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Abstract

In a financial market with stochastic interest rate following a square
root process, we present a closed form solution for pricing a death bond
(as a security backed by insurance contracts) when the force of mortality
follows a square root stochastic process whose expected value coincides,
at any time, with the force of mortality given by the so-called Gompertz
Makeham density. Finally, we present how such a death bond should
enter the portfolio of an agent maximizing the expected utility of both his
intertemporal consumption and his final wealth when the time horizon
coincides with his death time.

1 Introduction

The managers of either an insurance companies or a pension funds are concerned
of both financial and actuarial risks. Nevertheless, these two kinds of risk can
be partially or fully hedged with very different instruments. For instance, the
inflation risk, the interest rate risk, the exchange rate risk, can all be efficiently
hedged by existing financial assets (respectively, inflation indexed bonds, float-
ing coupon bonds, forwards, futures, or options on the foreign exchange). For
what concerns the actuarial risk, its hedging and diversification are more diffi-
cult because of the lack of traded assets which could be able to provide their
holder with cash flows negatively correlated with the above mentioned risks.
Furthermore, since the financial assets are usually very poorly correlated
with the actuarial risk sources, then any linear combination of financial asset
cannot provide a suitable hedging against the actuarial risk. Accordingly, in
order to be able to effectively hedge against actuarial risk, the institutional in-
vestors should issue, on the financial market, new assets correlated with death
(or survival) probability of economic agents. Such issues wouldn’t of course
provide any hedging against the so-called basis risk, i.e. the risk that the pop-
ulation an actuarial-financial asset is written on diverges from the population
whose demographic behaviour we are trying to hedge against. Nevertheless,
these actuarial-financial assets would make many institutional investors be able
to bear the so-called longevity and mortality risks. The longevity risk could be
almost perfectly hedged through longevity bonds (see, for instance, Azzoppardi,
2005, and Menoncin, 2006, 2007) and, in the same spirit, there are nowadays



rumors about the issue of some new assets called death bonds which should
belong to the family of the Asset Backed Securities (ABS). In particular, death
bonds should be backed by death insurance sold by their holder in exchange of
the net present value of the final benefit.

One of the main concern about both longevity and mortality risk is that the
force of mortality (given by the amount of people who die in a given period as a
percentage of the whole population) is stochastic itself. In fact, once it has been
estimated and foreseen on the basis of the actuarial tables, it is nevertheless
affected by unforeseeable factors. In particular, the length of human life (for
both men and women) has been significantly increasing during the last decades.
Such an increase implies a serious risk for pension funds which will have to
pay pensions for periods longer than that they had foreseen when stipulating a
thirty year length pension plan.

The force of mortality (or the survival probability) can be profitably mod-
elling by using well known results about stochastic processes (see, for instance,
Dahl, 2004, Biffis, 2005, Hainaut and Devolder, 2007b).

In this paper we take into account the case of a stochastic force of mortality
following a Cox et al. (1985) process and consistent with the so-called Gompertz
Makeham density function (see, for instance, Milevsky 2006). In this framework,
we present the price of a death insurance/death bond in a close form and we
compute the role of this death bond in the portfolio of an agent maximizing the
expected present utility of his intertemporal consumption and final wealth at his
death time. Thus, the time horizon for the optimization problem is stochastic.
One of the first paper coping with a stochastic horizon is Richard (1975). The
structure of the market we present here is akin to that shown in Menoncin
(2007), but we take into account a more realistic process for both the stochastic
force of mortality and the interest rate (we demonstrate that, in our framework,
both variables cannot take negative values).

We deal with a financial market driven by two state variables (interest rate
and force of mortality) and three assets: a riskless asset, a zero-coupon bond,
and a death bond. The death bond makes the financial market complete even
with respect to the stochastic force of mortality.

The rest of the paper is structured as follows. Section 2 shows the model
for the instantaneously riskless interest rate and a zero-coupon bond written as
a derivative on the interest rate. Section 3 presents the main model assumed
in the literature for the deterministic force of mortality. Section 4 presents
the case of a stochastic force of mortality. Section 5 contains the main result
about pricing a death insurance and a death bond both in a deterministic and
stochastic framework. Section 6 shows how to compute the optimal portfolio
containing a zero-coupon bond and a death bond. The technicalities about the
main results are left to appendices.



2 Interest rate and bonds

The instantaneously riskless interest rate r (¢) is assumed to be stochastic. It
follows the stochastic differential equation

dr(t) = ap(v,—7@{)dt+o/7(t)dW, (1), (1)

T (to) = To,

with positive constant o and where dW,. (t) is a Brownian motion with zero
mean and dt variance. For numerical simulations, we will use the following
values

ar =01, ~,=0.056, o,=0.067, (2)

obtained from a regression on 3 month US Treasury-Bill (we will always assume
that the interest rate starts at its equilibrium value, i.e. 79 = 7,.).

For pricing purposes, we need to compute the stochastic process for r (t)
under a risk-neutral probability measure (Q). After Gisanov’s theorem we know
that on an arbitrage free financial market there exists a market price of risk &,
such that

dWR2 = ¢ dt + dW,.

The stochastic process for r (t) under the new probability is given by

dr () = <ar (v, — 7 (8)) — a7 (t)gr) dt + oo\/r (£)dW 2.

A common hypothesis is that the market price of risk takes the following

form
VTt
£ = ( )11),
or
where 1 is a constant. Under this hypothesis we have
dr (t) = a2 (79 —r (1)) dt+ o7 (t)dW2, (3)
where

a,.
at=a,+y, A= arJTrw%"

Thanks to the particular form assumed by the market price of risk, the
stochastic process under Q has not changed its form with respect to (1).

In an arbitrage free market the price of any asset is given by the expected
value, under the risk neutral probability measure, of its future cash flows dis-
counted by the riskless interest rate. Accordingly, the value in ¢ of a zero-coupon
paying one monetary unit in 7" is given by

B(t,T) = E2 [e_ I 7'(5"“} :

where E? [[] is the expected value operator under the probability Q and condi-
tional to the information set available in .
Some results follow.



Proposition 1 If the riskless interest rate follows the process (1), then the price
of a zero-coupon B (t,T) is given by

B(t,T) = e~ i Cp(s:T)ds=Cp(t.T)r () (4)

where

Cp(t.T) = 2 Loy (5)
B t; - 9
k+ a2 + (k: — ag) e k(T-1)

k= 4/ (a9)2 + 202

Proof. See Appendix A with X =r and B(t,T) =V (¢,T)[,_,. =
The value of the bond in differential terms can be simply computed by
applying It6’s lemma to (4):

m = r(t)dt = Cp (t,T) o /r ()dW2 (1) ©)

(r (t) — Cp (t,T) op\/7 (t)f,,) dt — C (t,T) o,/r (1) AW, () .

Another way to write the value of a zero-coupon is to use the forward (in-
stantaneous) interest rate f (¢,7T):

B (t, T) =e ftT f(tvs)ds'

An obvious no-arbitrage condition asks for the expected discounted value
of r(T) to equate the expected discounted value of f (¢,T). Accordingly, the
following equality must hold:

E? r(T)e ST r(s)ds:| _ E‘? [f (t,T)e S r(s)ds} 7

but since f (¢,T) belongs to the information set (i.e. o—algebra) in ¢, then we
have
BY [ (T) e I ]

EQ {67 I r(s)ds]

f(th) -

Proposition 2 If the riskless interest rate r (t) follows the process (1), then the
forward interest rate is given by

T
f(tT) = / 0@y (s) e~ S (a4 Cr Do) dugy | o= [ (a7 +Cn D)7 )duy. (4)
t

(7)
where Cp (t,T) is as in (5).



V(&,T)| =1

Proof. See Appendix A with X =r and f (¢,T) = VEDT
=

The forward interest rate in differential terms can be computed by simply
applying 1t6’s lemma to (7):

df (t7 T) = e ftT(angCB (u,T)O'?.)duCB (t, T) Uz’l” (t) dt
e ftT (a‘ngCB(mT)Uf,)duo_r /r (t)dW97
where it is of course true that

0Cp (t’ T) — e ftT(angCB(u,T)ai)du
oT '

We will show these results have a straight parallel in an actuarial framework.

3 Deterministic mortality rate

Let us call 7 the stochastic death time whose density function is 7 (¢). In this
way the probability of surviving from ¢y up to t is given by

(¢py) =1 — /tW(S) ds,

to

from which

d (tpto) _
Lol _ ), 0
and, furthermore, (o) ®
d tpto _ (¢t
(i) 1- fti 7 (s)ds . ®)

with the natural boundary condition (;p;,) = 1. In the actuarial literature, the
opposite of the ratio in the r.h.s. of (9) is often called mortality rate (or hazard

rate):
7 (1)

l—fttow(s)ds.

For the sake of simplicity, we will assume that to (the starting time of all
our computations) coincides with the age of an agent. Accordingly, also t is
measured in years of age.

The (unique) solution of the ordinary differential equation (9) is

A ()

(1p1y) = € Jo A2, (10)

One of the most common parametrizations for the mortality rate is the so
called Gompertz-Makeham function:

A(t) =¢+%et%ﬂ, (11)
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Figure 1: Survival probability from 25 till ¢ with a Gompertz-Makeham mor-
tality law.

where: (i) ¢ is a positive constant capturing the age independent component
of mortality rate (like accidents), (ii) m (strictly positive) measures the modal
value of life, and (iii) b (strictly positive) is the dispersion parameter of life.
Typical value for these parameters (consistently chosen with Milvsky, 2006) are

¢=0001, m=823 b=114. (12)

When A (¢) follows (11), the survival probability (10) is given by

tg—m t—m
(tPto) = e~ ¢lt—to)te T —e P
0

For an agent aged of 25 (i.e. ¢y = 25) and with the values in (12), the
survival probability till the age of ¢ is shown in Figure 1.

4 Stochastic mortality rate

What we have presented in the previous section is not fit for describing the case
of a mortality rate which may change for unforeseeable reasons. In order to fix
that, we can model the mortality rate as a stochastic process itself. Thus, we
assume that the mortality rate A (¢) solves a stochastic differential equation of



the following form:

AN() =y (LA dE+ o (8 M) dW (1),
Ato) = o

In this case the survival probability cannot be written as in (10). Actually,
under the information set in ¢, we do not know all the mortality rates from ¢
to T. Accordingly, we can compute the survival probability from ¢y to ¢ only
under the expected value conditional to the information set in #g:

(tPto) = B, [67 ftt“ )\(S)ds] . (13)

We highlight that, in this case, the expected value is computed under the
historical probability measure (we haven’t put any upper script on the expecte
value), and not under the risk neutral probability.

If we are allowed to differentiate with respect to time (¢) under the expected
value!, then we can conclude from (8) that

T(l) = _d(izte) = E, [)\ (1) I )\(s)ds:| .

In this case the hazard rate is given by
— [ A(s)ds
d(tpry) 1 B {)\ (t)e "o }

. _ 14
(to,t) dt (e E, {e‘f,,tox(s)ds] ; (14)

which coincides with A (¢) if and only if A (¢) is not stochastic (of course it is
true, in any case, that [ (¢g,to) = A (¢0)).

Such a framework has a straightforward and appealing parallel with the
financial framework we have already presented above. The main difference is
that the expected value on the financial market is computed under the riskless
probability measure (Q) which is different from the probability measure used
for computing (:p,)-

Actuarial market Financial market
Death intensity A (t) Interest rate r (t)
Suvival probability (:ps,) Zero-coupon bond price B (to,t)
Hazard rate [ (to,t) Instant. forward rate f (to,t)
Computations under P Computations under Q

Now, we want to build a stochastic process for the variale A (t) such that its
expected value is, at any instant, equal to the Gompertz-Makeham mortality
rate (11). For this purpose, we use the following result.

!Grandell (1976) shows that the equality which follows is true if: (i) there exists a constant
C such that, for any t, E¢, [/\ (t)ﬂ < C, and (ii) for any € > 0 and almost every time ¢,
lims o P(|A(t+6) — A (t)] > ) =0.



Proposition 3 If the stochastic variable X (t) solves

dX () = a(t) (J@aéf) +B (1) —X(t)) dt + o (t, X)dW (t),

X (to) = B(t),
then
By, [X ()] = B (2).
Proof. Let Y () = X (t) o a(u)du, then by applying 1t6’s lemma we have
ay (t) = eftto O‘(u)dudX (t) +a (t) X (t) eftto oe(u)dudt

a(u)du a t ~a(u)du
elio (%i) +a(t)6(t)> dt + elio WG (1 XY aw (1)
a t a(u u t olu U
= = (,B(t)efto (w)d )dt+efto (Wde s (4 XY dW (1).
Now, we compute the expected value under the information set in ¢g:

By, [dY ()] = % (5 (t) elo a<u>du) it

and by integrating from ¢y up to t we have
By, [Y (1)) = Y (to) + B () el 0™ — 8 (1)
After substituting for Y we finally obtain
By, [X ()] = (X (to) = B (to)) e T "™ - (1),

and, since X (to) = 3 (to), the result of the proposition is obtained. m
We want the expected value of A (t) to be always equal to the Gomopertz
function (11), i.e.

—m

B ()] = 6+ 3¢ 7

(15)

By using the result of Proposition 3, we can write the process for A (¢) as

dA(t) = ax(yA () = A1) dt+ oxy/A[)dWA (2), (16)
1 tg—-m
A (to) = ¢ + ge b,
where ) )
NOEL (m+1> 56‘7’”, (17)

and a) and o) are two constant (and positive) parameters that can be esti-
manted from the historical series on A (t).

In order to trace our model back to the well known results about the affine
stochastic processes, we have chosen to set the diffusion term as the square root
of the stochastic variable A (t) itself.

Some results follow.



Proposition 4 If

1 1 to—m
U§\§2a/\ <¢+<a>\b+1> 6640b >7

then the value of X (t) in (16) never becomes negative.
Proof. See Appendix B. m

Proposition 5 If the death intensity A (t) follows the process (16), then the
survival probability is given by

(Tpt) — e~ ftT Cp(s,T)'h(s)ds—Cp(t,T))\(t)7 (18)

where
1— e—k(T—t)

2
k+ax+ (k—ay)e T’

k= /a3 + 203,

and, in differential terms,

d (Tpt)
(Tpt)

Cp(t,T) = (19)

=A()dt — Cp (t,T) orx/ A (t)dWy (t) .
Proof. See Appendix A. =

Proposition 6 If the death intensity A (t) follows the process (16), then the
hazard rate is given by

T

T
l(t,T) _ / axya (S) e I, (a>\+Cp(u,T)a§)dudS +e ftT(aA—i-Cp(u,T)ai)duA (t),
t

(20)
whose differential is

di(t,T) = e i (xtCrDad)duc, q T) 52\ (1) dt (21)
te” ftT(a“LCP(uvT)Ui)d“crA \/WdWA (t),

where the function Cp (t,T) is as in (19).
Proof. See Appendix A. =

Corollary 7 If the death intensity X\ (t) follows the process (16) with oy = 0,
then the hazard rate is given by

[(t,T) = \(T).



Proof. When o = 0 Equation (20) becomes
T
LT,y = / axya (5) e~ TV ds 4 =T (1),
t

where we can substitute for v, (¢) (Equation (17))

T
1 1 s—m
L O (e R ) L e X0
t

a>\b

56
If we finally recall from (15) that, with o) =0,

_ ¢+ %BT—bm _ <¢)+ 1 t—bm> e—a)\(Tft) + efaA(T*t)A(t) .

t—m

A(t)z(b—k%e o

then the result of the corollary follows. m

5 Death insurance and death bond

With a death insurance contract, the subscriber agrees to pay settlements (P)
during his life time in order to receive, at his death time, a given amount of
money (final benefit). For the sake of simplicity we will set such an amount to
1 (any other case can be trivially handled by multiplying P for any amount of
money).

If the death insurance is subscribed in ¢g (i.e. when the subscriber is aged
to), then the actuarial equilibrium for such a contract asks for the expected
present value of the settlements to equate the expected present value of the
final benefit (available at the deat time 7 and equal to 1). If we assume that
P is continuously paid, then the actuarial equilibrium asks for the following
equality to hold:

E7, |:/ P(s)e” I T/\(U)duds] =B [e* Iy T’A(U)du} ,
to

where 7 is a suitable discount rate taken into account by the insurance company.

When the insurance contract enters (in any way) the financial market, then
the value of the contract must be computed as the value of any other asset
i.e. under the riskless probability measure. Accordingly, the discount rate r) is
replaced by the riskless interest rate r as follows

E%T {/ P(s)e It 7'(u)duds] = E%T [6_ J% 7’(u)du} .
to

Now, as it is usually the case, the riskless interest rate r is assumed to be
independent of the death time 7. Accordingly, the expected value computed
under Q and 7 can be separately computed:

to to

10



where I, is the indicator function whose value is 1 if the event € happens and 0
otherwise. The previous equality can be suitably written as

/ Ec’% [Ls<r] E% {P (s)e” I T(u)du] ds

to
— /tooo ]E?; [)\ (s)e” T ’\(“)du} E% {e_ Iy T(“)du} ds.

If P is constant we have

S B [A(s) e 0 0] B (1, 5)ds

0

ftzo E% [ei T A(“)d“} B (to, s)ds

)

and by recalling (14) and (13),we finally have

oo Q Q
pr_ S U0 )" (4p) ™ B (to, 5) ds’ )
ftzo (peo)" B (to, s) ds

where we have indicated with (tpto)Q and [ (to,)¥ the survival probability and
the hazard rate respectively, computed under the risk neutral probability.

Once the value of the premium is obtained, the value of the death insurance,
at any time ¢, is given by the difference between the expected present value of
the final benefit and the expected present value of the premia still due:

D (t) = ]E?’T [67 I7 T(“)du} _ P*E?,T |:/ e~ IN r(u)dud8:| 7
t
which can be simplified as we have done above by obtaining

D) = / h (16.9% = P*) () B (8, 5) ds (23)

t

As it is evident from this last equation, the value of the premium for a death
insurance subscribed in ¢y can also be computed from (23) by imposing the
condition

D (ty) = 0.

From Equation (23) it is evident that the death insurance cannot be distin-
guished from an infinitely living bond whose coupons are given by (l (t, S)Q — P*) (Spt)Q.

The differential form of (23) is

D, (t) D (t)
57 o/rdWE + 1;( 5 oAV AW,

11



where D), and D, are the partial derivatives of D with respect to A and r

respectively and, in particular,

aD(t)  [™ol(ts)
(1) /t

aX(t)

+/OO (z (t,5)% - P*)

oy (1 (spt)Q B (tv 5) ds

6 (spt>Q

YO B (t,s)ds

- / e Jo(axtCrus)oX)du 1, )Q By 5)ds
t

- /tm Cp (t,s) (z (t,s)¢ — P*) (sp1)¥ B (t, 5) ds,

_ /°° (z (50 P*> (R 2B,

or (t)

_ _/too O (1,5) (1(t,9)% = P*) (p)® B (1, ) ds.

In this case, the (opposite of the) semielasticity of D (t) with respect to r ()
coincides with the duration of the death insurance.

5.1 The deterministic case

When the interest rate is constant and the death intensity A (¢) is deterministic
(i.e. 0 =0), the premium P* and the value of a death insurance contract D ()
can be obtained in an easy closed form by using an incomplete Gamma function.

Proposition 8 If the interest rate is constant (i.e. v (t) =r) and the mortality
rate A (t) is deterministic (i.e. oy =0 in Equation (16)), then the premium of

a death insurance is

P =6+~

1F(—(¢+r—%)b,ew)

b (= (o4 rbe™s

m ) !

and the value of the insurance contract at any time t is

D(t) = @M (g4 )b e (25)

t—m

I‘(—(gb—i—r—%)b,e b

X

)_r(—(¢+r—%)b,e”’%)

r (— (6 +7) b,e‘if”>

r (— (6+7)b, et%"") ’

where T is the incomplete Gamma function as defined in (31).

Proof. See Appendix C. =
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Figure 2: The value of a death insurance for an agent aged of 25 as a function
of his age

With the values of the parameters given in (12) and r = 0.05, the value
of the death insurance at any time ¢ for an agen who entered the contract at
the oage of ty5 = 25 is shown in Figure 2. With the same data the premium is
P* = 0.0066.

In the deterministic case, if we are at time ¢, the dividends of (23) at time s
are

s—m
b

()\ (S) _ P*) e—</)(s—t)+et7Tm_e
s—m F (_ (¢ + r— %) ba ef_Tm> t—m s—m

= —le?t — e~ Pls—t)te B —e D

r (— (6+7) b,e%)

If we assume the values in (12) and r = 0.05, then for an agent aged of
t = 65, the coupons of the bond (23) for any time s (from 65 up to infinity) are
represented in Figure 3.

5.2 Death bond

A death bond is like any other Asset Backed Security (ABS). The process for
changing a death insurance into a death bond is made by 4 steps (as in Figure
5). Let us see such steps in details.

13
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Figure 3: Devidends of a death bond when both interest and mortality rates
are deterministic, for an agent aged of 65.

1. The so-called seller is the subscriber of the death insurance. When the
agent becomes older (typically 70) and he does not have any further need
for the insurance on his life and we would like to cash our his policty.

2. The seller hires a life settlement broker who will find a buyer for his policy.
The buyer pays the net present value of the policy (we have called D (¢)
in the previous section) and receives the insurance policy. Thus, it will be
the buyer to continue paying the settlements to the insurance company.
The buyer will also receive the final benefit from the insurance company
when the seller dies. The up-front payout to the seller varies widely, from
20% of the death benefit to 40%. These percentages coincide with the
values of D (t) we have shown in Fig. 2. The seller pays to the broker a
commission ranged from 5% to 6%.

3. Another character in this game is the so-called life settlement provider.
Through him, a hedge fund or an investment bank buys a pool of death
insurances from insurance company (or insurance companies). Now the
hedge fund will receive the premia from the buyer and will pay the final
benefit.

4. In the last step, after a sufficient number of policies has been collected,
these policies can back the emission of a death bond. Accordingly, the
policies play the same role as the assets in an ABS or the mortgages in

14
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Figure 4: Return on a death bond (%) with tg = 25 and r = 0.05 for ¢ going
from 30 to 110.

a mortgage backed security. We say that the new death bond is a pass
through asset if the premia received by the hedge fund are directly paid
to the investors.

From Equation (24) we can see that the return on a death bond is given by
r(t)+A(t)+ P;@;”. Now, let us take into account the fully deterministic case
with the values of the parameters given in (12), r = 0.05, and ¢tq = 25. The, the
premium is given by P* = 0.0066 and the return on the death bond for time ¢
going from 30 to 110 is plotted in Figure 4.

It is evident that the bond return decreases while time goes on. In fact, the
best case for the buyer of the death bond is when the seller immediately dies
after receiving the first premium P*.

5.3 Correlation with interest rate

Some financial advisors suggest to invest in death bonds because the are uncor-
related with interest rates. Accordingly, they allow to diversify a bond portfolio.

From Equations (1) and (6) we can immediately check that bonds and in-
terest rate are perfectly correlated. In fact, their covariance is

C; [m,dr (t)} = —o2r (t)Cp (t,T) dt,

15



Figure 5: How a death insurance becomes a death bond
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and, accordingly, the correlation is
dB(t,T)
Ct{B@T dr(ﬂ —o2r (1) C (,T)

;= = =—1.
" 7[R velar @] Voir 07 Cn 6.7

Instead, if we take into account Equations (6) and (24), then the correlation
index is

C, {dB(t T) dD(t)]

B(t,T) * 1

PB,D = v, [4BeD)] v @) (B 20";/\(16),
t[ B(i,T >] t[ <>} 1+ St

(BE) ezrt)

which is, of course, negative and not zero. The higher the mortality rate volatil-
ity (o), the lower the correlation between death and ordinary bonds. Accord-
ingly, the death bonds are suitable for diversify a bond portfolio only with a
suitably high level of mortality uncertainty (the correlation pp 5, tends towards
zero when o tends towards infnity).

Would it be possible to create an asset which is fully uncorrelated with the
interest rate?

Let us call 7 (¢,7, A) the coupon at time ¢ of such an asset. Then, if this title
exipires in T and it is an amortizing bond,? then its value is given by

T
V(t,r,\) =E2 / (s, ) e Ji rwdugg
t

2In this case the coupons also contain the repayment of the nominal value.

16



Now, we can have
oV (t,r,\)
or
if and only if the coupon 7 depends on r. For instance, 1 could be given by the
compounded value of a function depending only on time and A:

n(s,m,A) =17 (s, A) el T(wdu

/tTfy(s,/\)ds] .

Nevertheless, in the case of the death bond, the premia do not depend on
interest rate. This is exactly the reason why the value of the bond does depend
on interest rate.

=0

In this case, in fact, we would have

V (t,7,\) = E2

6 An asset allocation problem

Now we wan to investigate the role of a death bond (23) in an asset allocation
problem for an agent maximizing the expected utility of his intertemporal con-
sumption. We also assume that the agent takes some utility from the wealth he
still has at the time of his death (in 7). The problem can thus be written as

-
max By, [/ e Uy (e (1)) dt + e T (R(7))
; to

Here Uy is the intertemporal utility of consumption, Us is the so-called be-
quest utility function, and p is the subjective discount rate. The control vari-
ables are: consumption (c¢) and portfolio weights (in the vector w). The state
variable R is the consumer-investor’s wealth. With passages similar to those
already made for computing the value of the insurance contract, we can rewrite
the optimization problem as

max By, |:/ e ftto )\(s)dep(tfto)Ul (c(t)) dt]

c,w to

+Er, { / At e o X0y, (R (1) dt} :
to
or
0 t
i | [ eI @ @) 4200 (ROD . 0
c,w to
For the sake of simplicity and in order to have a quasi-explicit solution for

both the optimal consumption and the optimal asset allocation, we assume Uq
to be equal to Us. In particular, both the utility functions are assumed to belong
to the Constant Relative Risk Aversion family:

$1—6

1-46°

Uy (z) = Us (z) = (27)
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6.1 The financial market and investor’s wealth

On the financial market we assume to have three assets:

1. ariskless asset whose price G () solve the (deterministic) differential equa-
tion

dG () = G(t)r(t)dt,
G (tO) = 1;

2. a zero coupon bond whose price solves

dB (t,T)

m:( r(t)—Cp (t,T)o Ff)dt—CB(t;T)UrdeT(t)
3. a death bond whose price solves
dD (t) Pr-(t)

28— (m)“(m o /T 5+DA VNG fA)
o /7 ( dW+DA oxV/A () dWy.

Here, we have assumed that both bonds have the same time to maturity.
This is the reason why we have Cp (¢,T) in both differential equations for D (t)
and B (t,T).

Since the semielasticity ’(( )) is negative, then the value of the market price
of risk for the interest rate must be negative too.

If we call w = { B

wWp
of riskless asset held in portfolio, then the investor’s wealth R is given by®

} the vector of the bond weights and wg the amount

R=wgG+wpB+wpD.

The differential of R is given by (we apply Ito’s differential rule with sto-
chastic wg, wg, and wp):

dR = wgdG+wpdB + wpdD
dRy
+Gdwg + dwp (B + dB) + dwp (D + dD).

dR>

If the portfolio is self-financed, then dR,; must equate the dividends one
obtains from the assets in the portfolio, diminished by the consumption c. In
our case, we must then have

dRy = D (t) (A(g(ﬂp* -\ (t)> dt — cdt,

3In what follows we forget about the functional dependences.
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since the death bond is the only asset paying dividends. This means that the
wealth differential, in matrix form, can be written as?

B —Cp (t,T)or /T (£)§
dR = |(Rr+ [ wB } , N v —c|at
< wpD T /rt)E, + Bioxy/X([1E,
[ wsB "| —Cr(t,T)or/r () 0 AW,
wpD B0, /r(t) Do y/A@) | [ dwa |

where the prime denotes transposition.

6.2 The optimal consumption and portfolio

In the section we present some results about the optimal portfolio. The results
are presented in decreasing order of generality. Then, we start by showing the
most general result.

Proposition 9 The optimal consumption and portfolio solving Problem (26)
are given by
* Jg%efé S Ms)ds—§p(s—to)

C == 5

”LUBD (t) _ D(t) < JR 5,\ JAR) 7

Dy(t) \ Jrr o/ A (t)  Jrr
. B 1 Jn €, Jor 1 D.(t) .,
wsBU) = T (JRR o/ () JRR> cpT) D v

where the function J (t,r, A\, R) solves the partial differential equation (32) and
the subscripts on J indicate partical derivatives.

Proof. See Appendix D. =

Proposition 10 The optimal consumption and portfolio solving Problem (26)
with (27), are given by

e*% S Ms)ds—§p(s—to)

1,
RS F(t2) ’

wpD(® _ D) (1_& 1 OF(trN
B~ D) \Son/n@®  Ftrn  ox )

wpB(t) 1 1 ¢, 1 OF (t,r,\)
R~ G \donr@  Fma  or

1 D, (t)whD

YCs T D) R

4We substitute wg by
R—wpB —wpD

G

wa
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where the function F (t,r,\) solves the partial differential equation (33).
Proof. See Appendix D. =

Proposition 11 The optimal consumption and portfolio solving Problem (26)
with Uy (x) = Uz (z) = Inz, are given by

S = HENT
wpD(@E) D) &, 1 OHN
R Dy(t) \oxy/A(t) HtA)  ox )’
wpB@) _ 1 & 1 D (wpD
R Cp(t,T) o,\/r(t) Cp(t,T)D({t) R’

where -
H(t,\) =B, [/ (14 A(s))e J¥ )‘(“)d”e_p(s_t)ds} .
t

Proof. See Appendix D. =

A Computation of E; [(1 —x+xX(T))e” LTX(S)CZS}
If the stochastic variable X (t) follows the process

AX () = a(y(t)— X () dt +o/X @)W (1),
X (to) = Xo,

then the expected value
V(t,T) =E [(1 —x+xX(T)e I X<s>ds} :

must solve the partial differential equation

ov oV 1 o2V

[ — _ 2 =
at-i-aXa(’y(t) X)+28X20X XV,

with the boundary condition
VI, T)=1-x+xX(T),

where the parameter x can take either value 1 or value 0. If x = 0, then the
function V coincides with the probability (7p;) if X = X and with the value of
a zero-coupon if X = r. Instead, if y = 1, then the function V coincides with
the numerator of [ (¢,T) in Equation (14).

Now we use the guess function

V(t,X)=(E )+ F(t) X)e AO-COX
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where the function A, C, E, and F must be computed in order to solve the pre-
vious differential equation. The boundary condition translates into the following
conditions:

E (T) = 1- X
F(T) = x

A (T) = )
c(T) =

Once the partial derivatives of V" are substituted into the differential equation
we obtain®

OE OF 0A 0C
+(F—(E+FX)C)a(y(t) — X)

% (-2CF + (E+ FX)C?) o?X — X (E+ FX),

which is an ordinary differential equation in A, C', E, and F'. Since this equation
must hold for any value of X then we can split it into three ordinary differential
equations as follows

0= Z@£+Fa7(t)—E(At+Cav(t)),
0= 92 _ F (A + Cay(t)) — Fa— CFo?, (28)
0=-%+aC+1C%% -1

We immediately see that the value of function C (t) can be computed from
the third equation. With the suitable boundary condition the only solution of
the differential equation for C' (t) is given by

. 1— efk(Tft)
k+a+ (k—a)e HT-t)’
k = Va?+202.
The values of all the other functions can be written as functions of C (¢,T).

Now, if we wanted to compute just the survival probability, then we would have
E =1 and F' = 0 with the function A accordingly solving

CT) =

A
+ Cary (t),

OZE

with the boundary condition A (T') = 0. The only solution of this equation is

T
A(t):a/t C (s)v(s)ds.

5For the sake of simplicity, we have omitted the functional dipendences (except for the
function ~ (t)).
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Given this value for A (t), the two first equations of system (28) become

0 = 20 rerw,
0 = agft)—p(t)(a+0(t)a2).

We now compute the value of F' from the second equation by obtaining

F () = e Ji' (a+C()0%)ds

)

and the value of F can then be computed from the first equation

T
E(t):17x+a/t F(s)v(s)ds.

Finally, we can write

T
V(t,T) _ <1 . X+X/ ay (8) eifs (a+C(u)a )dudS+X€7 ft (G+C(u)a )duX (t))
t

we—a ! Cwy(wdu—C(t)X (1)

The two values we are interested into are given by

V(tT)|,_y=e" I C(u)v(u)ds—C ()X (t)
’ x= ;

T
x=1 _ 7fT(a+C(u)02)du 7fT(a+C(u)02)du
—_— = = avy(s)e s ds+e Jt X ().
V(LD /

B Proof of Proposition 4

We start by citing a well known result about the Cox, Ingersoll, and Ross

process:
dX (t)=a(y—X (t))dt + o/ X (t)dW (1),
with a, v, and o positive constants: the value of X (¢) never becomes negative

if 02 < 2a7y. In order to prove the proposition, we use the following result.

Proposition 12 Let us assume we have two continuous, adapted processes
X (t),i=1,2, such that

t t
Xi ) = Xilto) + [ (X () st [ (s Xs () AW (),

to to

and Yt € [tg,o0[,z € R,y € R: (i) the coefficients u, (t,x) and o (t,x) are
continuous, real-valued functions, (ii) |o (t,x) — o (t,y)| < h(|z —y|) where h :
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[0, 00[x[0, 0o is a strictly increasing function with h (0) = 0 and [, h=2 (u) du =
00, Ve > 0, (iii) X1 (to) < Xs (to) a.s., (iv) py (t,2) < py (), (v) there exists a
positive constant K such that either u, (t,x) or uy (t, x) satisfies |u; (t,x) — p; (¢, y)] <
K|z —y|. Then

P{Xl (t) < X5 (t) ,Vt € [to,OO[} =1.

Proof. See Karatzas and Shreve (1991), Proposition 2.18 p. 293. m
Here, we take the following processes

(¢+2e‘%m) +/t:a(7(to)—h <s>)ds+/t:amdvv(s>,
Ao (t) = <¢+2et“2’”> Jr/t:a(’y(s)Ag(s))ds+/t:a\/T(S)dW(s),

where 7 (¢) is defined in (17). It is evident that both the drift and the diffusion
terms respect all the conditions in Proposition 12.

Since we have set A1 (tg) = A2 (o) and we know that A; (t) never becomes
negative if

A1 (t)

02 < 2ary (to), (29)

then we also know that \g (t) never becomes negative if its drift is greater than
)\1 (t)’SZ
a(y(t) = A(#) = aly(t) — A (),

for any real A and for any t € [tg, co[. Such inequality holds if and only if
7 (8) = 7 (to) -

Nevertheless, since 7y (¢) is strictly increasing in ¢, then this inequality always
holds. This means that g (t) never becomes negative if just (29) holds.

C Proof of Proposition 8

Under the conditions of Proposition 8, the value

/ Lk, t) Gpes)2 B (to, £) dt,

to

can be written as

to b
oo tg—m t—m
= ¢ e~ (tr)(t—to)+e b —e b 1
to
—&—%e‘m;m /OO e‘(¢+7‘—%)(t—t0)+eg%m_eFdet.
to
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This means that we have to compute the following integral:

8] tg—m t—m
/ e*h(t*to)«%& b —e b dt,
to

where h can take different values according to the case we are taking into ac-
count. The first step is to change the variable:

r=e v = dr = %et b dt,
from which we have
m+blnz = t,
e Fibdz = dt
The integral becomes
/OO e ht—to e T T gy (30)
to

_ pehlto—m)re T /OO b1,z g, _ poh(to—m)+e T (—hb eto;m)
tg—m ’ )
where I' is the incomplete Gamma funcion defined as
T (a,x) :/ 22 le T dz. (31)

The premium defined as in (22) can then be writte as

p* & L5 [ e (@4r=p)(t—to)te 5 —e T gy
= 6+

t

Jo e T

B 1I‘(—(¢+r—%)b7et0;m>
- F(f(qSJrr)b,etoZm) '

The value of the insurance contract is now given by

/ A(s) (spt)Qe_r(s_t)ds—P*/ (sp) 2 e "N ds
t

t

D (%)

/OO ()\ (S) . P*) e—qﬁ(s—t)-i-et_Tm—e% 6_7.(s_t)d8
t

s—m

¢>/OO e (st T =T g
t
1 o

s—m

e e} t—m s—m
e bm/ e (@4r=3)(s—tte 5 —e 0 g
t

_p / o (Bt (s e T e g
t
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By using the result (30) we can write

t—m

t=—m
D) = (6= Pbel@-m e T (2 (g )b e
+%et7b'm be(¢+T7%)(t7m)+eFTmF (_ <¢ +r— 1) b7€tbnl> 7

b

and, after substituting for the value of P*, the result of the proposition follows.

D Optimal portfolio

The problem can be written as

oo 1-6 [eS) 1-96
HCI,%UXEtU [/ f (to,s) C:ESE 5 ds —|—/ )\(8) f (to,s) }%l(s_)éds‘| s

0

where
f (to S) = ei ftso )\(S)dsfp(sfto)

the state variable R follows
dR = (Rr + w'¥'¢ — ¢) dt + w'YdW,

where
—Cp (t,T)or/7 (1) 0
%’"(%) or\/T (1) %*((tt)) oxv/A(t) |’

and £ = [ & & ]/, and, finally, all the other state variables z = [ oA }’
follow

¥ =

dz = p,dt + Q'dW,

“:[ZA&_ZH Q/:[UT or(t) o) 0)\(15)}

The Hamiltonian of the problem is

with

Cl—(S R1—6
H = f(to,t) 15 TAO o) T+ Jr (Br +w'S'¢ — )
+%JRRw/E/Ew + Jau, + %tr (U0JT..) +w'S'QJ R,

where J (R, z,t) is the value function solving the optimization problem. The
first order on consumption is

OH
E = f(t(),t) C_5 — JR,
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and the first order on portfolio is

0
a% = JRZ/€ + JRRZ/Z’LU + Z/QJZR.

The optimal consumption and portfolio in terms of the value function J are

= (rin)
B f(t0>t) ’

X Jr

w =

-1 |
JRRZ £ JRRE QJ.r.
Once the values of ¥, £, and ) are substituted, we obtain the result in
Proposition 9.
When these optimal values are substituted into the Hamiltonian, we have
the so-called Hamilton-Jacobi-Bellman (HJB) equation:

) 11— R'7
0 = Jt"‘mf(t()vt)é*]]{ +>‘(t)f(t07t)i

S

(32)

1 J? Jr
JrRr — - B¢ — == J &
+JrRr 2JRR§§ T 2R 3
11 1
———JLg VIR + T, + —tr (VQJ.,),
2 JrRr 2

whose boundary condition is

lim J (t,z,R) = 0.

t—o0

Now, we try the following guess value function

5 R1—5
J(t,z,R)=F(t —
(1,2 R) = F (0,2 1.
where F'(t,z) is a function whose value must be found in order to satisfy the
HJB equation. After substituting for J (¢, z, R) into the HJB, we have

1-9§ 1 1-9 11
0 = F+ (/J/z + 5§/Q> F, + §t7“ (YQF..) + 5 (7" + 2§€/§> £33)

+F (o, t)F + A () f (to, 1) %FH,

with boundary condition
tlim F(t,z)=0.

The optimal consumption and portfolio are then given by

1
1 to,t)°
C*if(()a)

R F(t,z)’
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1 1
—w*=-x"! by
R" 4] &+ F(t, z) 0z
If we substitute for the values of X, £, and €2, we obtain what presented in
Proposition 10.
Here, we can obtain a closed form solution for this differential equation only
if 6 =1, i.e. if the utility function is logaritm. In this case, in fact, we have

1 _196F(t,z).

1
0=F +p.F. + §tr (YQF..) + [ (to,t) + X (to, s) f (to, 1),
whose solution is

F(t,z) = B U (1+A(s))e Fn A‘“)d“e”(””ds]
t

B ftto )\(u)duefp(t—to)Et |:/ (1 + )\(8)) o fts A(u)duep(st)d8:| )
t

Accordingly, the optimal consumption and portfolio are
e~ i Aw)du —p(t—to)

e I /\(U)due_P(t—to)Et [Loo (1+\(s)) e IR A(u)d“e—p(s—t)ds}
1
TSR ey

=v]IeN

1 * _ y—1 1 —1
Zu" =T+ ZTQF..

Now, if we substitute for the suitable matrices ¥ and 2 we finally have the
result of Proposition (11).°
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