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Wkh Wdlo Ehkdylru ri Vwrfn Uhwxuqv=

Hphujlqj yhuvxv Pdwxuh Pdunhwv

Hulf MrqghdxW Plfkdho Urfnlqjhu_

Mxqh 4<<<

Devwudfw

Iru Fhqwudo Edqnv/ lqvwlwxwlrqdo/ dqg lqglylgxdo lqyhvwruv lw lv fuxfldo wr xq0
ghuvwdqg wkh iuhtxhqf| dqg lpsruwdqfh ri gursv ru vxgghq ulvhv lq �qdqfldo
pdunhwv1 H{wuhph ydoxh wkhru| +hyw, lv dq lqwhuhvwlqj wrro surylglqj dqvzhuv wr
txhvwlrqv vxfk dv= 0zlwk zkdw iuhtxhqf| gr zh �qg yduldwlrqv ri uhwxuqv eh|rqg
d jlyhq wkuhvkrogB 0ryhu d jlyhq shulrg/ zkdw w|sh ri h{wuhph yduldwlrq fdq eh
h{shfwhgB 0zlwk zkdw w|sh ri xqfrqglwlrqdo glvwulexwlrq ri uhwxuqv duh wkh wdlov
ri uhwxuqv frpsdwleohB 0lq d furvv frxqwu| vhwwlqj ri hphujlqj dqg pdwxuh �qdq0
fldo pdunhwv gr h{wuhph yduldwlrqv ehkdyh lq d vlplodu pdqqhuB 0fdq zh ohduq
derxw wkh hyroxwlrq ri uhwxuqv ri suhvhqwo| ghyhorslqj hfrqrplhv iurp wkh hduo|
uhwxuqv ri suhvhqwo| pdwxuh pdunhwvB 0gr frxqwulhv ehkdyh vlploduo| lq whupv ri
xs ru grzq fudvkhv iru d jlyhq ohyho ri ghyhorsphqwB

Lq wkh iroorzlqj sdshu zh vwduw zlwk d uhylhz ri wkhruhwlfdo hohphqwv ri hyw1 Lq
wkh hpslulfdo vhfwlrq ri wklv vwxg| zh frqvlghu �yh pdwxuh pdunhwv/ qlqh Dvldq/
vl{ Hdvwhuq Hxurshdq/ dqg vhyhq Odwlq Dphulfdq hphujlqj pdunhwv1 Wkh wdlo0
ehkdylru ri uhwxuqv lv irxqg wr eh frpsdwleoh zlwk wkh h{lvwhqfh ri xs wr wkh wklug
prphqw exw qrw eh|rqg1 Wkh hvwlpdwlrq ri wkh wdlo glvwulexwlrq dv d Jhqhudol}hg
Sduhwr Glvwulexwlrq vkrzv wkdw juhdw fduh kdv wr eh wdnhq iru hphujlqj pdunhwv
zkhuh olwwoh gdwd lv dydlodeoh dqg uhwxuqv* glvwulexwlrq lv vxemhfw wr ylrodwh wkh
llg dvvxpswlrq1 Xvlqj d vxevdpsoh ri frxqwulhv zh ghprqvwudwh wkh olplwdwlrqv
ri hyw1 Zh dovr vkrz wkdw olwwoh fdq eh ohduqhg iurp 4<wk fhqwxu| XV gdwd derxw
suhvhqwo| hphujlqj pdunhwv* wdlo ehkdylru1

Nh|zrugv= H{wuhph Ydoxh Wkhru|/ Jhqhudol}hg Sduhwr Glvwulexwlrq/ Vwrfn
Pdunhw Uhwxuqv1

MHO fodvvl�fdwlrq= F46/ F55/ J48/ R491

WEdqtxh gh Iudqfh/ Fhqwuh gh uhfkhufkh1
_KHF 0 Vfkrro ri Pdqdjhphqw> Edqtxh gh Iudqfh/ Fhqwuh gh uhfkhufkh> FHSU1

Fruuhvsrqglqj dxwkru= Plfkdho Urfnlqjhu/ KHF0Vfkrro ri Pdqdjhphqw/ Ghsduwphqw ri Ilqdqfh/
:;684 Mrx|0hq0Mrvdv/ Iudqfh/ urfnlqjhuCkhf1iu1 Rxu gdwd kdv ehhq h{wudfwhg iurp Gdwdvwuhdp1
Zh zrxog olnh wr wkdqn Zlooldp Vfkzhuw iru nlqgo| surylqglqj klv joredo XV lqgh{1 Urfnlqjhu
dfnqrzohgjhv khos iurp wkh WPU judqw rq Ilqdqfldo pdunhw*v h!flhqf| dv zhoo dv iurp wkh Irqgdwlrq
KHF1 Zh dovr zlvk wr wkdqn Mhdq Fruglhu/ Slhuuh Vlfvlf/ dv zhoo dv Vdqyl Dyrx|l0Gryl iru wkhlu
frpphqwv1 Iudqêrlvh Gxprodug khoshg xv e| �qglqj h{sodqdwlrqv iru fudvkhv1 Wkh xvxdo glvfodlphu
dssolhv1 Wklv sdshu grhv qrw qhfhvvdulo| uh hfw wkh ylhz ri wkh Edqtxh gh Iudqfh1
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4 Lqwurgxfwlrq

Ihz uhvhdufkhuv lq hpslulfdo �qdqfh zrxog dujxh zlwk wkh d!updwlrq wkdw �qdq0
fldo pdunhwv duh vxemhfw wr h{wuhph yduldwlrqv jhqhudoo| gxh wr vwrfn pdunhw fudvkhv1
Wkrvh fudvkhv fdq eh eurxjkw derxw e| srolwlfdo uhdvrqv ru hfrqrplf rqhv1 Iru d Fhq0
wudo Edqn/ wkh xqghuvwdqglqj ri wkh h{shfwhg iuhtxhqf| ri d fudvk ru ri lwv pdjqlwxgh
pd| eh ri lpsruwdqfh lq wkh pdqdjhphqw ri lwv uhvhuyhv1 Iru sruwirolr pdqdjhphqw
wkh revhuydwlrq wkdw uhwxuqv pd| wdnh h{wuhph ydoxhv/ lqfrpsdwleoh zlwk wkh dvvxps0
wlrq ri qrupdolw|/ lv dovr ri lpsruwdqfh vlqfh lw lpsolhv d euhdn0grzq ri wudglwlrqdo
phdq0yduldqfh dqdo|vlv14 Ixuwkhupruh/ wkh srvvlelolw| ri d vxgghq ghwhulrudwlrq ri
�qdqfldo pdunhw*v frqglwlrqv kdv lpsolfdwlrqv iru Ydoxh0dw0Ulvn +YdU, dqdo|vlv1 Vlp0
loduo|/ wkh lqfuhdvhg ulvn ri ghidxow gxulqj d fudvk lpsolhv iru wkh uhjxodwru/ zkr kdv
wr vhw pdujlq uhtxluhphqwv lq d ixwxuhv pdunhw/ wkdw klv vhwwlqjv pd| qrw eh vx!flhqw
li kh grhv qrw h{solflwo| wdnh lqwr dffrxqw wkh srvvlelolw| ri odujh vxgghq pryhphqwv
lq wkh pdunhw1 D wkrurxjk xqghuvwdqglqj ri h{wuhph ydoxh wkhru| +hyw, vhhpv wr eh/
wkhuhiruh/ dovr ri juhdw lpsruwdqfh iru hpslulfdo �qdqfh1

Wkh olwhudwxuh zklfk �qgv wkdw d vlpsoh ghvfulswlrq ri vwrfn uhwxuqv* glvwulexwlrq
dv d qrupdo rqh lv lqvx!flhqw vwduwhg hduo| zlwk Pdqghoeurw +4<96, ru Idpd +4<96,15

Wkrvh dxwkruv vxjjhvw wkh xvh ri vwdeoh glvwulexwlrqv dv dq dowhuqdwlyh wr wkh qrupdo
rqh lq dq h�ruw wr wdnh lqwr dffrxqw wkh revhuydwlrq wkdw vwrfn uhwxuqv kdyh h{fhvv
vnhzqhvv dqg nxuwrvlv1 Lq dq dowhuqdwlyh dssurdfk/ dlplqj dw ghvfulelqj sdwwhuqv ri
yduldeoh yrodwlolw|/ Hqjoh +4<;5, ghyhorshg wkh DUFK prgho1 Wklv w|sh ri prgho
lv dovr deoh wr jhqhudwh vnhzhg dqg ohswrnxuwlf uhwxuqv16 Zkhuhdv erwk w|shv ri
dssurdfkhv prgho wkh hqwluh glvwulexwlrq ri uhwxuqv lw lv srvvleoh wr irfxv rqo| rq wkh
glvwulexwlrq ri wkh wdlov ri uhwxuqv dqg/ wkxv/ wr qhjohfw wkh pruh fhqwudo sduw1 Lq
wkh vwdwlvwlfv olwhudwxuh/ GxPrxfkho +4<;6, qrwlfhg wkh lpsruwdqfh wr glvwlqjxlvk wkh
wdlov iurp wkh pruh fhqwudo sduw ri uhwxuqv* glvwulexwlrq1 Lq wkh �qdqfh olwhudwxuh/
wkh lqyhvwljdwlrq krz wdlov ri uhwxuqv ehkdyh jrhv edfn wr Krov dqg gh Yulhv +4<<4,/
Mdqvhq dqg gh Yulhv +4<<4,1 Nrhglmn/ Vfkdijdqv/ dqg gh Yulhv +4<<3, lqyhvwljdwhg wkh
wdlo ehkdylru ri iruhljq h{fkdqjh gdwd1 Uhfhqw uhvhdufk lv e| Gdqlhovvrq dqg gh Yulhv
+4<<:,/ ru Gdfrurjqd/ P oohu/ Slfwhw/ dqg gh Yulhv +4<<8, iru h{fkdqjh udwhv1 Iru
vwrfn uhwxuqv uhfhqw zrun kdv ehhq pdgh e| Oruhwdq dqg Skloolsv +4<<7, dqg Orqjlq
+4<<9,1 Wkhuh lv dovr vrph furvv frxqwu| hylghqfh wkdw wkh wdlo ehkdylru ri uhwxuqv lv
ohswrnxuwlf1 Orqjlq +4<<9, frqvlghuv d gdwdedvh ri gdlo| XV vwrfn ehwzhhq 4;;8 dqg
4<<3 dqg frq�upv wkdw wkh wdlo glvwulexwlrq lv ri wkh Iuìfkhw w|sh/ khqfh idw0wdlohg1
Ox{ +4<<;, �qgv d vlplodu ehkdylru iru Jhupdq vwrfnv vdpsohg wlfn0e|0wlfn1

Wkh jrdo ri wklv sdshu lv wr uhfdoo vrph ixqgdphqwdov ri h{wuhph ydoxh wkhru| dqg
wr hqulfk wkh dfdghplf olwhudwxuh e| vwxg|lqj wkh wdlo ehkdylru ri vwrfn uhwxuqv lq d
furvv0frxqwu| vhwwlqj1 Wr gr vr zh frqvlghu d gdwdedvh ri gdlo| vwrfn uhwxuqv iru �yh
pdwxuh pdunhwv/ qlqh Dvldq pdunhwv/ vl{ Hdvwhuq Hxurshdq dv zhoo dv vhyhq Odwlq

4Wkh vwxg| krz h{wuhph ydoxhv fdq eh lqfrusruwdwhg lqwr sruwirolr pdqdjhphqw lv ohiw iru ixuwkhu
uhvhdufk1

5Qrq0qrupdolw| lv zlgho| grfxphqwhg1 Zh mxvw phqwlrq vrph zrunv zlwk wkh ulvn ri rplwwlqj
pdq| rwkhuv= Eodwwehuj dqg Jrqhghv +4<:7,/ Idpd dqg Uroo +4<:4,/ Ilholw} +4<:9,/ Ilholw} dqg Ur}hoo
+4<;6,/ Vlpnrzlw} dqg Ehhgohv +4<;3,/ Nrq +4<;7,/ Wxfnhu +4<<5,/ dqg Pdqghoeurw +4<<:,1

6Lq wklv w|sh ri prgho/ lqqrydwlrqv duh irxqg wr uhpdlq h{fhvvlyho| ohswrnxuwlf1 Wklv uhvxow lv
zhoo nqrzq dqg kdv ohdg wr prgholqj lqqrydwlrqv hlwkhu zlwk d Vwxghqw0w ru d Jhqhudol}hg Huuru
glvwulexwlrq1 Iru d vwxg| uhodwlqj JDUFK zlwk h{wuhph ydoxh wkhru| vhh Vw�dulf�d dqg Slfwhw +4<<<,1
Idw0wdlohgqhvv kdv ehhq ixuwkhu prghohg e| Edloolh/ Eroohuvohy/ dqg Plnnhovhq +4<<9, zlwk wkh IL0
JDUFK prgho1 Wr wkh dxwkruv* nqrzohgjh wkh wdlo0ehkdylru ri wklv prgho lv qrw nqrzq suhvhqwo|1
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Dphulfdq rqhv17 D furvv0frxqwu| lqyhvwljdwlrq ri wkh wdlo0ehkdylru ri uhwxuqv kdv
qrw ehhq grqh wr rxu nqrzohgjh1 Wkhuh h{lvwv/ krzhyhu/ d vwudqg ri olwhudwxuh wkdw
lqyhvwljdwhv wkh vwrfn pdunhw ehkdylru ri hphujlqj pdunhwv1 Fodhvvhqv/ Gdvjxswd/
dqg Johq +4<<8, lqyhvwljdwh wkh h{lvwhqfh ri uhwxuq dqrpdolhv dqg suhglfwdelolw| iru d
vhw ri 53 frxqwulhv uhsuhvhqwhg lq wkh Lqwhuqdwlrqdo Ilqdqfh Frusrudwlrq*v hphujlqj
pdunhwv gdwd edvh1 Ehndhuw dqg Kduyh| +4<<8/ 4<<:,/ xvlqj wkh vdph gdwd/ vwxg|
yrodwlolw| ghwhuplqdqwv iru hphujlqj pdunhwv1 Wkh| dovr dvn krz zhoo wkrvh pdunhwv
duh lqwhjudwhg zlwk ghyhorshg rqhv1 Vhh dovr Urfnlqjhu dqg Xujd +4<<;, zkr irfxv
rq Hdvwhuq Hxurshdq pdunhwv1 Vklhogv +4<<:, frpsduhv dv|pphwulhv lq yrodwlolw|
uhvsrqvh wr qhzv ehwzhhq pdwxuh dqg hphujlqj pdunhwv1

Wkh vwuxfwxuh ri wklv sdshu lv dv iroorzv1 Lq vhfwlrq 5 zh suhvhqw wkhruhwlfdo hoh0
phqwv ri h{wuhph ydoxh wkhru|1 Zh uhfdoo wkdw xqghu wkh dvvxpswlrq ri lqghshqghqfh
dqg lghqwlfdo glvwulexwlrq ri uhwxuqv/ dv|pswrwlfdoo| wkh glvwulexwlrq ri pd{lpd pxvw
eh ri rqh ri wkuhh w|shv zklfk fdq eh qhvwhg zlwklq d Jhqhudol}hg H{wuhph Ydoxh
+jhy, glvwulexwlrq1 Vlploduo|/ xqghu wkh vdph dvvxpswlrqv zh uhfdoo wkdw wkh glvwul0
exwlrq ri wdlov pxvw eh ri wkh Jhqhudol}hg Sduhwr Glvwulexwlrq +jsg,1 Lq vhfwlrq 6 zh
surylgh dssolfdwlrqv ri hyw wkdw vkrxog eh xvhixo iru wkh sudfwlwlrqhu1 Lq vhfwlrq 7 zh
lpsohphqw hyw rq rxu gdwdedvh1 Lq vhfwlrq 8 zh suhvhqw wkh uhvxowv ri rxu hpslulfdo
lqyhvwljdwlrq1 Zh uhsruw ydulrxv ghvfulswlyh vwdwlvwlfv dqg wkh Kloo hvwlpdwhv1 Zh
vkrz wkdw iru prvw lqglfhv xqghu lqyhvwljdwlrq xs wr wkh vhfrqg prphqw h{lvwv1 Iru
pdq| lqglfhv hyhq wkh wklug rqh vhhpv wr h{lvw1 Qh{w/ zh uhsruw wkh jrrgqhvv ri wkh
�w ri wkh jsg wr wkh wdlov ri uhwxuqv1 Lw lv vkrzq wkdw wkh �w ohdyhv vsdfh iru lp0
suryhphqwv iru vrph hphujlqj pdunhwv1 Zh dovr suhvhqw wkh uhvxowv ri wkh pd{lpxp
olnholkrrg hvwlpdwlrq ri wkh jhqhudol}hg h{wuhph ydoxh glvwulexwlrq1 Lq vhfwlrq 9 zh
frpsduh wkh wdlo ehkdylru ri uhwxuqv iru wkh hduo| gd|v ri d joredo XV lqgh{ zlwk
wkrvh ri suhvhqwo| hphujlqj pdunhwv1 Zh �qg wkdw wkh ehkdylru wkhq kdv olwwoh wr
gr zlwk wkh rqh ri fxuuhqwo| hphujlqj pdunhwv dqg/ wkxv/ wkdw lw lv yhu| gl!fxow wr
pdnh dq| suhglfwlrqv krz fxuuhqwo| hphujlqj pdunhwv* uhwxuqv wdlov zloo hyroyh lq wkh
ixwxuh1 Lq vhfwlrq : zh frqfoxgh1

5 H{wuhph ydoxh wkhru|

Lq wklv vhfwlrq zh frqvlghu wkhruhwlfdo lvvxhv frqfhuqlqj h{wuhph uhdol}dwlrqv1 D yhu|
wkrurxjk ghvfulswlrq ri wkh wkhru|/ dw wh{werrn ohyho/ fdq eh irxqg lq Ohdgehwwhu/
Olqgjuhq/ dqg Urrw}ìq +4<;6, ru Hpeuhfkwv/ No sshoehuj/ dqg Plnrvfk +4<<:,1

Wkhuh duh wzr gl�huhqw/ |hw uhodwhg/ dssurdfkhv wr prgholqj h{wuhph ydoxhv1 D
�uvw dssurdfk vwxglhv wkh odz iroorzhg e| wkh pd{lpxp ru plqlpxp ri uhwxuqv ryhu
jlyhq wlph krul}rqv1 Dq dowhuqdwlyh dssurdfk frqvlghuv wkh hqwluh wdlo ri d vhw ri
uhdol}dwlrqv dqg hvwlpdwhv lwv dvvrfldwhg glvwulexwlrq1 Zh zloo vwduw rxu wkhruhwlfdo
ghvfulswlrq zlwk wkh iruphu dssurdfk1

514 Glvwulexwlrq ri h{wuhphv

Zh zloo eh frqfhuqhg lq wklv vhfwlrq zlwk wkh glvwulexwlrq ri wkh pd{lpxp ru wkh
plqlpxp uhwxuq ri d vwrfn1 Zh zloo uhfdoo wkdw vxfk d glvwulexwlrq ri h{wuhphv fdq
eh ri wkuhh gl�huhqw w|shv1 Ehiruh uhdfklqj wklv uhvxow zh qhhg vrph qrwdwlrqv1 Ohw

7Gdwdvwuhdp surylghg xv zlwk wklv gdwd1
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[�> � � � >[A eh d vhtxhqfh ri udqgrp yduldeohv fruuhvsrqglqj wr vwrfn uhwxuqv18 Zh
qrwlfh wkdw

�plq+�[�> � � � >�[A , @ pd{+[�> � � � >[A , �PA

zklfk vkrzv wkdw zlwkrxw orvv ri jhqhudolw| lw lv hqrxjk wr ghyhors d wkhru| iru wkh
xsshu wdlo ri wkh glvwulexwlrq ri uhwxuqv1 Zh qh{w qrwlfh wkdw li wkh [| duh lqghshqghqw
dqg lghqwlfdoo| glvwulexwhg/ +llg,/ wkhq/ li If+�, lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq
+fgi, ri dq| [| lw iroorzv wkdw

Su^PA ? {` @ Su^pd{+[�> � � � > [A , ? {`

@ Su^[� ? {> � � � >[A ? {`

@ ^If+{,`A =

Wklv lqglfdwhv wkdw xqghu wkh llg dvvxpswlrq/ wkh odz ri wkh pd{lpxp iru d �qlwh
vdpsoh fdq eh hdvlo| rewdlqhg li If+�, lv nqrzq1 Zkdw li W ehfrphv odujhB Zh qrwlfh
wkdw iru d jlyhq {

olp
A3<"

^If+{,`A @

+
4 li If+{, @ 4>
3 hovh1

dqg/ wkxv/ zh rewdlq d ghjhqhudwh odz1 Wklv udlvhv wkh txhvwlrq li d vfdohg yhuvlrq ri
PA frqyhujhv wr d �qlwh glvwulexwlrq1 Diwhu doo/ d vxp ri llg udqgrp yduldeohv dovr
ghjhqhudwhv dv wkh vdpsoh vl}h lqfuhdvhv zkhuhdv d vfdohg yhuvlrq frqyhujhv/ wkdqnv
wr wkh fhqwudo olplw wkhruhp/ wr d zhoo gh�qhg odz1 Iru wkh sureohp dw kdqg zh kdyh
wkh Ilvkhu0Wlsshww wkhruhp zklfk fkdudfwhul}hv wkh olplw odz iru pd{lpd1 Lw zdv
Jqhghqnr +4<76, zkr surylghg wkh �uvw irupdo surri1

Wkhruhp 4 Ohw [| eh d vhtxhqfh ri llg udqgrp yduldeohv1 Li wkhuh h{lvw qruplqj
frqvwdqwv �A 5 U / #A A 3> dqg vrph qrq0ghjhqhudwh fgi K vxfk wkdw

PA � �A
#A

, K>

zkhuh , ghvljqv frqyhujhqfh lq glvwulexwlrq/ wkhq K ehorqjv wr rqh ri wkh iroorzlqj
wkuhh fgiv=

Jxpeho = h{s+� h{s+�{,,> iru { 5 U>

Zhlexoo =

+
h{s+�+�{,k,> iru { � 3>

4> { A 3>
� A 3>

Iuìfkhw =

+
3> { � 3>

h{s+�{3k,> iru { A 3>
� A 3=

Wkh wkuhh glvwulexwlrqv duh fdoohg vwdqgdug h{wuhph ydoxh glvwulexwlrqv1 Lq Ilj0
xuh 4 zh uhsuhvhqw wkrvh ydulrxv glvwulexwlrqv19 Lw lv lpsruwdqw wr qrwlfh wkdw wkh
glvwulexwlrqv fdqqrw eh  lsshg v|pphwulfdoo| durxqg d yhuwlfdo d{lv1 Wklv lpsolhv
lqwxlwlyho| wkdw wr jhw d glvwulexwlrq vxfk dv wkh Zhlexoo/ wkh vxssruw ri wkh glvwul0
exwlrq xqghuo|lqj wkh udqgrp yduldeohv pxvw eh �qlwh1 Lq rwkhu zrugv/ wkh Zhlexoo
jhqhudwhv wklq wdlov1 Rq wkh rwkhu kdqg/ hpslulfdo hylghqfh vxjjhvwv wkdw uhwxuqv duh

8Frqwlqxrxvo| frpsrxqghg uhwxuqv duh gh�qhg e| f| ' �ff u *?E7|*7|3�� zkhuh 7| lv wkh forvlqj
ydoxh ri d vwrfn sulfh dw wlph |1

9Lq wkh judsk zh kdyh vhw k@41
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khdy| wdlohg dqg/ wkhuhiruh/ hlwkhu wkh Jxpeho ru wkh Iuìfkhw glvwulexwlrq duh olnho|
wr ghvfuleh wkh ehkdylru ri h{wuhphv ri vwrfn pdunhw uhwxuqv1:

Vrphwlphv lw lv xvhixo wr qhvw wkh wkuhh glvwulexwlrqv1 Wklv kdv ehhq ruljlqdoo|
dfklhyhg e| Mhqnlqvrq dqg yrq Plvhv zlwk wkh jhqhudol}hg h{wuhph ydoxh glvwulexwlrq
+jhy,1 Wkh| gh�qh

K1+{, @

+
h{s

�
�+4 . �{,3�*1

�
li � 9@ 3>

h{s +� h{s+�{,, li � @ 3>
+4,

zkhuh 4 . �{ A 3= Zh wkhq qrwlfh wkdw wkh vwdqgdug h{wuhph ydoxh glvwulexwlrqv fdq
eh uhfryhuhg zlwk

� @ �3� A 3 iru wkh Iuìfkhw glvwulexwlrq/
� @ 3 iru wkh Jxpeho glvwulexwlrq/
� @ ��3� A 3 iru wkh Zhlexoo glvwulexwlrq1

Wkh sdudphwhu � lv fdoohg wkh wdlo lqgh{ dqg 4@� lv fdoohg wkh vkdsh lqgh{1; Rxu
hfrqrphwulf sureohp lv wr ghflgh zklfk lv wkh fruuhfw glvwulexwlrq ri h{wuhphv ri
uhwxuqv iru wkh gdwd dw kdqg dqg wr hvwlpdwh wkh qruplqj frqvwdqwv �A / #A / dqg �1

Kdylqj rewdlqhg wkh olplw glvwulexwlrq/ rqh fdq uhyhuvh wkh uhdvrqlqj dqg dvn
zkdw w|sh ri glvwulexwlrq ri wkh fgi If+�, xqghuo|lqj wkh [| zloo |lhog frqyhujhqfh
wr d jlyhq olplw glvwulexwlrq1 Lw fdq eh vkrzq wkdw wkh qrupdo/ dqg orjqrupdo odzv
|lhog pd{lpd frqyhujlqj wr wkh Jxpeho1 Fdxfk|/ Sduhwr/ ru w0glvwulexwhg uhwxuqv
zloo |lhog wkh Iuìfkhw glvwulexwlrq1 D xqlirup glvwulexwlrq zrxog |lhog wkh Zhlexoo1

Lq wkh hpslulfdo0�qdqfh olwhudwxuh uhvhdufkhuv kdyh wulhg wr fdswxuh idw0wdlohgqhvv
wkurxjk ydulrxv phdqv1 Nrq +4<;7, prghohg uhwxuqv dv d pl{wxuh ri qrupdov1 Lw
fdq eh vkrzq wkdw wklv pl{wxuh glvwulexwlrq |lhogv d Jxpeho w|sh glvwulexwlrq1 Iru
DUFK surfhvvhv Mdqvhq dqg gh Yulhv +4<<4, kdyh ghulyhg wkh Iuìfkhw glvwulexwlrq dv
wkh olplw glvwulexwlrq1

Wr hvwlpdwh wkh ydulrxv sdudphwhuv/ d w|slfdo dssurdfk lv wr wdnh wkh pd{lpd
ri qrq0ryhuodsslqj vxevdpsohv dqg wr ghulyh ghvfulswlyh vwdwlvwlfv dv zhoo dv pd{l0
pxp olnholkrrg hvwlpdwhv iru wkrvh pd{lpd1 Wklv dssurdfk lpsolhv/ krzhyhu/ wkdw
wkh vdpsoh jhwv vwurqjo| uhgxfhg vlqfh vxevdpsohv kdyh wr eh wdnhq1 Lq wklv fdvh
wkh suhflvlrq ri hvwlpdwhv uhgxfhv1 Dq dowhuqdwlyh dssurdfk/ frqvlghuhg lq wkh qh{w
vhfwlrq/ lv wr frqvlghu wkuhvkrogv dqg wr irfxv rq wkrvh uhdol}dwlrqv h{fhhglqj d jlyhq
wkuhvkrog1 Wkh wdvn lv wkhq wr �w d glvwulexwlrq wr wkh wdlo ri wkh glvwulexwlrq1 Lq0
wxlwlyho| d olqn ehwzhhq pd{lpd dqg wdlov ri wkh xqghuo|lqj glvwulexwlrq pxvw h{lvw1
Wklv lqwxlwlrq lv dovr ghyhorshg lq wkh iroorzlqj vhfwlrq1 PfQhlo dqg Vdodglq +4<<:,
surylgh dq dssolfdwlrq ri wklv phwkrg1

515 Wkh wdlo glvwulexwlrq

Gh�qlwlrq 5 Ohw x eh d �{hg uhdo qxpehu/ wkh wkuhvkrog/ lq wkh vxssruw ri [|1 Wkh
ixqfwlrq

I�+{, @ Su^[| � x � {m[| A x`> { � 3

:Uhwxuqv fdqqrw eh eh|rqg 0433(/ zklfk fruuhvsrqgv wr edqnuxswf|1 Iru wklv uhdvrq wkh ohiw wdlo
ri wkh uhwxuqv* vxssruw lv erxqghg1 Krzhyhu/ dv orqj dv rq dyhudjh uhwxuqv duh idu dzd| iurp wklv
erxqgdu|/ idw0wdlov duh d srvvlelolw| iru d jlyhq vdpsoh1

;Lq wklv zrun zh iroorz wkh qrwdwlrqv ri Hpeuhfkwv/ No sshoehuj/ dqg Plnrvfk +4<<:,1
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lv fdoohg wkh h{fhvv glvwulexwlrq ixqfwlrq +hgi, ri wkh udqgrp yduldeohv [| ryhu wkh
wkuhvkrog x1 Wkh ixqfwlrq

h+x, @ H^[|m[| A x`� x

lv fdoohg wkh phdq0h{fhvv ixqfwlrq +phi,1

Wkh h{fhvv glvwulexwlrq ixqfwlrq phdvxuhv wkh suredelolw| wkdw wkh h{fhvv uhdo0
l}dwlrq uhodwlyh wr wkh wkuhvkrog lv ehorz d fhuwdlq ydoxh/ jlyhq wkdw wkh uhdol}dwlrq
lv deryh wkh wkuhvkrog1 Wkh phdq0h{fhvv ixqfwlrq dyhudjhv wkrvh uhdol}dwlrqv wkdw
h{fhhg x dqg frqvlghuv wkh glvwdqfh ehwzhhq wkh phdq dqg x= Zh kdyh wkh iroorzlqj
phdq0h{fhvv ixqfwlrqv jlyhq d fhuwdlq glvwulexwlrq iru wkh wdlo ri d glvwulexwlrq=

Sduhwr &n�
k3� > � A 3>

Zhlexoo ��3�

S� >

H{srqhqwldo �
b =

Lq Iljxuh 5 zh uhsuhvhqw wkh judsk ri wkrvh wkhruhwlfdo phiv dvvrfldwhg zlwk vhyhudo
glvwulexwlrqv iru [|1

Lw kdv ehhq vkrzq e| Edonhpd dqg Gh Kddq +4<:7, dqg Slfndqgv +4<:8, wkdw iru
d fhuwdlq fodvv ri glvwulexwlrqv wkhuh h{lvwv d srvlwlyh vfdolqj ixqfwlrq d+x, vxfk wkdw

olp
�<n"

Su

�
[ � x

d+x,
� { m[ A x

�
@

+
4� +4 . �{,3�*1 li � 9@ 3>
4� h{s+�{, li � @ 3=

Wklv phdqv wkdw wkh vfdohg h{fhvv ixqfwlrq I�+{, kdv d olplw glvwulexwlrq zklfk zloo
eh fdoohg wkh Jhqhudol}hg Sduhwr glvwulexwlrq +jsg, zulwwhq dv J1c�+{, dqg gh�qhg
e|

J1c�+{, @

+
4� +4 . �{@#,3�*1 li � 9@ 3>
4� h{s+�{@#, li � @ 3>

# A 3 +5,

zkhuh { � 3 li � � 3 dqg 3 � { � �#@� li � ? 31 Fohduo|/ wkh wdlo lqgh{ � iurp wkh
jhy lv wkh vdph dv iru wkh jsg1 Wkh ghqvlw| ri wkh jsg fdq eh hdvlo| ghulyhg dv

j1c�+{, @

+
#�*1+# . �{,

3 �

1
3�

� 9@ 3>
#3� h{s+�{@#, � @ 3=

+6,

Dq looxvwudwlrq ri wklv ghqvlw| fdq eh irxqg lq Iljxuh 6 iru d vhw ri sdudphwhuv
wkdw pd| w|slfdoo| dulvh lq Ilqdqfh1 Zh qrwlfh wkdw dq lqfuhdvh ri � iru d frqvwdqw
ohyho ri wkh vfdoh idfwru # lqfuhdvhv wkh wdlo zkloh vwhhshqlqj wkh vorsh dw wkh pruh
fhqwudo sduw ri wkh ghqvlw|1 Rq wkh rwkhu kdqg/ dq lqfuhdvh ri # jlyhq � |lhogv d
 dwwhqlqj iru wkh fhqwudo sduw ri wkh ghqvlw| dffrpsdqlhg e| dq lqfuhdvh ri wkh wdlov1
Wkrvh uhvxowv lqglfdwh wkdw li rqh fkrrvhv d kljk hqrxjk wkuhvkrog/ wkhq wkh �w ri d
jsg wr wkh wdlo uhdol}dwlrqv zloo dovr |lhog dq hvwlpdwh ri wkh wdlo lqgh{1

6 Sudfwlfdo dssolfdwlrqv ri h{wuhph ydoxh wkhru|

Dw wklv vwdjh zh kdyh uhfdoohg ydulrxv wkhruhwlfdo uhvxowv krz h{wuhph uhwxuqv ru wdlov
ri glvwulexwlrqv vkrxog ehkdyh1 Rqfh sdudphwhuv kdyh ehhq rewdlqhg lw lv srvvleoh wr
dgguhvv vhyhudo xvhixo lvvxhv vxfk dv krz wr hvwlpdwh wkh dyhudjh zdlwlqj wlph ehwzhhq
h{wuhph uhdol}dwlrqv ru krz wr hvwlpdwh wkh uhdol}dwlrq ri kljk txdqwlohv1 Lw lv dovr
srvvleoh wr ghwhuplqh wkh qxpehu ri prphqwv wkdw h{lvw iru wkh uhwxuq jhqhudwlqj
glvwulexwlrq dqg zklfk duh frpsdwleoh zlwk d jlyhq wdlo ehkdylru1
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614 Zdlwlqj wlph ehwzhhq h{wuhphv

Rqfh wkh wdlo glvwulexwlrq kdv ehhq fkdudfwhul}hg lw lv srvvleoh wr frpsxwh wkh phdq
zdlwlqj wlph ehwzhhq vshfl�f h{wuhph hyhqwv1 Wklv uhvxow lv xvhixo iru wkh sudfwlwlrqhu
zkr zlvkhv wr hvwlpdwh wkh dyhudjh wlph ehiruh d jlyhq h{wuhph ydoxh rffxuv1 Fohduo|/
dq h{wuhph uhdol}dwlrq lv gh�qhg dv wkh h{fhhglqj ri d uhwxuq ri d jlyhq ohyho1 Ohw
[| eh llg udqgrp yduldeohv zlwk fgi J dqg x d wkuhvkrog1 Wkh idfw wkdw [| A x
ru qrw fruuhvsrqgv wr d Ehuqrxool hyhqw zlwk vxffhvv suredelolw| s @ 4 �J+x,1 Wkh
suredelolw| wkdw [| h{fhhgv wkh wkuhvkrog dw wlph n dqg qrw ehiruh lv jlyhq e| wkh
jhrphwulf glvwulexwlrq s+4�s,&3�/n @ 4> 5> � � �1 Dv d frqvhtxhqfh wkh dyhudjh zdlwlqj
wlph ehiruh x lv furvvhg lv

H ^plq+w � 4 = [| A x,` @
n"[
&'�

n s+4� s,&3� @ 4@s=

Rqfh wkh sdudphwhuv ri d jsg duh hvwlpdwhg lw ehfrphv hdv| wr hydoxdwh wklv txdqwlw|1

615 Hvwlpdwlrq ri kljk txdqwlohv

Lq wkh suhylrxv vhfwlrq zh vkrzhg krz wr frpsxwh wkh dyhudjh zdlwlqj wlph ehiruh dq
h{wuhph hyhqw rffxuv1 Iru wkh sudfwlwlrqhu lw lv ri vlplodu lpsruwdqfh wr nqrz zlwk
zkdw w|sh ri iuhtxhqf| d fhuwdlq h{wuhph hyhqw zloo rffxu1 Iru lqvwdqfh/ krz riwhq
fdq rqh h{shfw d gurs ri uhwxuqv eh|rqg d fhuwdlq wkuhvkrog1 Wklv w|sh ri txhvwlrq
lv iru lqvwdqfh uhohydqw iru Ydoxh0dw0Ulvn dqdo|vlv1 Wkhuh duh lqyhvwruv zkr qhhg wr
nqrz wkh suredelolw| wkdw wkh vwrfn pdunhw gursv e| vr dqg vr pxfk rq d jlyhq gd|1
Wudglwlrqdoo|/ rqh zrxog wdnh klvwrulfdo gdwd dqg frxqw wkh iuhtxhqf| ri vwrfn pdunhw
gursv ri wkh ghvluhg dprxqw1 Wkhuh duh vhyhudo sureohpv zlwk wklv dssurdfk1 Iluvw/
wkhuh zloo eh yhu| ihz gd|v zlwk h{fhhgdqfh ri wkh ghvluhg ohyho/ hvshfldoo| li wkh ohyho
lv odujh/ dqg rqh zloo jhw d srru hvwlpdwh ri wkh dfwxdo suredelolw|1 Iru d uhdvrq
ri vwdwlvwlfdo vwdelolw| rqh pd| eh ehwwhu r� e| prgholqj wkh hqwluh wdlo1 Vhfrqg/ lw
lv srvvleoh wkdw rqh lv lqwhuhvwhg lq yduldwlrqv wkdw qhyhu rffxuuhg ehiruh1 Djdlq/ d
prgho zklfk h{solflwo| prghov wkh wdlo fdq khos1

D vlplodu/ exw voljkwo| pruh frpsoh{ sureohp lv wkh phdvxuhphqw ri wkh odujhvw
srvvleoh uhdol}dwlrq ryhu d fhuwdlq wlph krul}rq1 Iru lqvwdqfh zkdw w|sh ri h{wuhph
uhdol}dwlrq fdq eh h{shfwhg ryhu d krul}rq ri 8 ru 83 |hduv1 Li vrph gdlo| gdwd
lv vdpsohg ryhu 533 wudglqj gd|v/ wkhq/ xqghu wkh dvvxpswlrq wkdw wkhuh duh 533
wudglqj gd|v lq d |hdu/ zh duh orrnlqj iru wkh odujhvw dprqj 4*333 uhvshfwlyho| 43*333
uhdol}dwlrqv1 Dv d frqvhtxhqfh/ zkdw zh kdyh wr frpsxwh duh yhu| kljk txdqwlohv1

Irupdoo|/ gh�qh s dv wkh suredelolw| ri d yhu| uduh hyhqw1 Zh wu| wr �qg dq
hvwlpdwh {R vxfk wkdw I +{R, @ s= Wr vroyh wklv lvvxh/ Urrw}ìq dqg Wdmylgl +4<<9, ru
PfQhlo +4<<:, vxjjhvw wkh iroorzlqj dssurdfk1 Wkh| �uvw qrwlfh wkdw iru { A x zh
kdyh

I +{, @ Su^[ � {` @ +4�Su^[ � x`,I�+{� x, . Su^[ � x`=

Khqfh/ lw lv srvvleoh wr hvwlpdwh wkh suredelolw| ri ehlqj ehorz d fhuwdlq wkuhvkrog/
I+{,> zlwk eI+{, @ +4� IA +x,,J1c�c�+{, . IA +x,

zkhuh IA +x, lv wkh hpslulfdo glvwulexwlrq ixqfwlrq1 Ixuwkhupruh/ li zh jlyh rxuvhoyhv
wkh suredelolw| ri rffxuuhqfh ri d uduh hyhqw dqg vhhn wkh dvvrfldwhg txdqwloh/ lqyhuvlrq

:



ri wklv irupxod |lhogv

{R @ x.J3�1c�c�

�
s� IA +x,

4� IA +x,

�
@

;AAA?AAA=
x. �

1

%�
�3R

�3 	8 E��

�31
� 4

&
li � 9@ 3>

x� # oq

�
�3R

�3 	8 E��

�
hovh1

Wklv irupxod fdq eh hdvlo| lpsohphqwhg rqfh zh kdyh hvwlpdwhv ri wkh ydulrxv
sdudphwhuv1

616 H{lvwhqfh ri prphqwv

Wkh idfw wkdw uhwxuqv ri vwrfn pdunhwv duh ohswrnxuwlf kdv ohdg wr wkhlu prgholqj
zlwk idw0wdlohg glvwulexwlrqv1 Vrph ri wkrvh glvwulexwlrqv vxfk dv Pdqghoeurw*v +4<96,
vwdeoh odz grhv qrw doorz iru d �qlwh yduldqfh1 Jlyhq wkh wdlo ehkdylru ri uhwxuqv/ wklv
txhvwlrq fdq djdlq eh dgguhvvhg zlwk hyw1< Hpeuhfkwv/ No sshoehuj/ dqg Plnrvfk
+4<<:/ s1 498, uhfdoo wkdw li [ iroorzv d jsg wkhq iru doo lqwhjhuv u vxfk wkdw u ? 4@�
wkh u0wk prphqw h{lvwv zlwk

H^[o` @
#o

�on�
�+�3� � u,

�+�3� . 4,
u$

7 Hpslulfdo whfkqltxhv

Zh qrz dgguhvv wkh txhvwlrq krz wkh wdlo ehkdylru ri d jlyhq vdpsoh fdq eh fkdu0
dfwhul}hg dqg krz lwv sdudphwhuv fdq eh hvwlpdwhg1 D �uvw vwhs lq hyw lv wr xvh
h{sorudwru| phwkrgv wr dqdo|}h wkh gdwd1

714 Klvwrjudpv ri h{wuhpd

Wklv lv wkh vlpsohvw dqg prvw vwudljkwiruzdug h{sodqdwru| phwkrg wr jhw dq lghd
ri wkh w|sh ri wdlo ehkdylru1 Rqh frqvwuxfwv p0klvwrulhv +vrphwlphv fdoohg eorfnv lq
hyw,/ wkdw lv qrq0ryhuodsslqj vxevdpsohv ri ohqjwkp/ dqg rqh frqvlghuv wkh pd{lpxp
ryhu hdfk p0klvwru|1 Wklv jlyhv d vdpsoh ri pd{lpd zklfk fdq eh uhsuhvhqwhg e| dq
klvwrjudp1 Rqfh dq klvwrjudp lv rewdlqhg/ d frpsdulvrq zlwk wkh ghqvlwlhv glvsod|hg
lq Iljxuh 4 doorzv dq hgxfdwhg jxhvv ri wkh w|sh ri h{wuhph ydoxh glvwulexwlrq rqh lv
ghdolqj zlwk1 Jxpeho +4<8;, dv zhoo dv Hpeuhfkwv/ No sshoehuj/ dqg Plnrvfk +4<<:,
lqvlvw rq wkh lpsruwdqfh ri vxfk d judsklfdo dqdo|vlv1

715 TT0Sorwv +txdqwloh sorwv,

Zh gh�qh wkh jhqhudol}hg lqyhuvh ri wkh fxpxodwlyh glvwulexwlrq ixqfwlrq I dv

I{+w, @ lqi+{ 5 U = I+{, � w,> 3 ? w ? 4=

Wklv ixqfwlrq lv fdoohg wkh txdqwloh ixqfwlrq ri wkh fgi I 1 I{+w, gh�qhv wkh w�wk
txdqwloh ri I 1 Iru wkh fdvh wkdw I lv d frqwlqxrxv ixqfwlrq/ I{ lv vlpso| wkh lqyhuvh
ixqfwlrq1 Ohw {�> � � � > {A eh wkh pd{lpd ryhu p0klvwrulhv dqg {AcA ? � � � ? {�cA wkh

<Vhh dovr Orqjlq +4<<9/ s1 6<<,1 Kh frqfoxghv wkdw wkh XV gdlo| uhwxuqv vhulhv doorzv xs wr wkh
wklug prphqwv exw qrw eh|rqg1

;



rughuhg uhdol}dwlrqv/ wkhq wkh sorw
q
{|cA > I

{
�

|
An�

�r
lv uhihuuhg wr dv wkh txdqwloh

sorw1
Wr whvw li {�> � � � > {A iroorz d fhuwdlq glvwulexwlrq/ vxfk dv d Jxpeho/ rqh wdnhv

wkh rughuhg vdpsoh dqg sorwv {|cA djdlqvw � oq+� oq+ |
An�,,/ wkdw lv wkh lqyhuvh ri wkh

Jxpeho fgi1 Li wkh gdwd lv wuxo| jhqhudwhg e| d Jxpeho glvwulexwlrq wkhq txdqwlohv ri
wkh wkhruhwlfdo dqg wkh hpslulfdo glvwulexwlrq vkrxog pdwfk dqg d urxjko| olqhdu TT0
sorw lv h{shfwhg1 Wr fkhfn iru olqhdulw| lw lv fxvwrpdu| wr dovr wudfh wkh ROV uhjuhvvlrq
olqh ri wkh �w ri wkh wkhruhwlfdo rq wkh hpslulfdo txdqwlohv1 Dv douhdg| glvfxvvhg e|
Jxpeho +4<8;, li wkh TT0sorw lv +zlwk wkh Jxpeho glvwulexwlrq dv uhihuhqfh ixqfwlrq,
frqfdyh/ wkhq wkh olplw glvwulexwlrq lv d Iuìfkhw rqh1 Li wkh TT0sorw lv frqyh{ wkh
olplw glvwulexwlrq lv Zhlexoo1

Wklv phwkrg fdq eh sxvkhg d elw ixuwkhu wr |lhog sdudphwhu hvwlpdwhv zklfk fdq
eh xvhg lq ixuwkhu hvwlpdwlrqv1 Wr gr vr/ rqh dvvxphv wkdw wkh vdpsoh ri pd{lpd
iroorzv d jhy glvwulexwlrq +4,1 Lq wklv fdvh zh rewdlq diwhu wdnlqj orjv wzlfh dqg diwhu
lqwurgxflqj d udqgrp qrlvh %| wkdw

oq

�
� oq

�
w

W . 4

��
@ �4
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oq
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{|cA � �

#
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. %|= +7,

Wklv htxdwlrq fdq qrz eh �wwhg wr wkh vruwhg vdpsoh zlwk d vlpsoh QOOV �w1 Wkh
rewdlqhg sdudphwhuv fdq eh xvhg dv vwduwlqj ydoxhv iru d ixuwkhu pd{lpxp olnholkrrg
hvwlpdwlrq1

716 Phdq0h{fhvv ixqfwlrq sorwv

Hvwlpdwhv ri wkh phi h+x,> zulwwhq dv ah+x,/ fdq eh rewdlqhg hdvlo| iurp d uhdol}dwlrq
{�> � � � > {A ri [�> � � � >[A 1 Lqghhg/ li Ltfrqglwlrq� lv wkh lqglfdwru yduldeoh wdnlqj wkh
ydoxh 4 li wkh frqglwlrq lv wuxh dqg 3 rwkhuzlvh/

ah+x, @
4

Q�

A[
|'�

+{| � x,Lt%:��+{|,> x A 3>

zkhuh Q� lv wkh qxpehu ri uhdol}dwlrqv h{fhhglqj x/ wkdw lv Q� @
SA

|'� Lt%:��+{|,=
Wkh phdq0h{fhvv sorw frqvlvwv lq wkh judsk

i+{|cA > ah+{|cA ,, = w @ 4> � � � > Wj =

Wkh phdq0h{fhvv sorw doorzv glvwlqfwlrq ehwzhhq glvwulexwlrqv zlwk oljkw0 ru khdy|0
wdlohg glvwulexwlrq1 Ixuwkhupruh/ d vlpsoh ROV �w ri d vwudljkw olqh jlyhv wkh sd0
udphwhuv xqghuo|lqj wkh glvwulexwlrq1 Zh uhfdoo wkdw vrph fkdudfwhulvwlf phdq0h{fhvv
ixqfwlrqv duh glvsod|hg lq Iljxuh 61

717 Hvwlpdwlrq ri wkh wdlo lqgh{

Dv zh kdyh vhhq hduolhu wkh dv|pswrwlf ehkdylru ri h{wuhph ydoxhv ghshqgv rq wkh
wdlo lqgh{ �1 Ghshqglqj rq wkh ydoxhv wdnhq e| wklv lqgh{ zh zloo hqg xs zlwk hlwkhu
d Iuìfkhw/ d Jxpeho/ ru d Zhlexoo glvwulexwlrq1 Lw lv wkhuhiruh ri juhdw lpsruwdqfh wr
eh deoh wr txlfno| fkdudfwhul}h wkh wdlo lqgh{1 Lq wklv vhfwlrq zh suhvhqw wzr vlpsoh
zd|v wr hvwlpdwh wkh lqgh{ ehiruh wxuqlqj lq wkh qh{w vhfwlrq wr wkh ixoo hvwlpdwlrq
ri doo sdudphwhuv zlwk wkh pd{lpxp olnholkrrg phwkrg1

<



71714 Slfndqgv wdlo lqgh{ hvwlpdwlrq

Wklv phwkrg fdq eh xvhg iru doo � 5 U1 Wklv wlph zh frqvlghu wkrvh uhdol}dwlrqv
orfdwhg lq wkh wdlov dqg qrw rqo| eorfn pd{lpd1 Ohw {|cA ? � � � ? {�cA eh dq rughuhg
vdpsoh ri vl}h w1 Slfndqgv* +4<:8, hvwlpdwru lv gh�qhg e|

a�
�

|cA �
4

oq+5,
oq

%
{|cA � {2|cA
{2|cA � {e|cA

&
=

Lw fdq eh vkrzq wkdw wkh Slfndqgv hvwlpdwru lv frqvlvwhqw dv orqj dv w lv fkrvhq lq
vxfk d zd| wkdw w@W $ 3 dv W $ .41 Ghnnhuv dqg Gh Kddq +4<;<, kdyh ixuwkhu
vkrzq wkdw Slfndqgv* hvwlpdwru lv dv|pswrwlfdoo| qrupdo=

s
w

�
a�
�
|cA � �

�
, Q +3> �+�,, zkhuh �+�, @

�2
�
521n� . 4

�
+5 +51 � 4, oq+5,,,

2 1 +8,

Iru hpslulfdo sxusrvhv/ rqfh wkh sdudphwhu � kdv ehhq hvwlpdwhg rqh fdq xvh +8,
wr frpsxwh wkh vwdqgdug huuru1 Vlqfh Slfndqgv* hvwlpdwru lv gh�qhg iru doo � lw fdq
eh xvhg wr glvfulplqdwh ehwzhhq wkh wkuhh h{wuhph ydoxh glvwulexwlrqv1 Wkhuh fohduo|
uhpdlqv wkh hpslulfdo lvvxh rq krz wr fkrrvh wkh rswlpdo w iru d jlyhq vdpsoh1 Zh
zloo wxuq wr wkdw lvvxh odwhu rq1

71715 Kloo*v wdlo lqgh{ hvwlpdwlrq

Wklv phwkrg fdq rqo| eh xvhg iru wkh Iuìfkhw h{wuhph ydoxh glvwulexwlrq +� A 3,1 Zh
frqvlghu djdlq {�cA lvvxhg iurp wkh udz vdpsoh gdwd1 Kloo*v +4<:8, phwkrg hvwlpdwhv
� xvlqj
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Djdlq li w jurzv vxfk wkdw w@W $ 3 dv W $ .4 lw fdq eh vkrzq wkdw a�
M
|cA lv frqvlvwhqw1

Zh dovr kdyh dv|pswrwlf qrupdolw|=
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Iru hpslulfdo sxusrvhv wkh yduldqfh �2 fdq eh hvwlpdwhg xvlqj a�
M

|cA 1 Lw kdv ehhq vkrzq
wkdw li wkh [| duh jhqhudwhg e| d Iuìfkhw glvwulexwlrq wkhq wkh Kloo lqgh{ zloo |lhog
d pruh h!flhqw wdlo lqgh{ wkdq wkh Slfndqgv* rqh1 Lq wkh dsshqgl{ zh dgguhvv wkh
lvvxh krz dq rswlpdo w fdq eh fkrvhq xvlqj d errwvwuds phwkrg1

718 Pd{lpxp olnholkrrg hvwlpdwlrq ri wkh jhy glvwulexwlrq

Zh �uvw qrwlfh wkdw wkh jhy glvwulexwlrq ri d jhqhudo qrq0fhqwhuhg/ qrq0uhgxfhg udq0
grp yduldeoh lv gh�qhg e|
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Wr frpsxwh wkh pd{lpxp olnholkrrg hvwlpdwhv rqh fkrrvhv/ vd|/ wkh W pd{lpxp
uhwxuqv {�> � � � > {A iru W p0klvwrulhv dqg �wv wkh olnholkrrg
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Xvlqj d pd{lpxp olnholkrrg urxwlqh wkh ydulrxv sdudphwhuv fdq qrz eh hdvlo| hv0
wlpdwhg1 Lw wxuqv rxw +vhh Vplwk +4<;8,, wkdw wkh xvxdo dv|pswrwlf surshuwlhv krog
zkhqhyhu � A �4@5=

H{suhvvlrq +:, fruuhfwo| ghvfulehv wkh olnholkrrg li wkh xqghuo|lqj yduldeohv duh
llg1 Lq hpslulfdo zrun wkh xvh ri p0klvwrulhv zlwk p vx!flhqwo| odujh lv olnho| wr |lhog
xqfruuhodwhg uhdol}dwlrqv1 Dv zh zloo vhh odwhu rq/ wkh hvwlpdwhv  xfwxdwh dffruglqj
wr wkh phwkrg fkrvhq/ iru �qdqfldo gdwd wkh dvvxpswlrq ri dq lghqwlfdo glvwulexwlrq
pd| qrw krog1

719 Ilwwlqj ch{fhvvhv ryhu d wkuhvkrog*

Dq rwkhu hvwlpdwlrq phwkrg lv edvhg rq h{fhhgdqfhv ri kljk wkuhvkrogv1 Dv zh kdyh
uhfdoohg hduolhu/ iru odujh wkuhvkrogv/ wkh h{fhvv glvwulexwlrq ixqfwlrq I�+{, ehkdyhv
dv d Jhqhudol}hg Sduhwr glvwulexwlrq/ J1c�+x,> zkhuh wkh vfdolqj sdudphwhu ghshqgv
rq wkh wkuhvkrog1 Wkh lghd ri wklv phwkrg lv wr fkrvh d wkuhvkrog x/ wr vhohfw wkh {|
odujhu wkdq wkh wkuhvkrog x> dqg wr �w wr doo h{fhvv uhwxuqv {| � x wkh jsg gh�qhg
lq +5,1 Wkh ghqvlw| ri wkh jsg kdv douhdg| ehhq ghwhuplqhg lq htxdwlrq +6,1 Wkh
olnholkrrg ri rqh revhuydwlrq fdq eh zulwwhq dv
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Djdlq/ lw lv qhduo| wulyldo wr vhw xs wkh qxphulfdo pd{lpl}dwlrq iru vxfk d ixqfwlrq1
Wkh dgydqwdjh ri wklv dssurdfk lv wkdw rqh fdq xvh doo uhdol}dwlrqv lq wkh vdpsoh
h{fhhglqj x dqg qrw rqo| wkh pd{lpxp ryhu p0klvwrulhv1 D gudzedfn lv wkdw rqh
kdv wr fkrrvh d wkuhvkrog x= D yhu| kljk x zloo djdlq vwurqjo| uhgxfh wkh dprxqw ri
dydlodeoh gdwd1 Wkh prudo ri hyw lv wkdw qrwklqj frphv iru iuhh1

Wkhuh uhpdlqv wkh fkrlfh ri wkh wkuhvkrog1 Zkhuhdv PfQhlo dqg Vdodglq +4<<:,
xvh vlpxodwlrqv wr �qg uhdvrqdeoh ohyhov ri wkh wkuhvkrog +�qglqj wkdw derxw 533
ydoxhv zklfk duh dfwxdoo| orfdwhg lq wkh wdlov |lhog jrrg hvwlpdwhv, dq dowhuqdwlyh
dssurdfk lv wr xvh d judsklfdo phwkrg edvhg rq wkh revhuydwlrq wkdw li wkh udqgrp
yduldeoh [ iroorzv d jsg wkhq/ dv zdv vkrzq e| Gdudjdkl0Qrxedu| +4<;<,/ wkh phi

h+x, @ H^[ � xm[ A x` @
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lv d olqhdu ixqfwlrq lq x=43 D wkuhvkrog vkrxog/ wkhuhiruh/ eh fkrvhq vxfk wkdw wkh
uhodwlrq ehwzhhq wkh rewdlqhg h{fhvvhv dqg wkh phi lv urxjko| olqhdu1 Pruhryhu/

43Lw pxvw eh wkdw 1 	 �/ rwkhuzlvh wdlov duh vr khdy| wkdw wkh phdq grhv qrw h{lvw1
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wkhuh h{lvwv d rqh0wr0rqh uhodwlrq ehwzhhq wkh sdudphwhuv ri wkh glvwulexwlrq dqg wkh
lqwhufhsw dqg vorsh ri wkh phi1 D vlpsoh sorw ri gh+x, djdlqvw x uhyhdov wkh sdudphwhuv
# dqg �1 Rqfh dq hpslulfdo phi kdv ehhq rewdlqhg/ frpsdulvrq zlwk wkh wkhruhwlfdo
vkdshv doorzv lghqwl�fdwlrq ri wkh w|sh ri glvwulexwlrq rqh lv ghdolqj zlwk1

8 Hpslulfdo uhvxowv

Vlqfh wkh dlp ri wklv vwxg| lv wr surylgh furvv0frxqwu| hylghqfh iru h{wuhph hyhqwv
zh frqvlghu d odujh gdwdedvh ri joredo lqglfhv1 Zh frqvlghu �yh lqglfhv iru pdwxuh
�qdqfldo pdunhwv +Vwdqgdug dqg Srru frpsrvlwh 833/ Qlnnhl/ Gd{/ FDF73 dqg wkh
IWVH433,1 Iru hphujlqj pdunhwv zh frqvlghu vhyhq Dvldq rqhv +Fklqd +Vkdqjkdl,/
Krqj Nrqj/ Lqgrqhvld/ Pdod|vld/ wkh Sklolsslqhv/ Vlqjdsruh/ Vrxwk Nruhd/ Wdlzdq/
dqg Wkdlodqg,/ vl{ Hdvwhuq Hxurshdq rqhv +wkh F}hfk Uhsxeolf/ Kxqjdu|/ Srodqg/
Uxvvld/ wkh Vorydn Uhsxeolf/ dqg Voryhqld,/ dv zhoo dv vhyhq Odwlq Dphulfdq rqhv
+Dujhqwlqd/ Eud}lo/ Fkloh/ Frorpeld/ Ph{lfr/ Shux/ Yhqh}xhod,1

Wklv gdwdedvh kdv ehhq h{wudfwhg rxw ri Gdwdvwuhdp1 Iru vrph ri wkh vhulhv fduh
kdg wr eh wdnhq iru wkh hduolhu sduw ri wkh vdpsoh vlqfh wkh uhsruwhg iuhtxhqf| zdv
qrw gdlo|144 Zh xvhg gdwd iurp wkh prphqw rq wkdw wkh iuhtxhqf| zdv gdlo|1 Iru
vrph frxqwulhv zh kdg wr dsshqg wzr lqglfhv145 Diwhu wkhvh fruuhfwlrqv/ doo wkh gdwd
h{wudfwhg kdv ehhq xvhg146

814 Ghvfulswlyh vwdwlvwlfv

81414 Furvv0frxqwu| hylghqfh

Wdeoh 4 frqwdlqv ydulrxv ghvfulswlyh vwdwlvwlfv1 Zh glvsod| iru wkh ydulrxv frxqwulhv
wkh vwduwlqj gdwh ri wkh lqgh{ dv zhoo dv wkh qxpehu ri revhuydwlrqv1 Doo vhulhv hqg
rq Ghfhpehu 64vw 4<<;1 Wkh vdpsoh vl}h +Qrev, udqjhv ehwzhhq 443; iru Srodqg xs
wr :;59 iru pdwxuh pdunhwv1 Wkh dyhudjh gdlo| uhwxuq lv srvlwlyh iru prvw frxqwulhv1
Wkh phgldq riwhq wdnhv wkh ydoxh 31 Dq h{sodqdwlrq iru wklv lv wkdw sulfhv uhpdlq
frqvwdqw ryhu krolgd|v zklfk duh qrw �owhuhg rxw vshfldoo| khuh1 Iurp d glvwulexwlrqdo
srlqw ri ylhz wklv vxjjhvwv wkdw }hur uhwxuqv zloo eh ryhu0vdpsohg1 Zh gr qrw lqvlvw
rq wklv lvvxh vlqfh lq wklv vwxg| zh irfxv rq wkh wdlov ri glvwulexwlrqv dqg qrw rq wkh
fhqwudo sduw1

Vnhzqhvv +Vn, dqg lwv vwdqgdugl}hg yhuvlrq +VnW, duh vljqhg phdvxuhv ri wkh wdlo
ehkdylru ri uhwxuqv1 Iru ghyhorshg pdunhwv wklv vwdwlvwlfv lv jhqhudoo| irxqg wr eh
qhjdwlyh1 Iru wkrvh pdunhwv lw lv fudvkhv wkdw lqwurgxfh dv|pphwu|1 Iru hphujlqj
pdunhwv wkh slfwxuh lv qrw vr fohdu1 Wkhuh duh pdq| pdunhwv zlwk d srvlwlyh vnhzqhvv1
Wkhuh lw lv vkdus lqfuhdvhv lq sulfhv wkdw lqgxfh dv|pphwu| ri uhwxuqv1

Nxuwrvlv lv d v|pphwulf phdvxuh ri wkh ehkdylru ri wkh wdlov ri d glvwulexwlrq1 Wklv
vwdwlvwlf phdvxuhv wkh khdylqhvv ri wdlov dv frpsduhg wr wkh qrupdo rqh1 Frqvlghulqj
nxuwrvlv +Nx, dqg lwv vwdqgdugl}hg yhuvlrq +NxW,/ zh qrwlfh wkdw wklv vwdwlvwlfv lv
wrr odujh iru doo lqglfhv wr eh uhfrqflohg zlwk d qrupdo glvwulexwlrq1 Joredoo| uhwxuqv

44Wklv lv wkh fdvh iru Lqgrqhvld ehiruh Rfwrehu 4<;</ wkh F}hfk Uhsxeolf ehiruh Vhswhpehu 4<<7
dqg Srodqg ehiruh Rfwrehu 4<<71 Iru Eud}lo wkh sulfh �jxuhv duh vr vpdoo ehiruh Mdqxdu| 4<<5 wkdw
sulfh fkdqjhv duh phdqlqjohvv1

45Iru wkh Iuhqfk lqgh{/ zh xvhg wkh FDF Jìqìudo lqgh{ ehiruh Mxo| <wk/ 4<;:> iru wkh XN lqgh{/
zh xvhg wkh IW doo0vkduhv ehiruh Mdqxdu| 4vw/ 4<;31

46Wkhuh lv rqo| rqh h{fhswlrq1 Iru Uxvvld/ zh vxssuhvvhg wkh gdwd iru Rfwrehu 49wk/ 4<<;/ zlwk d
.83( uhwxuq rxwolhu1
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kdyh h{fhvvlyho| idw0wdlov1 Lq doo fdvhv wkh Mdutxh0Ehud vwdwlvwlfv lv yhu| odujh lpso|lqj
qrq0qrupdolw| ri wkh vhulhv1 Wkrvh suholplqdu| vwdwlvwlfv frq�up rxu sulru wkdw wkh
ehkdylru ri h{wuhph ydoxhv lv ri juhdw lpsruwdqfh lq xqghuvwdqglqj uhwxuqv1

Wr johdq ixuwkhu lqvljkw lq wkh h{wuhpdo ehkdylru ri vwrfn uhwxuqv zh fhqwhu dqg
uhgxfh doo uhwxuq vhulhv dqg frqvlghu wkh vwdqgdugl}hg plqlpxp dqg pd{lpxp dv
zhoo dv ydulrxv shufhqwlohv +4(/ 8(/ <8( dqg <<(,1 Li wkh gdwd zdv wuxo| qrupdo/
zh zrxog h{shfw iru vwdqgdugl}hg uhwxuqv wkdw wkh hpslulfdo shufhqwloh fruuhvsrqgv
wr wkh rqh ri wkh qrupdo glvwulexwlrq1 Wkh 4(/ 8(/ <8(/ dqg <<( fulwlfdo ydoxhv
duh wkhq �5=6596/ �4=977</ 4=977</ dqg 5=65961 Frpsdulvrq ri t4 dqg t<< uhyhdov
iru doo frxqwulhv wkdw wkh h{wuhph 4 shufhqwlohv duh wrr odujh wr eh frpsdwleoh zlwk d
qrupdo glvwulexwlrq1 Wklv frq�upv rxu hduolhu �qglqj wkdw uhwxuqv* glvwulexwlrqv duh
idw0wdlohg1 Zkhq frpsdulqj t8 dqg t<8 zlwk wkh dvvrfldwhg fulwlfdo ydoxhv zh qrwlfh
wkdw dw wklv ohyho wkhuh duh qrw hqrxjk uhdol}dwlrqv wr eh frpsdwleoh zlwk d qrupdo
glvwulexwlrq1 Lw lv wuxo| wkh h{wuhph ydoxhv zklfk jhqhudwh qrq0qrupdolw| lq wkh gdwd1
Zh qrwlfh ixuwkhu wkdw li uhwxuqv zhuh qrupdo/ wkh uhdol}dwlrq fruuhvsrqglqj wr wkh
plq dqg pd{ zrxog kdyh yluwxdoo| qr suredelolw| wr h{lvw1

Zh qh{w frqvlghu khwhurvnhgdvwlflw| e| uhjuhvvlqj vtxduhg uhwxuqv rq o @ 4> ===> 8
odjjhg sdvw vtxduhg uhwxuqv1 Wkh Hqjoh vwdwlvwlfv W �U2> zkhuh W lv wkh vdpsoh vl}h
dqg U2 lv wkh frh!flhqw ri ghwhuplqdwlrq/ zklfk lv glvwulexwhg dv d "2, xqghu wkh qxoo
ri krprvnhgdvwlflw| wdnhv yhu| odujh ydoxhv1 Zh wkhuhiruh frqfoxgh wkdw wkhuh lv d
idlu dprxqw ri khwhurvnhgdvwlflw| lq wkh gdwd1

Zh qrz zlvk wr whvw iru dxwrfruuhodwlrq dprqj uhwxuqv1 Jlyhq wkh kljk ohyho
ri khwhurvnhgdvwlflw| zh frqvlghu d yhuvlrq ri wkh Er{0Omxqj whvw zklfk fruuhfwv iru
khwhurvnhgdvwlflw| +vhh dovr Zklwh/ 4<;3,1 Iru 8 +43, odjv wkh TZ lv glvwulexwhg dv d
"2D +"

2
�f, zkrvh <8( fulwlfdo ohyho lv 44=3: +4;=64,1 Dv d frqvhtxhqfh wkh TZ vwdwlvwlf

lv vljql�fdqw iru prvw lqglfhv lqyhvwljdwhg1 Iru vrph frxqwulhv wkh TZ43 vwdwlvwlfv
wdnhv sduwlfxoduo| odujh ydoxhv vxfk dv iru wkh FDF73/ Wkdlodqg/ wkh Sklolsslqhv/
wkh F}hfk Uhsxeolf/ Fkloh/ Ph{lfr/ Shux/ dqg Frorpeld1 D srvvlelolw| iru vxfk d
odujh dxwrfruuhodwlrq lv vwdoh sulfhv1 Lqvshfwlrq ri wkh DU+4, dqg DU+5, frh!flhqwv
vxjjhvwv wkdw wkh �uvw rughu dxwrfruuhodwlrq lv yhu| kljk iru wkrvh frxqwulhv1 Vlqfh
lw lv nqrzq wkdw wkh hyw ghyhorshg hduolhu rqo| krogv iru lqghshqghqw yduldeohv zh
frqvlghu lq wkh hpslulfdo sduw ri wkh vwxg| DU+8, �owhuhg vhulhv1 Wr fkhfn li wkrvh
vhulhv duh vwloo dxwrfruuhodwhg zh frqvlghu djdlq wkh Er{0Omxqj vwdwlvwlfv1 Zh �qg
wkdw wkhuh lv qr uhvlgxdo dxwrfruuhodwlrq iru doo vhulhv1 E| xvlqj DU+8, �owhuhg vhulhv
zh fdq eholhyh wkdw zh wrrn fduh dw ohdvw ri vrph ghshqghqflhv lq wkh gdwd1

81415 Forvhu lqvshfwlrq ri vhohfwhg lqglfhv

Wr surylgh ixuwkhu lqvljkwv lq vrph ri wkh phwkrgv/ zh zloo frqvlghu irxu lqglfhv lq
sduwlfxodu1 Wkrvh lqglfhv duh wkh FDF73/ dv zhoo dv wkh rqh ri Vlqjdsruh/ Uxvvld/ dqg
Ph{lfr147 Lq Iljxuhv 7d dqg 7e zh uhsuhvhqw wkh sorw ri uhwxuqv iru wkrvh lqglfhv1

Lq Wdeoh 5 zh suhvhqw iru hdfk ri wkh irxu vhohfwhg lqglfhv wkh �yh prvw h{wuhph
srvlwlyh dqg qhjdwlyh uhwxuqv dqg wkhlu dvvrfldwhg gdwhv1 Iru wkh FDF73 zh qrwlfh
wkh odujh gurs lq wkh pdunhw lq Pd| 4<;4 zklfk fdph iurp Plwwhuudqg*v �uvw hohfwlrq1
Wkh Rfwrehu 4<;: fudvk dovr vkrzv xs exw lwv pdjqlwxgh lv qrw dv elj dv wkh 4<;4
fudvk1 Zh qrwlfh wkdw wkh odujh gurs/ iru wkh FDF73/ rq Rfwrehu 4<wk 4<;: zdv
iroorzhg gxulqj wkh qh{w gd|v e| rwkhu h{wuhph uhwxuqv ri erwk vljqv1 Wklv wxuexohqw

47Zh fkrrvh wkh FDF73 vlqfh wklv lqgh{ fruuhvsrqgv wr rxu krph frxqwu|1 Wkh rwkhu lqglfhv zhuh
fkrrvhq udqgrpo|/ rqh iru hdfk jhrjudsklfdo duhd1
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shulrg lv dvvrfldwhg zlwk wkh zruogzlgh Rfwrehu fudvk dv zhoo dv zlwk wkh hqg ri wkh
�uvw shulrg ri frkdelwdwlrq +Rfwrehu 5;wk, dqg wkh ehjlqqlqj qhz hohfwrudo fdpsdljq1

Iru Vlqjdsruh zh qrwlfh wkh lpsruwdqfh ri wkh 4<;: Rfwrehu fudvk zklfk odujho|
grplqdwhv wkh slfwxuh1 Lw vkrxog eh qrwlfhg wkdw wklv shulrg dovr frlqflghv zlwk wkh
ehjlqqlqj ri dq hohfwrudo fdpsdljq dv zhoo dv pxowl0udfldo frq lfwv1 Wkh fudvk rq
Rfwrehu 49wk/ 4<;< zdv vlploduo| gxh wr yhu| wurxeohg hohfwlrqv1

Wkh Uxvvldq lqgh{ rqo| h{lvwv iru pruh uhfhqw gdwhv148 Zh qrwlfh wkdw erwk wkh
Uxvvldq lqgh{ dqg wkh Ph{lfdq rqh uhdfwhg mrlqwo| gxulqj wkh 4<<: dqg wkh pruh
uhfhqw 4<<; fudvk1 Wkh dpsolwxgh ri uhwxuqv iru wkh Uxvvldq pdunhw lv qrwlfhdeoh1
Dqhfgrwdo hylghqfh uhyhdov wkdw rq Rfwrehu 5;wk/ 4<<: Jhqhudo Ohehg zdv rxvwhg1
Rq Vhswhpehu 4:wk/ 4<<; rffxuuhg d fkdqjh ri wkh Sulph Plqlvwhu1 Rq Mxqh 4;wk/
4<<7 hohfwlrqv wrrn sodfh lq Uxvvld1

815 Kloo Hvwlpdwhv

Lq wklv vhfwlrq zh zloo glvfxvv wkh uhvxowv ri wkh hvwlpdwlrq iru wkh Kloo wdlo lqgh{1 Zh
irfxv gluhfwo| rq wklv lqgh{ udwkhu wkdq rq Slfndqg*v vlqfh wkhuh lv fohdu hylghqfh ri
idw0wdlohgqhvv ri uhwxuqv1 Zh zrxog olnh wr hpskdvl}h wkdw rxu dqdo|vlv lv dozd|v grqh
rqDU+8, �owhuhg vhulhv wr holplqdwh dxwrfruuhodwlrq149 Jlyhq rxu sulru frqfhuqlqj wkh
h{wuhph ydoxh glvwulexwlrq zh iroorz wkh dgylfh ri Jxpeho +4<8;, dqg ri Hpeuhfkwv/
No sshoehuj/ dqg Plnrvfk +4<<:, dqg vwduw zlwk d judsklfdo dqdo|vlv1 Lq Iljxuh 8d
dqg 8e zh wudfh wkh Kloo hvwlpdwhv dqg wkhlu dvvrfldwhg vwdqgdug huuruv iru wkh ohiw dqg
wkh uljkw wdlov ri uhwxuqv1 Jxpeho vxjjhvwv wkdw rqh fkrrvhv wkh wdlo lqgh{ lq dq duhd
zkhuh wkh lqgh{ lv urxjko| olqhdu1 Zh qrwlfh wkdw iru wkh ohiw dqg uljkw wdlov ri wkh
FDF73 wkh ydoxhv wdnhq e| wkh wdlo lqgh{ duh idluo| vwdeoh rqfh wkh vdpsoh frqwdlqv
derxw 433 revhuydwlrqv1 Zkhq wxuqlqj wr wkh Kloo0sorwv dvvrfldwhg zlwk Vlqjdsruh
zh qrwlfh d txlfno| lqfuhdvlqj sorw wkdw vwdelol}hv dw ydoxhv durxqg 3=6: iru wkh ohiw
wdlo1 Wkh uljkw wdlo lv �uvw vwdeoh exw lqfuhdvhv dv vdpsohv ehfrph odujhu wkdq 483
revhuydwlrqv1

Wkh Kloo0sorwv iru Uxvvld duh/ lq Hpeuhfkwv/ No sshoehuj/ dqg Plnrvfk whupl0
qrorj|/ kruuru1 Wklv lqglfdwhv wkdw lw zloo eh gl!fxow iru wklv frxqwu| wr frph xs
zlwk dq|wklqj uhdvrqdeoh1 Srvvleoh uhdvrqv duh wkh yhu| vkruw vdpsoh ru d fkdqjlqj
glvwulexwlrq ri uhwxuqv1

Odvw zh wxuq wr wkh Ph{lfdq vwrfn pdunhw1 Khuh wkh vdpsoh lv pruh wkdq wzlfh
dv odujh dv wkh Uxvvldq pdunhw +5;9; yv 4486 revhuydwlrqv,1 Lqvshfwlrq ri wkh ohiw
wdlo uhyhdov d udwkhu vwdeoh sduw xs wr derxw ;3 revhuydwlrqv1 Iurp wkhuh rq wkh Kloo
hvwlpdwh lqfuhdvhv1 Iru wkh uljkw wdlo lw lv hyhq pruh gholfdwh wr �qg d uhdvrqdeoh
hvwlpdwh1 Wklv sorw looxvwudwhv zhoo wkh gl!fxow| zkhq hvwlpdwlqj wdlo lqglfhv1 Li rqh
xvhv d odujh wkuhvkrog/ l1h1 ihz revhuydwlrqv/ wkhq wkh Kloo hvwlpdwh lv edg ehfdxvh
wkhuh duh mxvw wrr ihz revhuydwlrqv1 Li rqh orzhuv wkh wkuhvkrog wkhq rqh xvhv wrr
pdq| revhuydwlrqv iurp d uhjlrq wrr glvwdqw iurp wkh h{wuhph dqg wkh hvwlpdwh zloo
eh eldvhg1 Wklv looxvwudwhv/ hvshfldoo| iru vpdoo vdpsohv wkh lpsruwdqfh ri d phwkrg
doorzlqj d fkrlfh ri rswlpdo wdlo vl}h1

Wr jhw wkh rswlpdo Kloo lqgh{ zh iroorz wkh surfhgxuh ghvfulehg lq wkh dsshqgl{
ri wkh sdshu dqg shuirup d errwvwuds hvwlpdwlrq1 Wdeoh 6 glvsod|v rxu uhvxowv iru wkh
ohiw dqg wkh uljkw wdlov ri wkh uhwxuqv glvwulexwlrq1 Iru wkh jurxs ri pdwxuh pdunhwv

48Qrwlfh wkh fkdqjh lq vfdoh lq Iljxuh 7e1
49Lw vkrxog eh qrwlfhg wkdw li rqh zrunv rq xq�owhuhg uhwxuqv wkh hvwlpdwhv gr qrw gl�hu txdolwdwlyho|

iurp wkh rqhv uhsruwhg1
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zh qrwlfh wkdw rq dyhudjh wkh ohiw dqg uljkw wdlo lqgh{ duh ri vlplodu pdjqlwxgh1 D
vlplodu uhvxow krogv iru wkh Dvldq pdunhwv exw wkhuh wkh ohyho ri � lv kljkhu vxjjhvwlqj
wkdw wkrvh pdunhwv duh pruh surqh wr fudvkhv1 Iru wkh Hdvwhuq Hxurshdq pdunhwv wkh
ohiw wdlo lv vwurqjhu1 Rq dyhudjh wkh rssrvlwh krogv iru wkh Odwlq Dphulfdq pdunhwv1
Frqvlghulqj wkh vwdqgdug ghyldwlrq ri wkh hvwlpdwhv ri � zlwklq jhrjudsklf jurxsv
zh qrwlfh wkdw wkh pdwxuh pdunhwv kdyh yhu| vlplodu lqglfhv1 Wkh GD[ dqg FDF73
h{klelw vwulnlqjo| vlplodu � hvwlpdwhv ri wkh ohiw wdlo1 Wkh hvwlpdwhv iru wkh uljkw wdlo
duh forvh1 Wkh glvshuvlrq ri � dprqj Dvldq dqg Odwlq Dphulfdq pdunhwv lv vlplodu1
Wkh jurxs zkhuh lqglfhv ydu| wkh prvw lv wkh Hdvwhuq Hxurshdq rqh1 Iru lqvwdqfh/
frqvlghulqj wkh ohiw wdlo/ wkh F}hfk Uhsxeolf kdv d yhu| vpdoo wdlo lqgh{ +3=56, zkhuhdv
Kxqjdu| kdv d yhu| odujh +3=74, rqh1

Zkhq frqvlghulqj wkh dffxudf| ri wkh hvwlpdwlrq ri wkh wdlo lqgh{ phdvxuhg e|
VWG+�, zh �qg wkdw iru ghyhorshg pdunhwv wkh hvwlpdwlrq lv ehvw1 Wkh dffxudf| idoov
iru Dvld/ hyhq pruh iru Odwlq Dphulfd iroorzhg e| wkh ohdvw suhflvh Hdvwhuq Hxurshdq
frxqwulhv1 Wklv orvv ri suhflvlrq fdq eh h{sodlqhg e| wkh ghfuhdvlqj vdpsoh vl}h1 Lw
lv dovr ehfdxvh ri wklv vpdoohu vdpsoh vl}h wkdw wkhuh duh ohvv wdlo revhuydwlrqv xvhixo
iru wkh wdlo lqgh{ hvwlpdwlrq +phdvxuhg e| nW,1

816 H{lvwhqfh ri prphqwv

Qrz zh zlvk wr glvfxvv wkh h{lvwhqfh ri prphqwv ri wkh uhwxuq jhqhudwlqj glvwulexwlrq
iru wkh ydulrxv frxqwulhv1 Ohw +�> �2, eh wkh wdlo lqgh{ dqg lwv yduldqfh14: Dv zh kdyh
vhhq lq vhfwlrq 616 wkh u0wk prphqw ri d glvwulexwlrq h{lvwv li u ? 4@�1 Zh qrz
ghvfuleh d vwudwhj| wr lghqwli| li wkh u0wk prphqw h{lvwv ru qrw1

Ohw q eh dq lqwhjhu vxfk wkdw q ? 4@� � q . 41 Zh �uvw whvw K�
f = q @ 4@�

djdlqvw K2
� = q A 4@�1 Li zh uhmhfw K�

f zh zloo eh frq�ghqw +xs wr wkh xvxdo ohyho
ri vljql�fdqfh, wkdw dw ohdvw wkh q0wk prphqw h{lvwv1 Iru wkh fdvh zkhuh K�

f fdqqrw
eh uhmhfwhg zh ixuwkhu whvw li zh fdq uhmhfw wkh qxoo lq K2

f = q � 4 @ 4@� djdlqvw
K2

� = q � 4 A 4@� +iru doo hpslulfdo dssolfdwlrqv wklv lv dv idu dv zh qhhg wr jr,1 Li
zh uhmhfw K2

f zh duh frq�ghqw ri wkh h{lvwhqfh ri wkh +q� 4,0wk prphqw1 Iru wkrvh
fdvhv zkhuh zh uhmhfwhg K�

f zh ixuwkhu whvw K�
f = � @ q . 4 djdlqvw K�

� = � � q . 41
Lq doo fdvhv zkhuh wklv lvvxh pdwwhuhg zh frxog uhmhfw K�

f dqg/ wkxv/ zh glg qrw qhhg
wkh +q. 5,0qg prphqw1

Lq Wdeoh 7 zh lpsohphqw wkrvh ydulrxv whvwv e| glvwlqjxlvklqj wkh ohiw iurp wkh
uljkw wdlo1 Iru wkh V)S lqgh{ zh frq�up Orqjlq*v +4<<9, �qglqj wkdw wkh wklug
prphqw h{lvwv exw qrw wkh irxuwk rqh1 Iru doo pdwxuh pdunhwv zh fdqqrw uhmhfw wkh
h{lvwhqfh ri wkh wklug prphqw h{fhsw iru wkh Qlnnhl zkrvh uljkw wdlo fuhdwhv vrph
gl!fxowlhv1 Zh fdq krzhyhu frq�up zlwkrxw dq| grxew wkdw wkh vhfrqg prphqw
h{lvwv1

Ixuwkhu vfuxwlq| ri Wdeoh 7 frq�upv wkh h{lvwhqfh xs wr d vhfrqg prphqw iru
qhduo| doo lqglfhv h{fhsw iru Wkdlodqg zkhuh wkh uljkw wdlo grhv qrw doorz iru d vhfrqg
prphqw ru pruh1

Frqfhuqlqj wkh h{lvwhqfh ri d wklug prphqw/ wkh slfwxuh lv ix}}lhu1 Joredoo| zh
�qg iru wkh ohiw wdlo wkdw iru 4; lqglfhv/ dqg iru wkh uljkw wdlo iru 47 lqglfhv/ wkh wklug
prphqw h{lvwv1 Lw lv lq Hdvwhuq Hxurshdq dqg Dvldq pdunhwv wkdw wkh h{lvwhqfh ri
wklv prphqw dsshduv wr idlo1

4:Lw vkrxog eh qrwlfhg wkdw d wulyldo dssolfdwlrq ri wkh B0phwkrg lqglfdwhv wkdw li d udqgrp yduldeoh
1 kdv yduldqfh 12 wkhq �*1 kdv yduldqfh �*121
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Wxuqlqj wr wkh h{lvwhqfh ri d irxuwk prphqw/ zh vhh wkdw iru wkh F}hfk Uhsxeolf
wkh ohiw wdlo dqg iru Eud}lo wkh uljkw wdlo dsshdu wr doorz iru d irxuwk prphqw1 Krzhyhu/
zkhq frqvlghulqj wkh glvwulexwlrq dv d zkroh/ wkxv/ frpelqlqj erwk wkh ohiw dqg uljkw
wdlo/ iru qr frxqwu| gr zh �qg h{lvwhqfh ri d irxuwk prphqw1

Wkh fohdu lqglfdwlrq ri wkh h{lvwhqfh ri d vhfrqg prphqw/ pd|eh hyhq ri d wklug
prphqw/ vkhgv vrph grxewv rq wkh xvh ri glvwulexwlrqv vxfk dv vwdeoh odzv iru zklfk
wkh vhfrqg prphqw grhv qrw h{lvwv1 Iru d vlplodu frqfoxvlrq vhh dovr Oruhwdq dqg
Skloolsv +4<<7, dqg Ox{ +4<<;,1

817 PO hvwlpdwlrq ri wkh Jhqhudol}hg Sduhwr glvwulexwlrq

Wr ixuwkhu dvvhvv wkh gdwd dqg dovr wr vhw wkh zd| iru ixuwkhu hvwlpdwhv vxfk dv ri kljk
txdqwlohv lw lv qhfhvvdu| wr irfxv qrw rqo| rq wkh wdlo lqgh{ exw wkh wdlo glvwulexwlrq1
Jlyhq wkh wkhruhwlfdo hohphqwv uhfdoohg deryh zh nqrz wkdw wklv glvwulexwlrq vkrxog
eh d Jhqhudol}hg Sduhwr glvwulexwlrq1

Djdlq/ lq d vlplodu pdqqhu dv iru wkh Kloo hvwlpdwh wkh txhvwlrq ri dq rswlpdo
wkuhvkrog dulvhv1 Li rqh fkrrvhv d wkuhvkrog wrr pxfk lq wkh wdlo rqh rewdlqv d yhu|
lqdffxudwh hvwlpdwh ehfdxvh mxvw wrr ihz revhuydwlrqv duh xvhg lq wkh hvwlpdwlrq1 Rq
wkh rwkhu kdqg/ zkhq xvlqj wrr pdq| revhuydwlrqv rqh frqwdplqdwhv wdlo revhuydwlrqv
zlwk revhuydwlrqv iurp wkh fhqwhu1

Ehiruh suhvhqwlqj PO hvwlpdwhv zh surylgh vrph judsklfdo dqdo|vlv doorzlqj iru
d ehwwhu xqghuvwdqglqj ri zkdw jrhv rq lq wkh gdwd1

81714 Phdq0H{fhvv sorwv

Wr jhw dq lghd zkdw ohyho ri wkh wkuhvkrog rqh vkrxog xvh/ zh wudfh lq Iljxuhv 9d0e wkh
phdq0h{fhvv ixqfwlrqv iru wkh ohiw dqg uljkw wdlo ri uhwxuqv ri wkh irxu frxqwulhv xqghu
forvhu vfuxwlq|1 Zh qrwlfh wkdw iru d kljk wkuhvkrog wkh phi ehkdyhv pruh huudwlfdoo|
wkdq iru orz wkuhvkrogv1 Rq wkh rwkhu kdqg/ dv wkh wkuhvkrog lqfuhdvhv/ diwhu d  dw
sduw wkh phdq0h{fhvv ixqfwlrq lqfuhdvhv olqhduo| vxjjhvwlqj wkdw lw lv wkhuh wkdw rqh
hqwhuv wkh wuxh wdlo uhjlrq1

Zkhq wxuqlqj wr Uxvvld dqg wr Ph{lfr zh qrwlfh wkh yhu| huudwlf ehkdylru ri
wkh phdq0h{fhvv ixqfwlrq1 Wkrvh frxqwulhv looxvwudwh lq d udwkhu gudpdwlf pdqqhu
zkdw kdsshqv li rqh wulhv wr hvwlpdwh wdlo lqglfhv rq udwkhu vpdoo vdpsohv1 Iru vxfk
vlwxdwlrqv lw zrxog eh xvhixo wr kdyh d phwkrg iru fkrrvlqj wkh rswlpdo vdpsoh vl}h1
Vlqfh wr rxu nqrzohgjh/ wkhuh h{lvwv qr dojrulwkp zkr grhv wklv iru wkh jsg zh xvh
dv wkuhvkrog wkh ydoxh fruuhvsrqglqj wr wkh rswlpdo vxe0vdpsoh +wW, rewdlqhg zlwk
wkh phwkrg rxwolqhg lq wkh dsshqgl{ dqg dssolhg hduolhu lq wkh txhvw iru dq rswlpdo
Kloo lqgh{1

81715 Wkh sdudphwhu hvwlpdwlrq

Ehiruh glvfxvvlqj wkh uhvxowv ri wkh jsg hvwlpdwlrq uhsruwhg lq Wdeoh 8/ zh zrxog
olnh wr phqwlrq wkdw zh vwduwhg zlwk dq hvwlpdwlrq ri wkh jsg zkhuh � dqg # zhuh
hvwlpdwhg xquhvwulfwhgo|1 Zh gr qrw uhsruw wkrvh hvwlpdwhv khuh14; Zh irxqg iru
pdq| frxqwulhv d odujh gl�huhqfh lq wkh hvwlpdwhv ri � uhodwlyh wr Wdeoh 61 Xvxdoo|
wkh wdlo lqgh{ whqghg wr eh vpdoohu wkdq wkh rqh uhsruwhg lq Wdeoh 61

4;Lw vkrxog eh qrwlfhg wkdw iru pdwxuh pdunhwv +zlwk wkh h{fhswlrq ri wkh Qlnnhl, wkh xquhvwulfwhg
1 zdv dozd|v yhu| forvh wr wkh rqh uhsruwhg khuh1
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Zh h{shulphqwhg zlwk ydulrxv wdlo vl}hv dqg/ |hw/ rewdlqhg vlplodu uhvxowv1 Iru
wklv uhdvrq zh ghflghg wr uhsruw wkh hvwlpdwhv ri # vhwwlqj wkh � sdudphwhu htxdo wr
wkh ydoxh rewdlqhg lq Wdeoh 61 Ixuwkhupruh zh xvh d olnholkrrg0udwlr whvw wr vhh li
wkh gdwd uhmhfwv wkh jsg zkhq � lv uhvwulfwhg wr wkh ydoxh uhsruwhg lq Wdeoh 61 Rqo|
yhu| ihz uhvwulfwlrqv duh uhmhfwhg1 D qrwlfhdeoh fdvh lv wkh Qlnnhl1 Ixuwkhu uhmhfwlrqv
rffxu iru wkh uljkw wdlo ri Lqgrqhvld/ erwk wdlov ri Wkdlodqg/ wkh ohiw wdlo ri Kxqjdu|/
dqg wkh uljkw wdlo ri Shux1

Zkhuhdv wkh sdudphwhu � uhsruwhg lq Wdeoh 6 phdvxuhv wkh wdlo ri uhwxuqv dv|ps0
wrwlfdoo|/ wkh sdudphwhu # frqwurov wkh vl}h ri wkh wdlo dw �qlwh glvwdqfh1 Vhh dovr
Iljxuh 6 wr xqghuvwdqg zkdw kdsshqv dv wkh sdudphwhuv fkdqjh1 Lq Wdeoh 8 zh qr0
wlfh wkdw # wdnhv wkh vpdoohvw ydoxh iru pdwxuh pdunhwv1 Erwk iru wkh ohiw dqg wkh
uljkw wdlov # wdnhv wkh ydoxh 3=991 H{fhswlrqv lq wklv jurxs duh wkh V)S zlwk udwkhu
vpdoo hvwlpdwhv +3=7: iru wkh ohiw dqg 3=87 iru wkh uljkw wudlo, dqg wkh Qlnnhl zlwk odujh
hvwlpdwhv +3=<3 dqg 3=;< iru wkh ohiw dqg uljkw wdlo,1 Wkrvh �qglqjv duh frpsdwleoh
zlwk d vpdoohu vwdqgdug ghyldwlrq iru wkh V)S wkdq iru wkh Qlnnhl/ |hw zlwk h{wuhph
hyhqwv ri htxdo ru odujhu pdjqlwxgh1 Frqvlghudwlrq ri wkh rwkhu jhrjudsklf duhdv uh0
yhdov wkdw wkh Dvldq dqg Odwlq Dphulfdq pdunhwv kdyh d urxjko| vlplodu glvshuvlrq ri
odujh ydoxhv zkhuhdv wkh Hdvwhuq Hxurshdq rqhv kdyh wkh odujhvw rqhv1 Wkh suhflvlrq
ri #/ zulwwhq dv VWG+#,/ ydulhv dovr dfurvv wkh jhrjudsklf uhjlrqv sursruwlrqdoo| wr
wkh dydlodeoh vdpsoh vl}h1 Qrwlfhdeoh lv djdlq Uxvvld zkrvh # rvfloodwhv durxqg 61<
lpso|lqj odujh yduldwlrqv lq uhwxuqv1

81716 Wkh dfwxdo �w ri wkh jsg

Kdylqj rewdlqhg sdudphwhu hvwlpdwhv iru wkh jsg lw lv srvvleoh wr fkhfn krz zhoo vxfk
d glvwulexwlrq dfwxdoo| �wv wkh wdlov1 Iru wklv sxusrvh zh wudfh lq Iljxuhv :d0g wkh
hvwlpdwhg jsg +dv d vrolg olqh, dv zhoo dv wkh hpslulfdo glvwulexwlrq ixqfwlrq +zlwk
odujh grwv,1 Zh qrwlfh erwk iru wkh FDF73 dv zhoo dv iru Vlqjdsruh d udwkhu jrrg �w
ri wkh jsg1 Vlqfh wkh �wwhg jsg lv deryh dfwxdo revhuydwlrqv wklv vxjjhvwv dq xqghu0
hvwlpdwlrq ri h{wuhph uhwxuqv1 Zkhq wxuqlqj wr Ph{lfr dqg wr Uxvvld zh qrwlfh
xqiruwxqdwho| d vwurqj ghwhulrudwlrq lq wkh �w ri wkh jsg1 Wkh jsg whqgv wr ryhuvwdwh
wkh iuhtxhqf| ri h{wuhph hyhqwv1 Wkrvh judskv/ wkhuhiruh/ vkrz wkh olplwhg delolwlhv
ri wkh jsg wr ghvfuleh wkh wdlov iru fhuwdlq hphujlqj pdunhwv1 Iru vpdoo vdpsohv/ pruh
dg0krf glvwulexwlrqv pljkw eh xvhixo1 Vxfk frqvwuxfwlrqv duh ohiw iru ixuwkhu uhvhdufk1

Wklv phdqv wkdw li rqh zhuh wr hvwlpdwh phdq zdlwlqj wlphv ehwzhhq odujh hyhqwv/
rqh zrxog �qg wrr vkruw wlph lqwhuydov1

81717 Hvwlpdwlrq ri Kljk Txdqwlohv

Dv dq looxvwudwlrq ri wkh xvh wkdw fdq eh pdgh zlwk wkrvh hvwlpdwlrqv zh frpsxwh wkh
odujhvw ydoxh wkdw lv h{shfwhg wr rffxu ryhu d 8 uhvshfwlyho| 83 |hduv wlph krul}rq1
Wklv h{wudsrodwlrq fohduo| dvvxphv vrph irup ri vwdwlrqdulw|1 Jlyhq wkdw wrgd|*v
hphujlqj pdunhwv zloo eh ixoo| ghyhorshg zlwklq wkh qh{w 83 |hduv/ rqh fdq wkhq
h{shfw d udwkhu gl�huhqw ehkdylru ri wkrvh pdunhwv/ pruh vlplodu wr wrgd|*v pdwxuh
pdunhwv1 Wklv revhuydwlrq fohduo| vwuhvvhv wkh dvvxpswlrq ri vwdwlrqdulw|1

Lq Wdeoh 9 zh suhvhqw wkh uhvxow ri wkh hvwlpdwlrq ri kljk txdqwlohv iru wkh ohiw dqg
uljkw wdlov1 Zh uhsruw djdlq wkh vdpsoh plq dqg pd{1 Zh qrwlfh wkdw iru prvw lqglfhv
wkh vdpsoh plq dqg pd{ duh erxqghg e| wkh hvwlpdwhv irxqg uhvshfwlyho| iru wkh 8
dqg 83 |hdu krul}rqv1 Dq h{dpsoh zklfk grhv qrw reh| wr wklv uxoh lv jlyhq e| wkh
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V)S1 Zkhuhdv/ dffruglqj wr wkh jsg/ ryhu d 83 |hdu shulrg zh h{shfw dv d zruvh hyhqw
d gurs ri �<=:<(/ zh dfwxdoo| irxqg rq Rfwrehu *;: d fudvk ri �55=;6(1 Kdg rqh
edvhg YdU frpsxwdwlrqv hqwluho| rq hyw rqh pljkw kdyh orvw txlwh khdylo|1 Vlplodu
�qglqj dfwxdoo| krog lq d ohvvhu h{whqw iru wkh rwkhu ghyhorshg frxqwulhv1 Iru lqvwdqfh
iru Iudqfh/ wkh zruvh hyhqw ryhu d 83 |hdu shulrg lv h{shfwhg wr eh d �46=5:( gurs/
zkhuhdv zh irxqg d gurs ri �46=<4( lq wkh vdpsoh1 Wkrvh revhuydwlrqv frq�up
rxu hduolhu vxvslflrq wkdw wkh jsg xqghuhvwlpdwhv h{wuhph uhdol}dwlrqv iru pdwxuh
pdunhwv1

Wxuqlqj wr wkh vhw ri hphujlqj pdunhwv zh qrwlfh wkdw rq dyhudjh rxu jsg hv0
wlpdwhv whqg wr erxqg wkh vdpsoh h{wuhph ydoxhv1 Wkhuh duh vrph h{fhswlrqv= zh
qrwlfh wkdw wkh �73( fudvk ri Krqj Nrqj ru wkh �63( fudvk lq Vlqjdsruh frxog
qrw eh jxhvvhg jlyhq wkh jsg hvwlpdwlrq1 Rq wkh rwkhu kdqg zkhq wxuqlqj wr wkh
Hdvwhuq Hxurshdq pdunhwv zh whqg wr �qg ryhuo| gudpdwlf uhvxowv1 Iru lqvwdqfh wkh
jsg hvwlpdwhv zrxog iruhvhh d �95( fudvk +�89(, iru Kxqjdu| +uhvshfwlyho| Uxv0
vld, ryhu d 83 |hdu krul}rq1 Zlwk wkh vdph wrnhq/ iru wkrvh frxqwulhv dq xszdug
fudvk ri .:<=78( +uhvshfwlyho| .95=8:(, zrxog eh h{shfwhg ryhu d 830|hdu krul}rq1
Wkrvh ydoxhv dsshdu wrr odujh1 Iru hphujlqj pdunhwv wkhuh lv wkhuhiruh d whqghqf|
wr ryhuhvwlpdwh wkh suredelolw| ri h{wuhph yduldwlrqv1

Iru wkh Odwlq Dphulfdq frxqwulhv rxu uhvxowv vhhp wr eh udwkhu uhdvrqdeoh1

818 Hvwlpdwlrq ri wkh Jhqhudol}hg H{wuhph Ydoxh glvwulexwlrq

81814 D suholplqdu| dqdo|vlv ri h{wuhphv

Dq dowhuqdwlyh hvwlpdwlrq phwkrg frqvlvwv lq rewdlqlqj h{wuhphv ryhu p0klvwrulhv dqg
wr hvwlpdwh wkh uhvxowlqj jhqhudol}hg h{wuhph ydoxh glvwulexwlrq1 Dv d suholplqdu|
vwhs lq wklv w|sh ri dqdo|vlv zh wudfh lq Iljxuhv ;d0;e wkh klvwrjudpv ri wkh plqlpxp
dqg pd{lpxp 530klvwrulhv wkdw lv ri uhwxuqv jurxshg prqwk e| prqwk1

Zh qrwlfh wkdw wkh h{wuhphv ri wkh FDF73 gr qrw vsuhdg rxw yhu| idu1 Rq
wkh frqwudu|/ iru wkh hphujlqj pdunhwv wkh udqjh ri srvvleoh h{wuhph ydoxhv lv yhu|
zlghvsuhdg1 Wklv suholplqdu| dqdo|vlv ri h{wuhphv lq frqmxqfwlrq zlwk Iljxuh 4/
zklfk glvsod|hg wkh ghqvlw| ri wkh ydulrxv olplw glvwulexwlrqv/ frq�upv wkdw h{wuhphv
ri uhwxuqv duh h{shfwhg wr iroorz d Iuìfkhw glvwulexwlrq1

Wr irvwhu wklv sulru/ zh suhvhqw lq Iljxuhv <d0<e wkh TT0sorwv ri wkh h{wuhphv1
Iru doo fdvhv xqghu frqvlghudwlrq zh qrwlfh frqfdyh TT0sorwv1 Wklv judsklfdo dqdo|vlv
frq�upv rxu sulru wkdw wkh glvwulexwlrq ri h{wuhphv lv ri wkh Iuìfkhw w|sh lq wklv
lqwhuqdwlrqdo vhwwlqj +vhh dovr Orqjlq/ 4<<9,1

81815 PO hvwlpdwhv ri wkh jhqhudol}hg h{wuhph ydoxh glvwulexwlrq

Lq Wdeoh : zh suhvhqw wkh sdudphwhu hvwlpdwhv iru wkh jhy zkloh frqvlghulqj 530
klvwrulhv1 Frqvlghulqj � ryhu wkh ydulrxv jhrjudsklf duhdv/ zh qrwlfh wkdw wkh wdlo
hvwlpdwhv wdnh vpdoohu ydoxhv1 Zh xvhg ydulrxv p0klvwrulhv dqg whqghg lq jhqhudo wr
�qg voljkwo| orzhu hvwlpdwhv wkdq iru wkh jsg hvwlpdwlrq1 Iru lqvwdqfh/ wkh dyhudjh
ohiw wdlo hvwlpdwh iru pdwxuh pdunhwv zdv 3=645; zlwk wkh Kloo hvwlpdwh/ qrz lw lv rqo|
3=57;:1 Rqh srvvlelolw| h{sodlqlqj wklv lv wkdw wkh g|qdplfv iroorzhg e| vwrfn sulfhv
lv yhu| frpsolfdwhg dqg wkdw wkh uhtxluhg dvvxpswlrqv iru wkh ydulrxv olplw wkhruhpv
gr qrw dsso|1

Lw vkrxog eh qrwlfhg wkdw wklv �qglqj fkdqjhv qrwklqj frqfhuqlqj rxu glvfxvvlrq ri
wkh h{lvwhqfh ri dw ohdvw xs wr d vhfrqg prphqw iru uhwxuqv1 Rq dyhudjh wkh vwdqgdug
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huuruv ri wkh wdlo lqgh{ duh odujhu wkdq iru wkh Kloo hvwlpdwh1 Wklv fruurerudwhv wkh
uhvxow wkdw wkh Kloo hvwlpdwh whqgv wr kdyh jrrg vwdwlvwlfdo surshuwlhv1 Zlwklq wkh
ydulrxv jurxsv zh dovr �qg kljkhu glvshuvlrq ri wkh sdudphwhuv wkdq ehiruh1

Wr vxp xs/ wkh hvwlpdwlrq ri wkh jhy frq�upv rxu sulru wkdw uhwxuqv duh glv0
wulexwhg dffruglqj wr d Iuìfkhw glvwulexwlrq1 Zh �qg wkdw wkh wdlo hvwlpdwhv whqg wr
eh vpdoohu qrz wkdq wkh Kloo hvwlpdwhv1

9 D frpsdulvrq zlwk rwkhu gdwd

914 Wkh hduo| gd|v ri d joredo XV lqgh{

Vr idu zh kdyh hvwdeolvkhg wkdw wkh wdlo sdudphwhuv ri ydulrxv jhrjudsklf duhdv wdnh
vljql�fdqwo| gl�huhqw ydoxhv1 Wklv revhuydwlrq vxjjhvwv wkdw �qdqfldo pdunhwv frxog
kdyh d ehkdylru zklfk frqyhujhv wkurxjk wlph1 Li vxfk zdv wkh fdvh/ wkhq li zh
frqvlghuhg d suhvhqwo| ghyhorshg pdunhw wkdw h{lvwhg douhdg| d orqj wlph djr/ zh
frxog h{shfw vxfk d pdunhw wr kdyh ehkdyhg lq lwv hduo| gd|v olnh d fxuuhqwo| hphujlqj
rqh1 Wr whvw vxfk d frqmhfwxuh zh frqvlghu Zlooldp Vfkzhuw*v +4<<3, joredo XV vwrfn
lqgh{ gxulqj lwv hduo| :;59 gd|v +wkdw phdqv wkdw zh kdyh d vdph vdpsoh ohqjwk dv
iru wrgd|*v pdwxuh pdunhwv,1 Wkh shulrg fryhuhg jrhv iurp Iheuxdu| 4:wk 4;;8 wr
Pdufk 5qg 4<441 Lq Iljxuh 43 zh sorw wkh hduo| uhwxuqv ri wklv joredo XV lqgh{1
Fdvxdo lqvshfwlrq ri Iljxuh 43 grhv qrw uhyhdo dq| sduwlfxodu ehkdylru iru wkh hduo|
gd|v ri wkh XV lqgh{1 Irupdo ghvfulswlyh vwdwlvwlfv glvsod|hg lq Wdeoh ; lqglfdwh
d vljql�fdqw qhjdwlyh vnhzqhvv dqg idw wdlov1 Wkh Mdutxh0Ehud vwdwlvwlf wdnhv wkh
ydoxh 49*5;<=68 dqg lv kljko| vljql�fdqw1 Zh dovr uhsruw wkdw dq Hqjoh whvw uhyhdov
frqglwlrqdo khwhurvnhgdvwlflw|1

Zh dovr glvsod| lq Wdeoh < wkh uhvxowv ri wkh rswlpdo Kloo hvwlpdwh1 Iru wkh ohiw
wdlo zh �qg dq hvwlpdwh ri 3=6734 dqg iru wkh uljkw wdlo dq hvwlpdwh ri 3=74;41 Wklv
odwwhu hvwlpdwh lv txlwh kljk zkhq frpsduhg zlwk pruh uhfhqw hvwlpdwhv1 Zkhq zh
frpsduh wkh hduolhu vwdqgdug ghyldwlrq +3=;:, zlwk wkh pruh uhfhqw rqh +3=<7, zh
qrwlfh wkdw yrodwlolw| lv suhvhqwo| kljkhu1 Fohduo|/ wklv ohyho ri yrodwlolw| lv pxfk orzhu
+qhduo| kdoi, wkdq wkh w|sh ri yrodwlolw| phw lq suhvhqwo| hphujlqj pdunhwv1 Wkrvh
revhuydwlrqv ohdg xv wr frqfoxgh wkdw wkh hduo| |hduv ri wklv klvwrulfdo gdwdedvh kdyh
olwwoh wr gr zlwk wkh wdlo ehkdylru ri suhvhqwo| hphujlqj pdunhwv1 Dv d frqvhtxhqfh
olwwoh fdq eh ohduqhg iurp vxfk d vhulhv derxw krz suhvhqwo| hphujlqj pdunhwv pd|
hyroyh lq whupv ri wdlo ehkdylru1

915 Wkh uhfhqw g|qdplfv ri pdwxuh pdunhwv

Rqh pd| h{sodlq wkh gl�huhqfhv lq wkh wdlo ehkdylru ri pdwxuh dqg hphujlqj pdunhwv
e| wkh idfw wkdw wkh vdpsoh xvhg iru pdwxuh pdunhwv lv pxfk odujhu wkdq wkh vdpsoh
iru hphujlqj pdunhwv1 Lqghhg rxu gdwdvhw ehjlqv lq wkh odwh 93v iru pdwxuh pdunhwv/
zkhuhdv lw ehjlqv lq wkh plg0<3v iru Hdvwhuq Hxurshdq pdunhwv dqg iru vrph Odwlq
Dphulfdq pdunhwv1 Zh wkhuhiruh uhhvwlpdwh wkh gl�huhqw sdudphwhuv uhsuhvhqwlqj wkh
wdlo ehkdylru iru wkh uhfhqw gd|v ri pdwxuh pdunhwv= wkh vdpsoh fryhuv wkh shulrg
iurp Dsulo 5qg/ 4<<6 wr Ghfhpehu 64vw/ 4<<;/ wkdw lv 4833 revhuydwlrqv1

Dv idu dv vxppdu| vwdwlvwlfv/ suhvhqwhg lq Wdeoh ;/ duh frqfhuqhg/ zh �uvw qrwh
wkdw ryhu wkh uhfhqw shulrg/ wkh gdlo| dyhudjh uhwxuq lv qhjdwlyh iru Jhupdq| dqg
Iudqfh/ zkhuhdv lw lv srvlwlyh iru wkh rwkhu frxqwulhv1 Pruhryhu wkh vnhzqhvv lv
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vljql�fdqwo| srvlwlyh iru erwk frxqwulhv1 Odvwo| lw lv zruwk qrwlqj wkdw wkh h{fhvv
nxuwrvlv lv idu vpdoohu iru doo frxqwulhv wkdq iru wkh zkroh shulrg1

Wdeoh < uhsruwv rswlpdo Kloo hvwlpdwhv1 Iru wkh ohiw wdlo zh rewdlq edvlfdoo| wkh
vdph hvwlpdwhv wkdq ryhu wkh zkroh shulrg1 Hvwlpdwhv ri � duh forvh wr hdfk rwkhu
ehwzhhq 315; dqg 31661 Wkh rswlpdo qxpehu ri revhuydwlrqv wW lv txlwh orz +ehwzhhq
56 dqg 84,1 Wkh hvwlpdwhv ri wkh uljkw wdlo Kloo sdudphwhuv duh pruh yrodwloh/ ehwzhhq
315; dqg 31691 Iru wkh Qlnnhl wkh � sdudphwhu lv odujhu wkdq ryhu wkh zkroh shulrg
+3169 yv 315;,1 Wklv lqglfdwhv wkdw ryhu wkh uhfhqw shulrg wkh 60ug prphqw pd| h{lvw
iru wkh uljkw wdlo ri wkh Qlnnhl glvwulexwlrq1

Jsg hvwlpdwhv jlyh pruh dpeljxrxv uhvxowv= iru wkh ohiw wdlo ri wkh glvwulexwlrq/
wkh sdudphwhu # lv odujhu wkdq ryhu wkh zkroh shulrg/ hvshfldoo| iru wkh GD[ dqg
wkh FDF731 Iru wkhvh lqglfhv/ # lv dv kljk dv 414447 dqg 31;874 uhvshfwlyho|1 Wkhvh
�jxuhv duh frpsdudeoh wr vrph ri wkh �jxuhv rewdlqhg iru hphujlqj pdunhwv1 Iru
wkh uljkw wdlo rq wkh frqwudu| hvwlpdwhv ri # duh vpdoohu wkdq ryhu wkh zkroh shulrg1
Zh rewdlq udwkhu vpdoo hvwlpdwhv iru wkh V)S dqg wkh IWVH433 +317469 dqg 316957
uhvshfwlyho|,1

Xvlqj d vpdoo vdpsoh iru pdwxuh pdunhwv grhv qrw khos wr uhfrqfloh wkh hvwlpdwhv
rewdlqhg iru pdwxuh dqg hphujlqj pdunhwv1 Rq wkh rqh kdqg/ Kloo hvwlpdwhv uhpdlq
yhu| vwdeoh zkhq wkh shulrg lv vkruwhqhg> rq wkh rwkhu kdqg/ jsg sdudphwhu hvwlpdwhv
gudpdwlfdoo| fkdqjh/ exw lq gl�huhqw gluhfwlrqv zkhq wkh ohiw dqg uljkw wdlov duh
vhsdudwho| frqvlghuhg1 Wkhuhiruh/ hvwlpdwhv rewdlqhg iru pdwxuh �qdqfldo pdunhwv
ryhu wkh uhfhqw shulrg duh qrw forvhu wr hvwlpdwhv rewdlqhg iru hphujlqj pdunhwv1
Wkh vpdoohu vdpsoh vl}h iru rxu ghyhorslqj frxqwulhv/ wkhuhiruh/ grhv qrw h{sodlq wkh
gl�huhqfh lq hvwlpdwhv1

: Frqfoxvlrq

Lq wklv sdshu zh frqvlghuhg d odujh vhw ri 5: frxqwulhv frpsrvhg e| vhyhudo pdwxuh
pdunhwv dqg rwkhu hphujlqj rqhv1 Zh uhylhz lpsruwdqw hohphqwv ri h{wuhph ydoxh
wkhru| dqg dsso| wkhvh wr wkh gdwdedvh1 Iru doo lqglfhv lw lv vkrzq wkdw uhwxuqv* glv0
wulexwlrqv duh idw0wdlohg1 Lq rughu wr eh frpsdwleoh zlwk wkh wdlo ehkdylru/ wkh uhwxuq
jhqhudwlqj surfhvv kdv wr od| lq wkh grpdlq ri dwwudfwlrq ri d Iuìfkhw glvwulexwlrq1
Wklv phdqv wkdw fhuwdlq jhqhudwlqj surfhvvhv vxfk dv wkh pl{wxuhv ri qrupdov fdq eh
suhfoxghg1 Rq wkh rwkhu kdqg/ JDUFK surfhvvhv zlwk srvvleoh mxpsv duh frpsdwleoh
zlwk wkh revhuyhg wdlov1 Zh vkrz wkdw wkh Kloo hvwlpdwhv ri wkh wdlo lqglfhv duh ri
urxjko| vlplodu pdjqlwxgh dfurvv lqglfhv1 Lq sduwlfxodu/ zh �qg iru qhduo| doo lqglfhv
d wdlo ehkdylru frpsdwleoh zlwk wkh h{lvwhqfh ri d �uvw dqg vhfrqg prphqwv1 Iru
pdq| lqglfhv hyhq d wklug prphqw vhhpv wr h{lvw1

Zkhq wxuqlqj wr wkh hvwlpdwlrq ri wkh Jhqhudol}hg Sduhwr glvwulexwlrq zh qrwlfh d
fhuwdlq lqvwdelolw| lq wkh hvwlpdwlrq ri wkh wdlo lqgh{ dv frpsduhg wr wkh Kloo hvwlpdwh1
Lq sduwlfxodu iru frxqwulhv zlwk uhodwlyho| vpdoo vdpsohv wkh hvwlpdwlrq lv gl!fxow1
Srvvleoh uhdvrqv iru wklv gl!fxow| lv wkdw lq hphujlqj frxqwulhv wkh glvwulexwlrq ri
uhwxuqv pd| fkdqjh lq fkdudfwhu dqg lwv frpsolfdwhg hyroxwlrq pd| lqydolgdwh wkh llg
dvvxpswlrq ehklqg wkh dv|pswrwlf uhvxowv ri hyw1 Vlqfh wkh hvwlpdwlrq ri wkh jsg
lv wkh edvlv iru wkh hvwlpdwlrq ri kljk txdqwlohv/ zdlwlqj wlphv ehwzhhq odujh jlyhq
wkuhvkrog h{fhhgdqfhv/ dqg ri wkh h{wuhph uhdol}dwlrq ryhu d jlyhq wlph krul}rq/
lwv xvh kdv wr eh grqh fduhixoo| iru hphujlqj pdunhwv1 Zh dfwxdoo| vkrz wkdw wkh
hvwlpdwhv ri d jsg whqg wr eh rq wkh frqvhuydwlyh vlgh= fudvkhv duh h{shfwhg wrr riwhq/
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h{fhhgdqfhv ri hyhq xquhdvrqdeoh wkuhvkrogv dsshdu olnho|111
Zkhq wxuqlqj wr pdwxuh pdunhwv zh �qg d udwkhu jrrg �w ri wkh jsg vxjjhvwlqj

wkdw lw frxog eh dq lqwhuhvwlqj wrro iru dssolfdwlrqv vxfk dv YdU/ uhjxodwlrq ri Fhqwudo
Edqn uhvhuyhv/ dqg ri Ixwxuhv pdujlq uhtxluhphqwv1 Qrqhwkhohvv wkh xvhu ri wkrvh
phwkrgv vkrxog eh dzduh wkdw iru rxu vdpsoh wkh gurs ri wkh V)S lq Rfwrehu *;:
frxog qrw eh suhglfwhg1 Rxu wdlo hvwlpdwh ri wkh V)S vxjjhvwv ryhu d 83 |hdu shulrg
dv d zruvh srvvleoh rxwfrph d gurs ri <=:<( zklfk kdv wr eh frpsduhg zlwk wkh
dfwxdo gurs ri 55=;6($

Dv zh phqwlrqhg/ wkh �w ri d jsg wr hphujlqj pdunhw*v gdwd lv sureohpdwlf1 Rqh
pd| wkhuhiruh dvn li �qdqfldo klvwru| fdq khos xv wr lpsuryh rxu xqghuvwdqglqj ri
zruvh fdvh vfhqdulrv1 Wr sduwo| dqvzhu wklv txhvwlrq zh frqvlghu d vxevdpsoh ri dq
XV gdlo| joredo lqgh{ fryhulqj wkh vdph vdpsoh vl}h dv rxu pdlq V)S vdpsoh1 Zh
�qg pxfk ohvv yrodwlolw| dqg h{wuhph ydoxhv wkdq lq fxuuhqw �qdqfldo pdunhwv1 Wklv
vxjjhvwv wkdw wkh suhvhqwo| dydlodeoh klvwrulf gdwd pd| qrw khos pxfk lq xqghuvwdqg0
lqj krz uhwxuqv ri fxuuhqwo| hphujlqj pdunhwv pd| hyroyh1 Pruhryhu/ zkdw frqfhuqv
lwv wdlo ehkdylru/ wkh XV pdunhw vhhpv wr eh gl�huhqw iurp rwkhu ghyhorshg pdunhwv1

Iurp dq hfrqrphwulf srlqw ri ylhz vhyhudo lvvxhv uhpdlq rshq1 Lq wklv vwxg| zh
prvwo| frqvlghuhg wkh lqglylgxdo ehkdylru ri vwrfn lqglfhv1 Iru dq lqyhvwru lqwhuhvwhg
lq lqwhuqdwlrqdo glyhuvl�fdwlrq wkh vwxg| ri vlpxowdqhrxv furvv0erughu fudvkhv pd|
dovr eh ri juhdw lpsruwdqfh1 Dq rwkhu lvvxh frqfhuqv wkh �w ri wkh jsg iru vpdoo
vdpsohv xqghu qrq0vwdqgdug dvvxpswlrqv/ wkdw lv gursslqj wkh lqghshqghqfh ru wkh
lghqwlfdo glvwulexwlrq dvvxpswlrq1 Zh nqrz/ edvhg rq wkhruhwlfdo jurxqgv/ wkdw li
uhwxuqv ehkdyhg llg/ dv|pswrwlfdoo|/ wdlov fdq eh ghvfulehg e| d jsg1 Iru hphujlqj
pdunhwv wkh llg dvvxpswlrq lv olnho| wr eh huurqhrxv dqg fohduo| wkh vdpsoh lv ri vpdoo
vl}h1 Krz fdq wkhru| eh lpsuryhg khuhB D odvw hfrqrphwulf lvvxh frqfhuqv wkh rs0
wlpdo fkrlfh ri p iru wkh hvwlpdwlrq ri wkh jhqhudol}hg h{wuhph ydoxh glvwulexwlrq1
Ghyhorsphqw ri d errwvwuds edvhg rswlpdo hvwlpdwh ri p dsshduv ydoxdeoh1 Lpsolfd0
wlrqv iru wkh dv|pswrwlfv/ rqfh wkh llg dvvxpswlrq ri uhwxuqv lv gursshg dovr vhhpv
uhohydqw iru wkh hvwlpdwhv ri wkh jhqhudol}hg h{wuhph ydoxh glvwulexwlrq1

; Dsshqgl{

Lq wklv dsshqgl{ zh zlvk wr rxwolqh krz zh rewdlqhg dq rswlpdo wW iru wkh Kloo
hvwlpdwru1 Wkhuh lv dovr wkh lvvxh derxw krz wr rewdlq wkh ohyho gholplwlqj wkh wdlo
ryhu zklfk wkh jsg vkrxog eh hvwlpdwhg1 Vlqfh wr rxu nqrzohgjh/ wkhuh h{lvwv qr
wkhru| rq krz wr rewdlq vxfk d ohyho/ zh zloo dovr xvh wkh wW irxqg iru wkh Kloo
hvwlpdwru iru wklv sxusrvh1

Wkh dssurdfk wkdw zh xvh khuh jrhv edfn wr zrun e| Kdoo +4<<3,/ dqg Gdqlhovvrq
dqg gh Yulhv +4<<:,1 Rwkhu zrun lq wklv duhd lv e| Gdfrurjqd/ Pxoohu/ Slfwhw/ dqg gh
Yulhv +4<<8,/ Guhhv dqg Ndxipdqq +4<<:,/ Ehluodqw/ Y|qfnlhu/ dqg Whxjhov +4<<9,1
Wkh idfw wkdw zh xvh wkh phwkrg e| Gdqlhovvrq dqg gh Yulhv +4<<:, fdq eh mxvwl�hg
e| wkh zrun ri Ox{ +4<<;, zkr frpsduhv wkh ydulrxv whfkqltxhv dqg frqfoxghv wkdw
hyhq wkrxjk wkh rswlpdo wW ydulhv txlwh d orw ghshqglqj rq wkh phwkrg fkrvhq/ wkh
hyhqwxdo wdlo hvwlpdwh uhpdlqv derxw wkh vdph1

Wkh Kloo lqgh{ kdv ehhq gh�qhg lq +9, dv=
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zkhuh {|cA ? � � � ? {�cA lv wkh rughuhg vdpsoh1 Wkh lqgh{ w ydulhv iurp 4 wr W 1 Zh
duh vhhnlqj wkh wW plqlpl}lqj wkh phdq vtxduhg huuru

wW 5 dujplq| PVH
�
�M|cA

�
� dujplq|H

k
+�M|cA � �,2

l
= +<,

Wkh lpsohphqwdwlrq ri +<, lv edvhg rq wkh hvwlpdwlrq ri �/ zulwwhq ��/ xvlqj revhuyd0
wlrqv wkdw duh wuxo| idu lq wkh wdlo1 Gdqlhovvrq dqg gh Yulhv +4<<:/ s1 579, vxjjhvw
wr fkrvh dq hvwlpdwh ri � rewdlqhg zlwk 4( ri wkh odujhvw revhuydwlrqv1 Irfxvlqj rq
rqo| 4( ri wkh vdpsoh jdyh edg uhvxowv iru hphujlqj pdunhwv zkhuh wkh hqwluh vdpsoh
lv udwkhu vpdoo dq|zd|1 Iru wkrvh frxqwulhv zh kdyh wr xvh pruh revhuydwlrqv vxfk
dv 518( ru 8( wr jhw d phdqlqjixo wdlo hvwlpdwh1 Qh{w/ rqh wulhv wr dssur{lpdwh wkh
h{shfwdwlrq lq +<, e| xvlqj vlpxodwlrqv ryhu vxevdpsohv +d errwvwuds hvwlpdwlrq,
zklfk jhwv wkhq dgmxvwhg wr wdnh lqwr dffrxqw wkh ixoo vdpsoh vl}h1 Pruh vshfl�fdoo|/
rqh fkrrvhv dq duelwudu| ohyho W� ? W dqg frqvwuxfwv N udqgrpo| vhohfwhg vxevdp0
sohv ri vl}h W�1 Ohw o @ 4> � � � >N eh wkh lqgh{ ri wkh o0wk vxevdpsoh1 Lw lv wkhq srvvleoh
wr rewdlq wkh Kloo hvwlpdwh �Mc,

|cA > w @ 4> � � � > W�= Dq dssur{lpdwlrq ri +<, lv wkhq
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Dq rswlpdo wW� plqlpl}lqj wklv h{suhvvlrq kdv wr h{lvw vlqfh li w� lv yhu| vpdoo/ ehfdxvh
ri wkh uhvxowlqj vpdoo dprxqw ri revhuydwlrqv lqyroyhg/ wkh huuru zloo eh odujh1 Rq
wkh rwkhu kdqg/ iru w� odujh/ zh duh frqwdplqdwlqj wkh wdlo zlwk revhuydwlrqv iurp wkh
fhqwhu ri wkh glvwulexwlrq zklfk vkrxog dovr lqfuhdvh wkh huuru1

Vlqfh wkh fkrlfh ri W� lv duelwudu| lw lv qhfhvvdu| wr dgmxvw wkh rswlpdo wW� vr wkdw
lw fruuhvsrqgv wr wkh ixoo vdpsoh vl}h W 1 Lw kdv ehhq vkrzq wkdw wkh dgmxvwhg wW lv
gh�qhg e|

wW @ wW�

�
W

W�

�2q*E2qn�*1�
+43,

zkhuh � lv dq dgglwlrqdo sdudphwhu1 Wr rewdlq � lw lv qhfhvvdu| wr frqvwuxfw wkh
iroorzlqj m0wk hpslulfdo orj0prphqwv dqg d yduldeoh � gh�qhg dv=
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Wkh sdudphwhu � dsshdulqj lq +43, fdq wkhq eh hvwlpdwhg zlwk
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�� 4
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Lw lv dovr srvvleoh wkdw rffdvlrqdoo| wkh ghowd lv vpdoohu wkdq rqh1 Lq vxfk d vlwxdwlrq
� lv qrw gh�qhg1 Lq vxfk d fdvh zh uhyhuw wr wkh vxjjhvwlrq ri Kdoo +4<<3, dqg vhohfw
a� @ 4@a�=

Wkh rswlpdo Kloo hvwlpdwh lv wkhq e� @ �M|W3�cA =

Lw vkrxog eh qrwlfhg wkdw lq wklv dssurdfk wkhuh uhpdlq pdq| duelwudu| fkrlfhv1
Iluvw/ wkhuh lv wkh fkrlfh ri wkh lqlwldo hvwlpdwh ri � zkrvh hvwlpdwlrq kdv douhdg| ehhq
glvfxvvhg1 Wkhq wkhuh lv wkh fkrlfh ri W dqg W�=Zh fkrvh iru W wkh 43( odujhvw revhu0
ydwlrqv dqg iru W� kdoi wkh vl}h ri W= Odvw/ rqh fdq sod| zlwk wkh qxpehu ri errwvwuds
vlpxodwlrqv wr eh shuiruphg1 Zh shuiruphg dozd|v 433 errwvwuds vlpxodwlrqv1
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Uhihuhqfhv

^4` Edloolh/ U1W/ W1 Eroohuvohy/ dqg K1R1 Plnnhovhq +4<<9,/ Iudfwlrqdoo| Lqwhjudwhg
Jhqhudol}hg Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw|/ Mrxuqdo ri Hfrqr0
phwulfv/ :7/ 50631

^5` Edonhpd/ D1/ dqg O1 Gh Kddq +4<:7,/ Uhvlgxdo Olih dw Juhdw Djh/ Dqqdov ri
Suredelolw|/ 5/ :<50;371

^6` Ehluodqw/ M1/ S1 Y|qfnlhu/ dqg M1O1 Whxjhov +4<<9d,/ Wdlo Lqgh{ Hvwlpdwlrq/ Sduhwr
Txdqwloh Sorwv/ dqg Uhjuhvvlrq Gldjqrvwlfv/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq/ <4/ 498<0499:1

^7` Ehluodqw M1/ S1 Y|qfnlhu/ dqg M1O1 Whxjhov +4<<9e,/ Sudfwlfdo Dqdo|vlv ri H{wuhph
Ydoxhv1 Ohxyhq/ Xqlyhuvlw| Suhvv1

^8` Ehndhuw/ J1/ dqg F1U1 Kduyh| +4<<8,/ Wlph0Ydu|lqj Zruog Pdunhw Lqwhjudwlrq/
Mrxuqdo ri Ilqdqfh/ 83/ 73607771

^9` Ehndhuw/ J1/ dqg F1U1 Kduyh| +4<<:,/ Hphujlqj Htxlw| Pdunhw Yrodwlolw|/ Mrxu0
qdo ri Ilqdqfldo Hfrqrplfv/ 76/ 5<0::1

^:` Eodwwehuj/ U1/ dqg Q1 Jrqhghv +4<:7,/ D Frpsdulvrq ri Vwdeoh dqg Vwxghqw
Glvwulexwlrqv dv Vwdwlvwlfdo Prghov iru Vwrfn Sulfhv/ Mrxuqdo ri Exvlqhvv/ 7:/
57705;31

^;` Fodhvvhqv V1/ V1 Gdvjxswd/ dqg M1 Johq +4<<8,/ Uhwxuq Ehkdylru lq Hphujlqj
Vwrfn Pdunhwv/ Zruog Edqn Hfrqrplf Uhylhz/ </ 46404841

^<` Gdqlhovvrq/ M1/ dqg F1J1 gh Yulhv +4<<:,/ Wdlo Lqgh{ dqg Txdqwloh Hvwlpdwlrq
zlwk Yhu| Kljk Iuhtxhqf| Gdwd/ Mrxuqdo ri Hpslulfdo Ilqdqfh/ 7/ 574058:1

^43` Gdudfrjqd P1P1/ X1D1 P oohu/ R1Y1 Slfwhw/ dqg F1J1 Gh Yulhv +4<<8,/ Wkh Glv0
wulexwlrq ri H{wuhpdo Iruhljq H{fkdqjh Udwh Uhwxuqv lq H{wuhpho| Odujh Gdwd
Vhwv/ plphr/ Rovhq ) Dvvrfldwhv/ ]xulfk/ dqg Hudvpxv Xqlyhuvlw| Urwwhugdp1

^44` Gdudjdkl0Qrxedu|/ J1U1 +4<;<,/ Rq Wdlo Hvwlpdwlrq= Dq Lpsuryhg Phwkrg/
Pdwkhpdwlfdo Jhrorj|/ 54/ ;5<0;751

^45` Gh Kddq/ O1/ L1V1 Uhvqlfn/ K1 Urrw}ëq/ dqg F1J1 gh Yulhv +4<;<,/ H{wuhpdo
Ehkdylru ri Vroxwlrqv wr d Vwrfkdvwlf Gl�huhqfh Htxdwlrq zlwk Dssolfdwlrqv wr
DUFK Surfhvvhv/ Vwrfkdvwlf Surfhvvhv dqg Wkhlu Dssolfdwlrqv/ 65/ 54605571

^46` Ghnnhuv D1O1/ dqg O1 Gh Kddq +4<;<,/ Rq wkh Hvwlpdwlrq ri wkh H{wuhph Ydoxh
Lqgh{ dqg Odujh Txdqwloh Hvwlpdwlrq/ Dqqdov ri Vwdwlvwlfv/ 4:/ 4:<804;651

^47` Guhhv/ K1/ dqg H1 Ndxipdqq +4<<:,/ Vhohfwlqj wkh Rswlpdo Vdpsoh Iudfwlrq
lq Xqlyduldwh H{wuhph Ydoxh Hvwlpdwlrq/ plphr/ Xqlyhuvlw| ri Frorjqh dqg
Xqlyhuvlw| ri Vlhjhq1

^48` GxPrxfkho/ Z1 +4<;6,/ Hvwlpdwlqj wkh Vwdeoh Lqgh{ Lq Rughu wr Phdvxuh Wdlo
Wklfnqhvv= D Fulwltxh/ Dqqdov ri Vwdwlvwlfv/ 44/ 434<043641

^49` Hpeuhfkwv/ S1/ F1 No sshoehuj/ dqg W1 Plnrvfk +4<<:,/ Prghoolqj H{wuhpdo
Hyhqwv/ Vsulqjhu Yhuodj/ Ehuolq1
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^4:` Hqjoh/ U1I1 +4<;5,/ Dxwr0Uhjuhvvlyh Frqglwlrqdo Khwhurvnhgdvwlflw| zlwk Hvwl0
pdwhv ri wkh Yduldqfh ri Xqlwhg Nlqjgrp Lq dwlrq/ Hfrqrphwulfd/ 83/ <;:0433:1

^4;` Idpd/ H1 +4<96,/ Pdqghoeurw dqg wkh Vwdeoh Sduhwldq K|srwkhvlv/ Mrxuqdo ri
Exvlqhvv/ 69/ 753075<1

^4<` Idpd/ H1/ dqg U1 Uroo +4<:4,/ Sdudphwhu Hvwlpdwhv iru V|pphwulf Vwdeoh Glv0
wulexwlrqv/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 99/ 664066;1

^53` Ilholw}/ E1 +4<:9,/ Ixuwkhu Uhvxowv rq Dv|pphwulf Vwdeoh Glvwulexwlrqv ri Vwrfn
Sulfhv Fkdqjhv/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 44/ 6<0881

^54` Ilholw}/ E1/ dqg M1 Ur}hoo +4<;6,/ Vwdeoh Glvwulexwlrqv dqg Pl{wxuhv ri Glvwulex0
wlrqv K|srwkhvhv iru Frpprq Vwrfn Uhwxuqv/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq/ :;/ 5;0691

^55` Jqhghqnr/ E1Y1 +4<76,/ Vxu od Glvwulexwlrq Olplwh gx Whuph Pd{lpxp g*xqh
Vìulh Doìdwrluh/ Dqqdov ri Pdwkhpdwlfv/ 77/ 7560861

^56` Jxpeho/ H1M1 +4<8;,/ Vwdwlvwlfv ri H{wuhphv/ Froxpeld Xqlyhuvlw| Suhvv/ Qhz
\run1

^57` Kdoo/ S1 +4<<3,/ Xvlqj wkh Errwvwuds wr Hvwlpdwh Phdq Vtxduh Huuru dqg Vh0
ohfw Vprrwklqj Sdudphwhu lq Qrqsdudphwulf Sureohp/ Mrxuqdo ri Pxowlyduldwh
Dqdo|vlv/ 65/ 4::05361

^58` Kloo/ E1P1 +4<:8,/ D Vlpsoh Jhqhudo Dssurdfk wr Lqihuhqfh Derxw wkh Wdlo ri d
Glvwulexwlrq/ Dqqdov ri Vwdwlvwlfv/ 6/ 4496044:61

^59` Krov/ P1F1D1E1/ dqg F1J1 gh Yulhv +4<<4,/ Wkh Olplwlqj Glvwulexwlrq ri H{wuhpdo
H{fkdqjh Udwh Uhwxuqv/ Mrxuqdo ri Dssolhg Hfrqrphwulfv/ 9/ 5;:06351

^5:` Mdqvhq/ G1Z1/ dqg F1J1 gh Yulhv +4<<4,/ Rq wkh Iuhtxhqf| ri Odujh Vwrfn
Uhwxuqv= Sxwwlqj Errpv dqg Exvwv lqwr Shuvshfwlyh/ Uhylhz ri Hfrqrplfv dqg
Vwdwlvwlfv/ :6/ 4;0571

^5;` Mhqnlqvrq/ D1I1 +4<<8,/ Wkh Iuhtxhqf| Glvwulexwlrq ri wkh Dqqxdo Pd{lpxp +ru
Plqlpxp, Ydoxhv ri Phwhrurorjlfdo Hohphqwv/ Txduwhuo| Mrxuqdo ri wkh Ur|do
Phwhrurorj| Vrflhw|/ ;:/ 478048;1

^5<` Nrq/ V1 +4<;7,/ Prghov ri Vwrfn Uhwxuqv= D Frpsdulvrq/ Mrxuqdo ri Ilqdqfh/
6</ 47:04981

^63` Nhduqv/ S1/ dqg D1 Sdjdq +4<::,/ Hvwlpdwlqj wkh Ghqvlw| Wdlo Lqgh{ iru Ilqdqfldo
Wlph Vhulhv/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv/ :</ 4:404:81

^64` Nrhglmn/ N1J1/ P1P1D1 Vfkdijdqv/ dqg F1J1 gh Yulhv +4<<3,/ Wkh Wdlo Lqgh{ ri
H{fkdqjh Udwh Uhwxuqv/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ 5</ <6043;1

^65` Ohdgehwwhu/ P1U1/ J1 Olqgjuhq/ dqg K1 Urrw}ëq +4<;6,/ H{wuhphv dqg Uhodwhg
Surshuwlhv ri Udqgrp Vhtxhqfhv dqg Surfhvvhv/ Vsulqjhu Yhuodj/ Qhz \run1

^66` Orqjlq/ I1P1 +4<<9,/ Wkh Dv|pswrwlf Glvwulexwlrq ri H{wuhph Vwrfn Pdunhw
Uhwxuqv/ Mrxuqdo ri Exvlqhvv/ 9</ 6;6073;1
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^67` Oruhwdq/ P1/ dqg S1F1E1 Skloolsv +4<<7,/ Whvwlqj wkh Fryduldqfh Vwdwlrqdulw| ri
Khdy|0Wdlohg Wlph Vhulhv/ Mrxuqdo ri Hpslulfdo Ilqdqfh 4/ 544057;1

^68` Ox{/ W1 +4<<;,/ Wkh Olplwlqj H{wuhpdo Ehkdylru ri Vshfxodwlyh Uhwxuqv= Dq
Dqdo|vlv ri Lqwud0gdlo| Gdwd iurp wkh Iudqnixuw Vwrfn H{fkdqjh/ plphr/ Xql0
yhuvlw| ri Erqq1

^69` Pdqghoeurw/ E1 +4<96,/ Wkh Yduldwlrq ri Fhuwdlq Vshfxodwlyh Sulfhv/ Mrxuqdo ri
Exvlqhvv/ 68/ 6<7074<1

^6:` Pdqghoeurw/ E1 +4<<:,/ Iudfwdov dqg Vfdolqj lq Ilqdqfh= Glvfrqwlqxlw|/ Frqfhq0
wudwlrq/ Ulvn/ Qhz \run/ Vsulqjhu Yhuodj1

^6;` PfQhlo/ D1 +4<<:,/ Hvwlpdwlqj wkh Wdlov ri Orvv Vhyhulw| Glvwulexwlrqv Xvlqj
H{wuhph Ydoxh Wkhru|/ DVWLQ Exoohwlq/ 5:/ 44:046:1

^6<` PfQhlo/ D1/ dqg W1 Vdodglq +4<<:,/ Wkh Shdnv ryhu Wkuhvkrogv Phwkrg iru Hv0
wlpdwlqj Kljk Txdqwlohv ri Orvv Glvwulexwlrqv/ plphr/ HWK ]hqwuxp1

^73` Slfndqgv/ M1 +4<:8,/ Vwdwlvwlfdo Lqihuhqfh Xvlqj H{wuhph Rughu Vwdwlvwlfv/ Dqqdov
ri Vwdwlvwlfv/ 6/ 44<04641

^74` Urfnlqjhu/ P1/ dqg J1 Xujd +4<<;,/ Wudqvlwlrq Hfrqrplhv* Vwrfn Pdunhwv zlwk
d Frpsdulvrq zlwk Hvwdeolvkhg Vwrfn Pdunhwv/ plphr/ Orqgrq Exvlqhvv Vfkrro1

^75` Urrw}ëq/ K1/ dqg Q1 Wdmylgl +4<<9,/ H{wuhph Ydoxh Vwdwlvwlfv dqg Zlqg Vwrup
Orvvhv= D Fdvh Vwxg|/ Vfdqglqdyldq Dfwxduldo Mrxuqdo1

^76` Vfkzhuw/ Z1J1 +4<<3,/ Lqgh{hv ri Xqlwhg Vwdwhv Vwrfn Sulfhv iurp 4;35 wr 4<;:/
Mrxuqdo ri Exvlqhvv/ 96/ 6<<07591

^77` Vklhogv/ N1 +4<<:,/ Vwrfn Uhwxuq Yrodwlolw| rq Hphujlqj Hdvwhuq Hxurshdq Pdu0
nhwv/ Wkh Pdqfkhvwhu Vfkrro Vxssohphqw/ 98/ 4;046;1

^78` Vlpnrzlw}/ P1/ dqg Z1 Ehhgohv +4<;3,/ Dv|pphwulf Vwdeoh Glvwulexwhg Vhfxulw|
Uhwxuqv/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ :8/ 63906451

^79` Vplwk/ U1O1 +4<;8,/ Pd{lpxp Olnholkrrg Hvwlpdwlrq lq d Fodvv ri Qrq0Uhjxodu
Fdvhv/ Elrphwulnd/ :5/ 9:�<31

^7:` Vw�dulf�d/ F1/ dqg R1 Slfwhw +4<<<,/ Wkh Wdohv wkh Wdlov ri JDUFK+4/4, Surfhvvhv
Whoo/ plphr/ Ghsw1 Vwdwlvwlfv/ Xqlyhuvlw| ri Shqqv|oydqld1

^7;` Wxfnhu/ D1 +4<<5,/ D Uhh{dplqdwlrq ri Ilqlwh0 dqg Lq�qlwh0 Yduldqfh Glvwul0
exwlrqv dv Prghov ri Gdlo| Vwrfn Uhwxuqv/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf
Vwdwlvwlfv/ 43/ :60;41

^7<` Zklwh/ K1 +4<;3, D Khwhurvfhgdvwlflw|0Frqvlvwhqw Fryduldqfh Pdwul{ Hvwlpdwru
dqg d Gluhfw Whvw iru Khwhurvfhgdvwlflw|/ Hfrqrphwulfd/ 7;/ ;4:0;6;1
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Fdswlrqv

Wdeoh 4= Wkh �uvw olqh ri wklv Wdeoh lqglfdwhv wkh gdwh zkhq rxu vhulhv vwduw1
Doo vhulhv hqg zlwk Ghfhpehu 64vw 4<<;1 Qrev lv wkh qxpehu ri revhuydwlrqv lq hdfk
vhulhv1 Vwg lv wkh vwdqgdug ghyldwlrq ri uhwxuqv1 Vn +VnW, dqg Nx +NxW, uhsuhvhqw
wkh vnhzqhvv +lwv vwdqgdugl}hg yhuvlrq, dqg lwv dqdorjxhv iru nxuwrvlv1 Wkh Mdutxh0
Ehud +ME, vwdwlvwlfv lv gh�qhg dv +VnW,2 . +NxW,21 Lw lv glvwulexwhg dv d "22 xqghu
wkh qxoo k|srwkhvlv ri qrupdolw|1 Vwxg1 plq dqg vwxg1 pd{ uhsuhvhqw wkh plqlpxp
dqg pd{lpxp ri fhqwhuhg dqg uhgxfhg uhwxuqv1 t4/ t8/ t<8> dqg t<< uhsuhvhqw wkh
4/ 8/ <8/ dqg << shufhqwloh ri fhqwhuhg dqg uhgxfhg uhwxuqv1 WU4 +WU8, uhsuhvhqwv
wkh Hqjoh vwdwlvwlf iru khwhurvnhgdvwlflw| rewdlqhg e| uhjuhvvlqj vtxduhg uhwxuqv rq
rqh +�yh, odjv1 DUm/ m @ 4> � � � > 8/ duh wkh 8 frh!flhqwv ri dxwrfruuhodwlrq1 T8/ T43/
dqg T53 uhsuhvhqw wkh Er{0Omxqj vwdwlvwlfv zlwkrxw fruuhfwlrq iru khwhurvnhgdvwlflw|1
Wkrvh zlwk fruuhfwlrq iru khwhurvnhgdvwlflw| duh qrwhg TZ8/ TZ43> dqg TZ 531
T8 dqg TZ8 rq �ow1 gdwd duh wkh Er{0Omxqj whvwv zlwkrxw dqg zlwk fruuhfwlrq iru
khwhurvnhgdvwlflw| diwhu wkh uhwxuqv kdyh ehhq �owhuhg e| dq DU+8, dxwruhjuhvvlrq1

Wdeoh 5= Iru irxu vhohfwhg lqglfhv zh uhsuhvhqw wkh �yh prvw h{wuhph srvlwlyh
dqg qhjdwlyh uhwxuqv zlwk wkhlu dvvrfldwhg gdwhv1

Wdeoh 6= Zh suhvhqw wkh rswlpdo Kloo hvwlpdwhv erwk iru wkh ohiw dqg wkh uljkw wdlo
ri wkh uhwxuqv* glvwulexwlrq1 Wkh rswlpdo vdpsoh vl}h lv ghwhuplqhg e| d errwvwuds
vhdufk1 wW uhsuhvhqwv wkh rswlpdo qxpehu ri revhuydwlrqv wkdw vkrxog eh lqfoxghg
lq wkh wdlo1 Wkh wkuhvkrog/ wkdw lv wkh ydoxh wdnhq e| wkh wW0wk revhuydwlrq lv dovr
uhsuhvhqwhg1 Zh suhvhqw � dqg lwv vwdqgdug ghyldwlrq VWG+�,1 Iru hdfk jurxs ri
frxqwulhv zh suhvhqw wkh phdq dqg vwdqgdug ghyldwlrq ri wkh ydulrxv hvwlpdwhv1

Wdeoh 7= Zh whvw li d jlyhq prphqw h{lvwv iru d glvwulexwlrq1 Ohw u @ 4@� dqg q
eh dq lqwhjhu vxfk wkdw q ? u � q. 41 Li zh fdq dffhsw wkh dowhuqdwlyh k|srwkhvlv
u A q wkhq zh eholhyh wkdw wkh q0wk prphqw h{lvwv1 Lq wklv fdvh zh kdyh d \HV lq
wkh wdeoh1 Li u @ q fdqqrw eh uhmhfwhg zh ixuwkhu whvw li u @ q� 4 fdq eh uhmhfwhg1 Li
wklv whvw fdq eh uhmhfwhg zh kdyh dq D lq wkh Wdeoh1 Lw phdqv wkdw wkh k|srwkhvlv ri
wkh h{lvwhqfh ri dq q0wk prphqw fdqqrw eh uhmhfwhg1

Wdeoh 8= Pd{lpxp olnholkrrg hvwlpdwhv ri wkh sdudphwhu # ri wkh Jhqhudol}hg
Sduhwr glvwulexwlrq jlyhq wkh hvwlpdwh ri � iurp Wdeoh 61 Dv wdlo0vdpsoh zh xvh wkh
vdph rqh dv iru wkh Kloo hvwlpdwlrq zlwk rswlpdo vdpsoh vl}h1 Oln= uhsuhvhqwv wkh
orj0olnholkrrg ri wkh vdpsoh1 OUW lv d olnholkrrg udwlr vwdwlvwlf wr fkhfn li wkh xvh ri
� iurp Wdeoh 6 udwkhu wkdq dq xqfrqvwudlqhg yhuvlrq lv dffhswdeoh1

Wdeoh 9= Khuh zh suhvhqw wkh kljk txdqwloh hvwlpdwhv ri wkh ydulrxv frxqwulhv1
Wkh hvwlpdwh {<<< +uhvs1 {<<<<, fruuhvsrqg wr wkh odujhvw uhdol}dwlrq h{shfwhg ryhu
d 8 +uhvs1 83, |hdu krul}rq1 Wr uhqghu wkrvh hvwlpdwhv frpsdudeoh zlwk dfwxdo gdwd
zh uhfdoo wkh plq2pd{ rewdlqhg iurp dfwxdo gdwd glvsod|hg lqlwldoo| lq Wdeoh 41

Wdeoh := Wklv Wdeoh suhvhqwv wkh sdudphwhu hvwlpdwhv iru wkh jhy glvwulexwlrq1
Zh glvwlqjxlvk wkh ohiw iurp wkh uljkw wdlo dv zhoo dv ydulrxv jhrjudsklf duhdv1

Wdeoh ;= Khuh zh suhvhqw ghvfulswlyh vwdwlvwlfv iru wkh hduo| gd|v ri d joredo XV
lqgh{ dv zhoo dv iru vxevdpsohv ri suhvhqwo| pdwxuh pdunhwv1

Wdeoh <= Iru erwk wdlov ri wkh glvwulexwlrq zh suhvhqw wkh uhvxowv ri wkh rswlpdo
Kloo hvwlpdwhv dqg wkh sdudphwhuv ri wkh jsg hvwlpdwlrq1 Wkh vhulhv frqvlghuhg duh
wkh hduo| gd|v ri d joredo XV lqgh{ dv zhoo dv vxevdpsohv ri suhvhqwo| pdwxuh pdunhwv1

Iljxuh 4= Uhsuhvhqwdwlrq ri wkh Jxpeho/ Iuìfkhw/ dqg Zhlexoo ghqvlwlhv1
Iljxuh 5= Uhsuhvhqwdwlrq ri ydulrxv phdq0h{fhvv ixqfwlrqv frqglwlrqdo rq wkh

glvwulexwlrq ri wkh xqghuo|lqj udqgrp yduldeohv1 Zh jhw iru Sduhwr udqgrp yduldeohv
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+n . x,@+4@� � 4,1 Lq wkh judsk zh wdnh n @ 5/ dqg � @ 3=81 Iru wkh Zhlexoo zh
rewdlq d phi ri x+4� �,@� 1 Zh fkrrvh � @ 3=:8 dqg � @ 4=581 Wkh h{srqhqwldo |lhogv
d phi ri 4@�= Khuh zh wdnh � @ 6=

Iljxuh 6= Wklv judsk wudfhv wkh ghqvlw| ri wkh Jhqhudol}hg Sduhwr Glvwulexwlrq
iru ydulrxv sdudphwhuv1 Dv wkh wdlo lqgh{ � lqfuhdvhv wkh wdlo ehfrphv idwwhu/ phdqlqj
wkdw ohvv prphqwv zloo h{lvw1 Li iru d jlyhq wdlo lqgh{ wkh vfdoh sdudphwhu lqfuhdvhv/
wkh wdlo idwwhqv iru vpdoo wdlo ydoxhv1 Dv|pswrwlfdoo| wkh wdlo lv wkh vdph1

Iljxuhv 7d dqg 7e= Wkrvh judskv wudfh wkh hyroxwlrq ri uhwxuqv iru vhohfwhg
frxqwulhv ryhu wlph1 Qrwlfh wkh vpdoohu vdpsohv lq Iljxuh 7e1

Iljxuhv 8d dqg 8e= Wkrvh judskv uhsuhvhqw wkh Kloo sorwv iru wkh ohiw dqg
uljkw wdlov ri uhwxuq glvwulexwlrqv1 Iru doo judskv wkh fhqwudo olqh +frqwlqxrxv olqh,
fruuhvsrqgv wr wkh Kloo hvwlpdwhv jlyhq d fhuwdlq dprxqw ri revhuydwlrqv lq wkh wdlo1
Wkh gdvkhg olqhv fruuhvsrqg wr <8( frq�ghqfh lqwhuydov1 Wkh Kloo hvwlpdwlrq lv
dozd|v frpsxwhg zlwk dw ohdvw 48 wdlo revhuydwlrqv1

Iljxuhv 9d09e= Wkrvh Iljxuhv uhsuhvhqw wkh judskv ri wkh phdq0h{fhvv ixqfwlrq
iru ydulrxv wkuhvkrogv1

Iljxuhv :d0:g= Khuh zh wudfh wkh hvwlpdwhg jsg +frqwlqxrxv olqh, djdlqvw wkh
hpslulfdo glvwulexwlrq ixqfwlrq +grwwhg olqh,1 Wkh xsshu judsk lv dozd|v iru wkh ohiw
wdlo ri uhwxuqv zkhuhdv wkh orzhu judsk fruuhvsrqgv wr wkh uljkw wdlo1

Iljxuh ;= Lq wkrvh Iljxuhv zh uhsuhvhqw wkh klvwrjudp ri wkh pd{lpxp dqg
plqlpxp ri eorfnv ri 53 uhwxuqv1

Iljxuhv <d0<e= Khuh zh uhsuhvhqw wkh TT0sorwv1 Iru d jlyhq rughuhg vdpsoh
i{AcA > � � � > {�cA j zh wudfh wkh {|cA rq wkh krul}rqwdo d{lv dqg rq wkh yhuwlfdo d{lv
I{+w@W .4, wkdw lv wkh lqyhuvh fxpxodwlyh glvwulexwlrq ixqfwlrq ri wkh Jxpeho1 Wkh
vwudljkw olqh uhsuhvhqwv rq ROV �w ri d olqh wkurxjk wkh vhw i+{|cA > I{+w@W .4,,> w @
4> � � � > Wj1 Frqfdylw| ri wklv vhw lpsolhv wkdw h{wuhphv iroorz d Iuìfkhw glvwulexwlrq1

Iljxuh 43= Wklv judsk uhsuhvhqwv wkh �uvw :;59 uhwxuqv ri d odujh XV lqgh{1 Wkh
shulrg vwduwv rq Iheuxdu| 4:wk 4;;8 dqg hqgv rq Pdufk 5qg 4<441

Iljxuh 44= Khuh zh uhsuhvhqw vlploduo| wr Iljxuhv : wkh hvwlpdwhg dqg wkh dfwxdo
glvwulexwlrq ixqfwlrq1

5:



S&P Nikkei DAX CAC40 FTSE100 China Hong Kong Indonesia Malaysia Philippines
Beg. date 19690102 19690102 19690102 19690102 19690102 19920522 19750102 19891016 19800103 19860103
Nobs 7826 7826 7826 7826 7826 1725 6261 2404 4956 3390
Mean 0,032 0,025 0,028 0,035 0,035 -0,006 0,065 -0,006 0,021 0,080
Median 0,010 0,003 0,000 0,000 0,025 0,000 0,000 0,000 0,000 0,000
Std 0,935 1,073 1,059 1,039 1,034 3,174 1,812 1,472 1,621 1,935
Min -22,833 -16,135 -13,710 -13,910 -13,029 -17,905 -40,542 -12,732 -24,153 -15,786
Max 8,709 12,430 8,872 8,225 8,943 28,860 17,247 13,126 20,817 15,657
Sk -1,975 -0,295 -0,622 -0,651 -0,322 1,369 -2,339 0,415 -0,345 0,083
Sk* -71,336 -10,655 -22,452 -23,518 -11,630 23,212 -75,553 8,304 -9,910 1,975
Ku 50,702 15,126 10,742 11,169 10,161 13,763 52,440 15,257 33,135 8,961
Ku* 915,571 273,142 193,974 201,679 183,479 116,678 846,988 152,700 476,160 106,498
JB 843358,5 74720,3 38130,0 41227,6 33799,6 14152,5 723096,3 23386,2 226826,8 11345,8
stud. min -24,459 -15,066 -12,968 -13,422 -12,636 -5,638 -22,412 -8,646 -14,909 -8,201
q1 -2,541 -3,085 -2,662 -2,744 -2,683 -2,782 -2,927 -3,107 -2,776 -2,842
q5 -1,520 -1,549 -1,531 -1,552 -1,513 -1,508 -1,408 -1,342 -1,380 -1,463
q95 1,518 1,411 1,468 1,495 1,403 1,401 1,367 1,330 1,296 1,538
q99 2,512 2,884 2,417 2,457 2,530 3,391 2,589 3,340 2,451 2,900
stud. max 9,282 11,565 8,349 7,884 8,616 9,093 9,483 8,923 12,826 8,051
TR1 102,844 398,705 321,137 74,957 1938,754 15,488 29,042 85,971 1083,602 216,015
TR5 383,826 571,282 680,060 597,742 2039,764 136,932 101,443 202,643 1191,379 349,652
AR1 0,084 0,013 0,050 0,121 0,154 0,024 0,014 0,245 0,095 0,172
AR2 -0,018 -0,046 -0,055 -0,006 0,002 0,012 -0,017 0,067 0,029 0,002
AR3 -0,016 0,020 -0,003 -0,009 0,018 0,061 0,089 -0,015 0,010 0,000
AR4 -0,023 0,022 0,019 0,035 0,038 0,046 0,013 -0,038 -0,049 0,037
AR5 0,024 -0,013 0,017 0,011 0,007 0,017 -0,006 0,024 0,044 -0,005
Q5 13,739 5,236 9,681 25,132 40,217 2,351 10,860 32,267 14,195 21,026
Q10 7,789 4,361 7,135 15,512 24,741 2,712 6,533 21,045 7,568 12,398
Q20 4,482 3,770 4,468 9,038 14,914 2,704 4,162 13,723 5,493 9,569
QW5 10,019 8,158 15,652 56,260 29,971 3,179 13,178 37,255 9,542 34,989
QW10 20,364 15,862 25,577 63,272 40,852 14,112 15,167 48,261 13,571 44,933
QW20 25,917 32,550 35,282 74,902 51,316 34,200 21,006 60,937 29,113 67,993
Q5 on filt. data 0,006 0,001 0,021 0,008 0,006 0,012 0,007 0,059 0,015 0,004
QW5 on filt. data 0,005 0,003 0,042 0,013 0,010 0,026 0,015 0,104 0,012 0,008

Table 1.a: Descriptive Statistics



Singapore South Korea Taiwan Thailand Czech Rep. Hungary Poland Russia Slovak Rep. Slovenia
Beg. date 19750102 19750102 19750102 19750502 19940920 19910103 19941004 19940801 19930915 19940104
Nobs 6261 6261 6261 6175 1118 2086 1108 1153 1382 1303
Mean 0,030 0,034 0,056 0,021 -0,055 0,088 0,027 -0,063 -0,038 0,040
Median 0,000 0,000 0,000 0,000 0,000 0,021 0,000 0,000 0,000 0,000
Std 1,379 1,407 1,847 1,400 1,037 1,728 1,994 3,647 2,040 1,567
Min -30,042 -17,370 -19,656 -10,028 -7,077 -18,034 -10,286 -26,245 -20,573 -9,853
Max 15,867 10,024 19,914 11,350 4,739 13,616 7,893 23,510 29,022 7,465
Sk -1,740 -0,150 0,106 0,107 -0,426 -1,249 -0,109 -0,137 2,448 -0,396
Sk* -56,201 -4,853 3,422 3,427 -5,819 -23,287 -1,484 -1,898 37,155 -5,836
Ku 47,726 11,051 9,646 9,742 4,460 19,166 2,509 9,607 49,067 5,344
Ku* 770,859 178,492 155,794 156,268 30,441 178,684 17,047 66,585 372,341 39,378
JB 597382,6 31883,0 24283,5 24431,5 960,5 32470,4 292,8 4437,2 140018,2 1584,7
stud. min -21,811 -12,372 -10,674 -7,176 -6,769 -10,487 -5,172 -7,179 -10,065 -6,311
q1 -2,608 -2,893 -3,030 -2,983 -3,123 -3,545 -2,709 -3,067 -2,582 -3,249
q5 -1,431 -1,420 -1,536 -1,490 -1,691 -1,230 -1,571 -1,437 -1,241 -1,566
q95 1,431 1,541 1,501 1,429 1,574 1,461 1,640 1,362 1,263 1,512
q99 2,646 2,895 2,769 3,165 2,700 2,546 2,818 3,124 2,642 2,836
stud. max 11,487 7,101 10,753 8,091 4,621 7,828 3,945 6,463 14,244 4,737
TR1 444,812 186,143 1211,394 753,781 83,634 239,224 135,444 154,111 422,541 186,412
TR5 790,634 560,055 1442,228 1033,881 173,877 287,879 166,657 159,672 504,456 213,875
AR1 0,137 0,074 0,019 0,192 0,311 0,113 0,198 0,075 -0,232 0,300
AR2 -0,028 0,006 0,057 0,031 0,159 0,090 0,016 0,107 0,056 -0,040
AR3 0,018 -0,007 0,061 0,042 0,044 -0,028 0,009 0,055 0,255 -0,020
AR4 0,047 -0,018 0,019 0,030 0,010 0,022 0,012 0,005 -0,072 0,009
AR5 0,000 -0,028 0,014 0,011 -0,052 -0,019 -0,044 0,018 0,212 0,017
Q5 27,643 8,438 9,853 50,193 28,516 9,408 9,274 4,761 47,742 24,269
Q10 14,439 5,617 6,816 28,104 17,809 7,843 5,892 5,177 28,218 15,298
Q20 8,089 4,894 5,531 16,671 10,475 7,097 3,565 4,499 17,776 8,365
QW5 15,255 12,612 15,044 49,538 45,292 7,050 19,393 9,131 11,700 40,399
QW10 18,466 15,969 23,041 53,540 58,133 16,597 24,134 24,797 22,851 46,912
QW20 26,291 26,666 35,664 64,541 70,911 25,298 31,292 33,883 34,888 53,472
Q5 on filt. data 0,001 0,008 0,001 0,006 0,138 0,007 0,047 0,056 0,455 0,009
QW5 on filt. data 0,002 0,012 0,003 0,012 0,232 0,008 0,157 0,168 0,240 0,031

Table 1.b: Descriptive Statistics



Argentina Brazil Chile Colombia Mexico Peru Venezuela
Beg. date 19930803 19920102 19870105 19920103 19880105 19910103 19940103
Nobs 1413 1826 3129 1825 2868 2086 1304
Mean 0,004 0,510 0,083 0,062 0,128 0,190 0,120
Median 0,042 0,307 0,000 0,000 0,029 0,000 0,000
Std 2,284 3,433 0,997 1,140 1,753 1,680 2,174
Min -14,765 -17,229 -12,304 -5,289 -14,314 -8,796 -10,805
Max 12,072 22,813 6,471 9,918 12,154 8,908 20,062
Sk -0,547 0,097 -0,363 1,094 0,002 0,315 0,875
Sk* -8,393 1,700 -8,280 19,071 0,036 5,868 12,904
Ku 4,820 3,057 11,436 9,955 7,925 3,802 12,319
Ku* 36,987 26,669 130,580 86,810 86,633 35,444 90,806
JB 1438,5 714,1 17119,8 7899,7 7505,3 1290,7 8412,2
stud. min -6,467 -5,167 -12,421 -4,692 -8,239 -5,347 -5,024
q1 -2,801 -2,825 -2,629 -2,473 -2,900 -2,742 -2,800
q5 -1,745 -1,587 -1,434 -1,419 -1,485 -1,396 -1,479
q95 1,404 1,703 1,548 1,612 1,453 1,725 1,378
q99 2,593 2,694 2,860 3,261 2,663 3,010 3,039
stud. max 5,284 6,496 6,405 8,645 6,861 5,188 9,171
TR1 101,939 62,803 48,746 34,223 230,266 234,384 309,788
TR5 196,359 216,283 104,777 79,423 303,194 256,103 314,215
AR1 0,095 0,071 0,291 0,352 0,200 0,383 0,238
AR2 -0,053 0,023 0,108 0,199 -0,009 0,041 0,028
AR3 -0,014 0,004 0,039 0,108 0,009 0,007 -0,036
AR4 0,034 0,017 0,058 0,059 0,069 0,052 0,048
AR5 0,015 0,024 0,070 -0,032 0,033 0,029 0,078
Q5 3,789 2,349 66,726 65,911 26,468 63,480 17,608
Q10 4,456 4,026 37,833 33,376 14,391 37,194 10,706
Q20 3,177 3,618 21,599 17,675 8,212 22,196 5,824
QW5 8,854 5,284 105,429 92,036 40,579 112,915 12,351
QW10 15,961 23,422 118,799 94,149 45,545 124,926 22,726
QW20 24,602 36,775 130,638 99,817 54,431 130,132 36,084
Q5 on filt. data 0,002 0,022 0,095 0,012 0,041 0,046 0,083
QW5 on filt. data 0,006 0,062 0,231 0,028 0,100 0,190 0,271

Table 1.c: Descriptive Statistics



19810513 -13,91 19971028 -26,245
19871019 -10,14 19980827 -21,338
19871028 -9,11 19980917 -19,199
19871026 -8,45 19980826 -17,679
19871110 -7,61 19971003 -16,041

19871029 6,39 19980715 15,848
19690811 6,48 19940815 16,605
19910117 6,81 19960618 16,783
19780313 7,40 19971029 21,874
19871112 8,23 19971006 23,510

19871020 -30,04 19971027 -14,314
19871019 -15,15 19880106 -10,526
19871023 -14,07 19880309 -10,448
19851205 -11,11 19980910 -10,341
19891016 -9,73 19880315 -10,120

19750131 8,30 19950131 9,779
19980113 8,77 19971028 11,056
19750214 10,62 19880229 11,690
19750128 10,93 19880118 11,709
19871022 15,87 19980915 12,154

Table 2: Most extreme returns and date of occurrence

CAC40 Russia

Singapore Mexico



Left tail of distribution Right tail of distribution
ξ STD t* threshold ξ STD t* threshold

S&P 0,3115 0,0180 301 -1,54 0,2768 0,0233 141 2,00
Nikkei 0,2805 0,0276 103 -3,00 0,3576 0,0308 135 2,43
DAX 0,3388 0,0183 342 -1,70 0,3070 0,0230 178 1,99
CAC40 0,3337 0,0214 244 -1,93 0,2770 0,0227 149 2,19
FTSE100 0,2994 0,0241 154 -2,18 0,3333 0,0284 138 2,12
MEAN 0,3128 0,0219 229 -2,07 0,3103 0,0256 148 2,14
STD 0,0242 0,0041 100 0,57 0,0354 0,0037 17 0,18

China 0,3062 0,0497 38 -6,48 0,4379 0,0762 33 7,92
Hong Kong 0,3775 0,0306 152 -3,61 0,3625 0,0286 161 3,23
Indonesia 0,3641 0,0607 36 -3,75 0,4682 0,0690 46 3,34
Malaisia 0,4100 0,0386 113 -3,11 0,4063 0,0251 263 2,06
Philippines 0,3928 0,0369 113 -3,30 0,3504 0,0331 112 3,52
Singapore 0,3716 0,0255 212 -2,27 0,3393 0,0333 104 2,95
South Korea 0,3742 0,0322 135 -2,92 0,3611 0,0266 184 2,73
Taiwan 0,2662 0,0242 121 -4,43 0,2971 0,0293 103 4,43
Thailand 0,3405 0,0313 118 -3,31 0,3392 0,0354 92 3,72
MEAN 0,3559 0,0366 115 -3,69 0,3736 0,0396 122 3,77
STD 0,0449 0,0118 54 1,20 0,0538 0,0191 71 1,69

Czech Rep. 0,2310 0,0530 19 -2,68 0,2233 0,0499 20 2,33
Hungary 0,4065 0,0742 30 -4,84 0,3442 0,0420 67 3,01
Poland 0,2746 0,0614 20 -4,52 0,2946 0,0529 31 3,91
Russia 0,3067 0,0970 10 -12,50 0,3326 0,0807 17 10,39
Slovak Rep. 0,4013 0,0518 60 -2,67 0,3928 0,0655 36 3,52
Slovenia 0,3521 0,0622 32 -3,14 0,1943 0,0486 16 3,95
MEAN 0,3287 0,0666 29 -5,06 0,2970 0,0566 31 4,52
STD 0,0705 0,0169 17 3,76 0,0757 0,0141 19 2,94

Argentina 0,2657 0,0415 41 -4,92 0,2797 0,0583 23 5,44
Brasil 0,2541 0,0464 30 -7,96 0,2827 0,0336 71 6,22
Chile 0,2644 0,0333 63 -2,10 0,3015 0,0455 44 2,43
Colombia 0,3487 0,0532 43 -2,00 0,4259 0,0615 48 2,21
Mexico 0,3271 0,0449 53 -3,81 0,3228 0,0471 47 4,01
Peru 0,2203 0,0519 18 -4,63 0,2856 0,0457 39 3,79
Venezuela 0,3033 0,0536 32 -4,31 0,3763 0,0753 25 4,65
MEAN 0,2834 0,0464 40 -4,25 0,3249 0,052 42 4,11
STD 0,0449 0,0074 15 2,01 0,0559 0,014 16 1,48

Table 3: Optimal Hill estimates



Left tail Right tail
Moment   1st 2nd 3rd 4th   1st 2nd 3rd 4th
S&P YES YES YES NO YES YES YES NO
Nikkei YES YES A NO YES YES NO NO
DAX YES YES A NO YES YES YES NO
CAC40 YES YES A NO YES YES YES NO
FTSE100 YES YES YES NO YES YES YES NO
China YES YES YES NO YES YES A NO
Hong Kong YES YES NO NO YES YES A NO
Indonesia YES YES NO NO YES A NO NO
Malaisia YES YES NO NO YES YES NO NO
Philippines YES YES NO NO YES YES NO NO
Singapore YES YES NO NO YES YES NO NO
South Korea YES YES NO NO YES YES NO NO
Taiwan YES YES YES NO YES YES NO NO
Thailand YES YES NO NO YES NO NO NO
Czech Rep. YES YES YES YES YES YES YES NO
Hungary YES A NO NO YES YES NO NO
Poland YES YES YES NO YES YES A NO
Russia YES YES A NO YES YES NO NO
Slovak Rep. YES YES NO NO YES YES NO NO
Slovenia YES YES A NO YES YES YES NO
Argentina YES YES YES NO YES YES YES NO
Chile YES YES YES NO YES YES YES NO
Mexico YES YES A NO YES YES YES NO
Peru YES YES YES NO YES YES YES NO
Venezuela YES YES YES NO YES YES NO NO
Brasil YES YES YES NO YES YES YES YES
Colombia YES YES NO NO YES YES NO NO

Table 4: Existence of left and right integral for moment computation



Left tail of returns Right tail of returns
ψ STD Lik. LRT ψ STD Lik. LRT

S&P 0,4710 0,0338 -174,01 0,06 0,5481 0,0569 -97,63 0,04
Nikkei 0,9090 0,0771 -169,70 6,95 0,8943 0,0890 -152,98 3,23
DAX 0,5983 0,0471 -239,69 0,24 0,6084 0,0567 -144,48 0,08
CAC40 0,6686 0,0564 -206,82 0,18 0,5968 0,0649 -116,85 0,39
FTSE100 0,6538 0,0694 -132,45 0,11 0,6783 0,0721 -143,39 0,10
MEAN 0,6601 0,0568 -184,53 1,51 0,6652 0,0679 -131,06 0,77
STD 0,1594 0,0173 40,57 3,04 0,1363 0,0134 23,09 1,38

China 2,2348 0,3507 -69,25 3,27 2,7475 0,7785 -66,38 0,36
Hong Kong 1,4007 0,1357 -270,95 0,94 1,2864 0,1417 -176,44 1,41
Indonesia 1,4711 0,2370 -59,59 3,32 1,6602 0,2525 -104,56 6,81
Malaisia 1,1936 0,1526 -203,50 0,29 0,8807 0,0777 -313,72 0,01
Philippines 1,3315 0,1551 -172,98 2,17 1,2187 0,1485 -176,61 0,19
Singapore 0,8874 0,0814 -230,96 0,07 0,9673 0,1198 -141,16 0,08
South Korea 1,1878 0,1245 -186,66 3,61 1,0362 0,0954 -227,34 3,61
Taiwan 1,2134 0,1133 -188,64 3,07 1,3179 0,1602 -157,58 0,08
Thailand 1,3073 0,1353 -158,76 9,94 1,3430 0,1455 -146,50 8,70
MEAN 1,3586 0,1651 -171,26 2,96 1,3842 0,2133 -167,81 2,36
STD 0,3683 0,0814 69,02 2,95 0,5619 0,2176 71,19 3,30

Czech Rep. 0,5832 0,2092 -10,53 0,19 0,6245 0,1090 -15,90 2,69
Hungary 2,2200 0,3554 -88,75 4,99 0,9589 0,1694 -92,21 0,32
Poland 1,2195 0,2912 -30,13 0,98 1,2173 0,2140 -47,87 2,84
Russia 3,9507 1,0971 -34,23 1,38 3,8757 0,8504 -47,19 2,12
Slovak Rep. 0,8938 0,1203 -124,24 0,33 1,3305 0,4306 -57,46 2,53
Slovenia 1,1359 0,2712 -36,81 0,79 0,9558 0,1756 -22,81 2,45
MEAN 1,6672 0,3907 -54,11 1,44 1,4938 0,3248 -47,24 2,16
STD 1,2471 0,3551 43,10 1,79 1,1923 0,2803 27,22 0,93

Argentina 1,3174 0,2594 -61,54 0,01 1,7929 0,2560 -33,26 3,17
Brasil 2,0153 0,3250 -70,82 2,06 1,7445 0,3265 -71,33 0,02
Chile 0,5598 0,0831 -45,22 0,00 0,7633 0,1325 -43,36 1,95
Colombia 0,7324 0,1395 -41,91 1,10 1,0060 0,1846 -55,28 1,30
Mexico 1,2962 0,2099 -80,49 1,06 1,3124 0,2665 -73,49 0,01
Peru 1,0897 0,2032 -38,91 2,27 1,1966 0,1696 -63,48 4,89
Venezuela 1,1270 0,2807 -51,99 0,69 1,6622 0,4547 -48,79 0,02
MEAN 1,1625 0,2144 -55,84 1,03 1,3540 0,2558 -55,57 1,62
STD 0,4697 0,0833 15,67 0,90 0,3951 0,1098 14,86 1,87

Table 5: GPD on filtered returns with optimal t* (from Hill-bootstrap)



Left tail of returns Right tail of returns
x999 x9999 Sample min x999 x9999 Sample max

S&P -4,78 -9,80 -22,83 4,23 8,21 8,71
Nikkei -7,03 -15,29 -16,14 6,69 14,64 12,43
DAX -5,99 -12,89 -13,71 5,29 11,18 8,87
CAC40 -6,13 -13,27 -13,91 5,56 11,82 8,23
FTSE100 -5,30 -10,55 -13,03 5,20 10,50 8,94
MEAN -5,85 -12,36 -15,92 5,40 11,27 9,44
STD 0,86 2,21 4,03 0,88 2,32 1,70

China -17,72 -36,98 -17,90 19,08 37,20 28,86
Hong Kong -12,54 -30,64 -40,54 11,24 27,12 17,25
Indonesia -10,40 -24,17 -12,73 11,31 27,34 13,13
Malaisia -11,01 -28,01 -24,15 13,42 35,51 20,82
Philippines -12,81 -30,58 -15,79 13,25 31,50 15,66
Singapore -8,38 -19,62 -30,04 7,45 16,71 15,87
South Korea -9,55 -22,84 -17,37 10,56 25,44 10,02
Taiwan -10,07 -19,04 -19,66 9,49 17,82 19,91
Thailand -9,70 -22,17 -10,03 9,65 21,73 11,35
MEAN -11,35 -26,00 -20,91 11,72 26,71 16,98
STD 2,77 5,96 9,45 3,33 7,22 5,73

Czech Rep. -4,93 -8,06 -7,08 4,63 8,04 4,74
Hungary -19,09 -62,08 -18,03 24,02 79,45 13,62
Poland -10,01 -18,99 -10,29 10,69 20,89 7,89
Russia -25,22 -56,83 -26,25 27,25 62,57 23,51
Slovak Rep. -12,54 -32,65 -20,57 9,36 22,05 29,02
Slovenia -9,21 -19,58 -9,85 8,56 18,07 7,46
MEAN -13,50 -33,03 -15,34 14,09 35,18 14,37
STD 6,75 20,05 6,80 8,42 26,19 8,96

Argentina -12,02 -22,20 -14,76 10,51 18,86 12,07
Brasil -16,69 -30,95 -17,23 17,25 31,81 22,81
Chile -4,75 -9,05 -12,30 4,63 8,50 6,47
Colombia -6,18 -13,91 -5,29 6,48 14,15 9,92
Mexico -10,08 -21,57 -14,31 9,88 20,92 12,15
Peru -7,99 -14,98 -8,80 8,70 16,47 8,91
Venezuela -10,53 -20,17 -10,80 9,97 18,75 20,06
MEAN -9,75 -18,98 -11,93 9,63 18,49 13,20
STD 3,98 7,10 4,02 3,98 7,15 6,00

Table 6: High quantiles estimated



Left tail Right tail
µ STD ψ STD ξ STD Lik. µ STD ψ STD ξ STD Lik.

S&P 1,1746 0,0285 0,5111 0,0215 0,1892 0,0387 -404,57 1,2468 0,0317 0,5435 0,0233 0,1517 0,0399 -412,43
Nikkei 1,1299 0,0432 0,7222 0,0376 0,3272 0,0411 -563,21 1,1632 0,0393 0,6434 0,0324 0,3703 0,0426 -527,16
DAX 1,2681 0,0341 0,5820 0,0261 0,2748 0,0450 -466,54 1,3147 0,0318 0,5603 0,0261 0,2233 0,0416 -440,51
CAC40 1,2444 0,0380 0,6369 0,0287 0,2542 0,0457 -497,14 1,3324 0,0358 0,6544 0,0279 0,1136 0,0359 -475,74
FTSE100 1,3047 0,0290 0,5451 0,0267 0,1983 0,0396 -424,06 1,2767 0,0250 0,4556 0,0227 0,2710 0,0413 -370,88
MEAN 1,2243 0,0346 0,5995 0,0281 0,2487 0,0420 -471,11 1,2668 0,0327 0,5714 0,0265 0,2260 0,0403 -445,35
STD 0,0710 0,0062 0,0830 0,0059 0,0569 0,0032 62,89 0,0668 0,0053 0,0812 0,0039 0,1013 0,0026 59,73

China 3,5008 0,2737 1,9383 0,2029 0,2749 0,0909 -206,14 3,2827 0,2847 2,0503 0,2491 0,5211 0,1004 -222,57
Hong Kong 1,8625 0,0717 1,0071 0,0575 0,3885 0,0517 -570,67 2,0535 0,0624 0,9801 0,0529 0,2938 0,0447 -546,40
Indonesia 1,1933 0,0892 0,8423 0,0797 0,4396 0,0716 -197,31 1,3051 0,0907 0,8827 0,0828 0,4653 0,0720 -204,84
Malaisia 1,5192 0,0668 0,9306 0,0570 0,3382 0,0561 -420,02 1,7084 0,0603 0,8664 0,0520 0,3187 0,0545 -399,70
Philippines 2,0614 0,0964 1,1383 0,0860 0,3026 0,0560 -318,23 2,2731 0,1123 1,2857 0,0891 0,2637 0,0594 -334,76
Singapore 1,5243 0,0524 0,7640 0,0391 0,2850 0,0457 -466,95 1,6464 0,0477 0,7729 0,0389 0,2455 0,0425 -456,00
South Korea 1,3959 0,0585 0,8560 0,0461 0,3338 0,0495 -503,24 1,7141 0,0652 0,9499 0,0452 0,2053 0,0460 -512,93
Taiwan 2,1648 0,0793 1,1658 0,0603 0,2092 0,0476 -577,78 2,2774 0,0749 1,1969 0,0582 0,1879 0,0420 -581,93
Thailand 1,1769 0,0622 0,8397 0,0534 0,4711 0,0489 -513,56 1,3333 0,0740 1,0035 0,0555 0,3220 0,0473 -543,49
MEAN 1,8221 0,0945 1,0536 0,0758 0,3381 0,0576 -419,32 1,9549 0,0969 1,1098 0,0804 0,3137 0,0565 -422,51
STD 0,7218 0,0687 0,3594 0,0499 0,0831 0,0147 146,27 0,6124 0,0729 0,3875 0,0654 0,1125 0,0191 141,54

Table 7.a: Parameter estimates of the gev distribution (20-histories)



Left tail Right tail
µ STD ψ STD ξ STD Lik. µ STD ψ STD ξ STD Lik.

Czech Rep. 1,2007 0,1206 0,7445 0,0798 0,1416 0,0976 -75,08 1,2930 0,1235 0,7057 0,0717 0,0065 0,1234 -67,98
Hungary 1,6541 0,1089 1,0314 0,1120 0,4487 0,0803 -194,56 1,5905 0,1208 1,0057 0,0914 0,3295 0,0908 -184,19
Poland 2,4589 0,2014 1,3056 0,1490 0,1298 0,0873 -105,65 2,6681 0,1931 1,2200 0,1428 0,1468 0,0927 -102,47
Russia 3,5729 0,3834 2,5851 0,3327 0,3329 0,0850 -155,06 4,0370 0,4550 2,7855 0,3766 0,3755 0,0941 -160,51
Slovak Rep. 2,0056 0,1437 0,9973 0,1129 0,3632 0,1036 -121,22 1,9025 0,1322 0,9645 0,0976 0,2617 0,1160 -114,84
Slovenia 2,1934 0,1431 1,1029 0,1131 0,0752 0,0680 -109,89 1,9895 0,1558 1,0219 0,1216 0,0768 0,0968 -105,51
MEAN 2,1809 0,1835 1,2945 0,1499 0,2486 0,0870 -126,91 2,2468 0,1967 1,2839 0,1503 0,1995 0,1023 -122,58
STD 0,8104 0,1030 0,6577 0,0922 0,1523 0,0126 42,02 0,9907 0,1294 0,7538 0,1136 0,1462 0,0138 42,36

Argentina 2,9254 0,2515 1,7467 0,1706 0,1615 0,0888 -156,02 2,5518 0,1465 1,0514 0,1314 0,3555 0,0875 -128,27
Brasil 4,1765 0,2843 2,1256 0,1924 0,1717 0,0835 -221,30 4,1307 0,3544 2,4530 0,2223 0,1115 0,1133 -231,14
Chile 1,1352 0,0518 0,5770 0,0435 0,2364 0,0703 -181,47 1,1663 0,0640 0,6355 0,0484 0,2687 0,0663 -199,48
Colombia 1,2858 0,0786 0,6224 0,0581 0,2330 0,0797 -112,66 1,3993 0,1016 0,8460 0,0772 0,2768 0,0756 -142,85
Mexico 1,9800 0,1094 1,0153 0,0805 0,2949 0,0780 -251,81 2,1945 0,0937 1,0411 0,0891 0,2518 0,0668 -252,35
Peru 1,9487 0,1381 1,0301 0,1014 0,1940 0,0901 -178,97 2,0600 0,1544 1,1561 0,1126 0,2031 0,0857 -191,50
Venezuela 2,3301 0,2464 1,3645 0,1688 0,2367 0,1273 -129,55 2,4183 0,2066 1,3668 0,1563 0,2333 0,0969 -129,60
MEAN 2,2545 0,1657 1,2117 0,1165 0,2183 0,0882 -175,97 2,2744 0,1602 1,2214 0,1196 0,2430 0,0846 -182,17
STD 1,0416 0,0935 0,5725 0,0601 0,0461 0,0185 49,00 0,9652 0,0976 0,5899 0,0576 0,0747 0,0169 49,88

Table 7.b: Parameter estimates of the gev distribution (20-histories)



Early US index Recent S&P Recent Nikkei Recent DAX Recent CAC40 Recent FTSE100
Beg. date 18850217 19930402 19930402 19930402 19930402 19930402
Ending date 19110302 19981231 19981231 19981231 19981231 19981231
Nobs 7826 1500 1500 1500 1500 1500
Mean 0,0135 0,0670 0,0655 -0,0202 -0,0215 0,0731
Median 0,0380 0,0469 0,0534 0,0000 0,0000 0,0890
Std 0,8704 0,8534 0,8702 1,1304 1,3782 1,2114
min -8,5161 -7,1127 -7,4549 -5,3389 -5,9571 -8,3822
max 6,6109 4,9887 4,8605 6,5993 7,6605 6,1057
Sk -0,3004 -0,6576 -0,7409 0,2219 0,1717 -0,7129
Sk* -10,8502 -10,3979 -11,7148 3,5087 2,7153 -11,2726
Ku 7,0423 9,4405 8,4680 4,2370 3,1920 4,6815
Ku* 127,1677 74,6340 66,9453 33,4962 25,2351 37,0101
JB 16289,35 5678,34 4618,91 1134,30 644,18 1496,82
TR1 111,23 100,44 91,06 30,21 29,32 154,73
TR5 1276,44 124,81 128,13 101,56 80,51 215,66

Table 8: Summary statistics for the early days of a US index and recent mature markets indices

Optimal Hill estimation gpd estimation
ξ STD t* threshold ψ STD

Left tail of distribution
Early US index 0,3401 0,0182 351 -0,0265 0,4975 0,0306

Recent S&P 0,3318 0,0489 46 -1,6551 0,5624 0,1061
Recent Nikkei 0,2851 0,0399 51 -2,5356 0,7653 0,1240
Recent DAX 0,3242 0,0725 20 -3,4210 1,1114 0,2433
Recent CAC40 0,2787 0,0581 23 -2,8126 0,8541 0,1580
Recent FTSE100 0,2446 0,0471 27 -2,0318 0,5595 0,0855
Right tail of distribution
Early US index 0,4181 0,0188 494 0,0204 0,4136 0,0218

Recent S&P 0,3039 0,0493 38 1,6185 0,4972 0,1064
Recent Nikkei 0,2763 0,0532 27 3,1945 0,8944 0,2135
Recent DAX 0,2855 0,0404 50 1,9540 0,5889 0,0932
Recent CAC40 0,2499 0,0361 48 2,1798 0,5197 0,0952
Recent FTSE100 0,3162 0,0294 116 1,1162 0,3624 0,0417

Table 9: Results for the early days of a US index and recent mature markets indices
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