[a, -b,0(t)]dt+o,/0(t)dwW, (1)
Let g (t,x)=e"'x, then g, (t,x)=b,e¥x, g,(t,x)=e>, and g, (t,x)=0.
d[e™o(t)]=g,(t.0(t))dt+g, (t,&(t))d@(t)+% 9, (t,0(t))do(t)da(t)
=b,e"0(t)dt+e" [a, ~b,0(t)]dt +e"a, [0 (t)dwW, (t)

=a,e¥dt+o,e™ 0 (t)dW, (t)
Integrate both sides of d [eb"te(t)]

J [ e”°0(s J I a ebﬂsds+J. o,e™ \/_dW (s)
e¥'0(t)-0(0)=a f ebesds+aj ™ [0(s)dW, (s)

e0(t)

0(0)+a, [ e™ds+o, [ e [o(s)dW, (s)

- (O)+ ( —1)+09I0eb93mdwg(s)

First, we calculate the mean of 6(t).
Take expectation both side of e'0(t) with the expectation of an It intergral is zero,

then E[e"0(t) | =0(0)+ %(ebﬂt -1).

(4

. a .
As aresult, E[0(t) | =e b5‘0(0)+b—”(1—e b"t).

4

Particularly, E[ 6(t)] — % ast — o,
0

4 See, for example, Shreve (2004) Chapter 4.4 Example 4.4.11.
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Secondly, we calculate the variance of 0(t).
Given a random variable X, we know that Var (X ) =E(X*)—-[ E(X )]2
Let h(t,x)=x*, thenh (t,x)=0, h (t,x)=2x, and h, (t,x)=2.

d{[e*o ()| =n (to()dt+h, (t.6(1)d [ebﬂte(t)}%hxx (t.o(t)d[e"o(t)]d[eo(t)]
= 2e"0(1)] &, dt+ o, B ()W, (t) |+ oe™ 0 (t) e

=(2a, +0; )€™ (t)dt + 20,€™07 (t)dW, (t)

Integrate both sides of d {[ebﬁte(t)f},

3
2

(5)aW, (s).

3
2

Iot d {[e"ese(s)]z} = I;(Za,, +0, )e*0(s)ds + Iot 26,6°7°0

[e0(t)] -6°(0)=(2a, +0%) [, e™70(s)ds + 20, [ 07 () dW, (s)

3
0 (1) =0 (0)+(28, +0; ) [ 070 (5)ds + 20, [;€770% (s) oW, (5)

Suppose we could exchange integrals by the Fubini-Tonelli Theorem,
and then take expectation both sides of e**'9? (t) with the expectation of an It6 intergral is zero.

E[e™0?(t)]=67(0)+(2a, +07) [ e™E[6(s)]ds

=6° (0)+(2ag +agz)j;|:ebgse(o)+z-_:(ezbgs P ):| ds
t

=67 (0)+(2a, +0§){ieb959(0)+&( L eZb“’S—iebﬁH

b, b, | 2b, b,

0
2 : a,(2a,+0,
= G2 (0)+ agb':o'g {9(0)_%}(&&_1)_'_ 9( 2:;92 9)(62b”t—1)

(4

_ 2a 2 a |, B a,(2a,+o? )
Asaresilt, E[¢° (1) =e 2b“02<0>+%{‘9<0>—b—ﬂ<e o), M) 207 ey,

Var [H(t)] =E [92 (t)]— E [Q(t)]z _ E_;e(o)(ebgt _ezbgt)+azg_§;;(l_ 2 ~bit +e72bgt)

(4 (4

2
Particularly, Var[ 6(t)] — azg% ast — oo,

0
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Next, we calculate the mean and variance of interest rate process r (t) as follows.

ii. r(t)

First, we calculate d [ e™'r (t) | under risk-neutral world then tranfer into physical world.

<dr(t) =[a, ~br(t)]dt+o,fr(t)Vi, (t)

dW, (t)=0(t)dt+dw, (t)

Similar to previous calculations in d [ e™'6(t)],

d[e"r(t)]|=ae™dt+o,e™ r(t)dW, (1) =e™ [ar +6(t)o, WJ dt+ o6 Jr (t)aw, (t)

Integrate both sides of d | e'r (t)],
[a[evr(s)]=[ e"|a +0(s)o,\r(s) |ds+ [ orefr (s)aw, (s)
e'r(t)-r(0)=[ ¢*|a +6(s) F]dsqaebsﬁdw
e'r(t)=r(0)+a [ e*ds+a, [ | 0(s)|fr(s) |ds+ [ e r (s)aw, (s)

= (o)+ ( ~1)+0,[[|€40(s)r(5) |ds+ [ e fr (s)aw, (s)
r(t)= e‘bftr(0)+%(1—e‘bft)+e‘bfto-r [i[e70(s)|fr(s) Jds+e™ [ o6 Jr(t)aw, (s)

r

Suppose we could exchange integrals by the Fubini-Tonelli Theorem,
and then take expectation both sides of r(t) with the expectation of an It6 intergral is zero.

E[r(t)]=e"r( (1 e“”)+e a.[ebsE[H( )m}ds

r

Then, E[r(t)] > b—r as t — oo,

f

Similar to previous calculations in d { bﬁte }
3
2

d{[eb'tr(t)]z}z(Zar+a )e*r (t)dt+20,e™'r

:<2ar+a ) ey ()dt+20e

(t)aw, (t)

(£)0(t)dt + 20,62

N\m

3
r2

(t)dw, (t).

Integrate both sides of d {[eb"r(t)]z},

I;d{[ebftr(s)]z}:ﬁ(Zar+a ) g2y ds+j 20,e7°r ( )6( ds+I 20,e7°r2 ( )dW, (s).
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Then,
[ehftr(t)}z—rz(o)z(Zar+a,)IO ?eor (s )ds+20J'eZbS % 5)0(s )ds+20_|'e2bs % s)dW, (s).
[ebftr(t)}z:r2(0)+(2ar+ar)_[0 2 (s )ds+20Ie2bs g s)H(s)ds+20,joe2bfsrg(s)dWr(s)

Suppose we could exchange integrals by the Fubini-Tonelli Theorem,

and then take expectation both sides of [e"ftr(t)}2 with the expectation of an It6 intergral is zero.

E[e®™r*(t)]=r*(0)+(2a + of)j;ebesE [r(s)]ds+ ZJrI;ebeSE {rz (5)6(5)} ds
=r°(0)+(2a, +of).|';e2bfs {e‘t"sr(0)+2—:(1—e‘bfs)+e"’f3<7r J';eb'“E[e(u)m} du}ds

a (2a +az)

E[r?(t)]=er*(0)+ Zarb+ % [r(o)_i}(ebﬂ e ) (e ™)
{e"'sj'os e™E [e(u)m} du} ds+e ™20, L; e E {rg (s)e(s)} ds

:z—r(O)(e‘brt_e—zm) r O (1 2070t 4 2bt)

+e (2ar + Uf)ar _[0 {ebfsj'o e E [H(U)deu} ds+e' 20, J';eZb'SE {r
—eMg? {It e"fsE[a(s) r(s)}ds}2 —2e’2bf‘r(0)arj;ebf5E [H(s)m} ds

2a

_ b,r (e*br‘ *21" J'ebsE[ (s) r(s)}ds

2
Then, Var[r(t)] N azf% as t — oo,

r

3

(5005 |o
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