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$EVW U DF W � *H QH UD OL] LQJ WKH UH VXOWV R I . D ] H PL �� � � � �� Z H GH F R PSR VH WKH VWD WH ^
SULF H GH qD WR U LQWR WKH SUR GXF W R I D Q H [ SR QH QWLD O PD UWLQJ D OH �WKH SH UPD QH QW F R P�
SR QH QW� D QG WKH LQY H UVH R I WKH SULF H R I WKH Y H U\ �OR QJ GLVF R XQW �9 /' � ER QG �D
WUH QG�VWD WLR QD U\ SUR F H VV�� :H IXUWKH U GH F R PSR VH WKH SH UPD QH QW F R PSR QH QW LQWR
D WHUP�V WUX FWX UH PDUWLQJDOH F R UUH OD WH G Z LWK ER QG UH WXUQV D QG D QHX WULQR IDFWRU
XQF R UUH OD WH G Z LWK ER QG UH WXUQV� :H D QD O\ ] H WKH LPSOLF D WLR QV R I WKH F R QVWD QF \ R I
R QH R U ER WK R I WKH VH SH UPD QH QW F R PSR QH QWV� :KH Q WKH WH UP�VWUXF WXUH PD UWLQJ D OH
LV F R QVWD QW� WKH ULVN SUH PLD IR U D OO ER QGV D UH GH WH UPLQH G E\ WKH F R Y D ULD QF H Z LWK
WKH UH WXUQ R Q WKH 9 /' ER QG� :KH Q WKH QH XWULQR ID F WR U LV F R QVWD QW� ULVN SUH PLD
IR U D OO D VVH WV D UH GH WH UPLQH G E\ WKH SULF H R I WH UP VWUXF WXUH ULVN � :KH Q ER WK SH U�
PD QH QW F R PSR QH QWV D UH F R QVWD QW� WKH VWD WH ^ SULF H GH qD WR U LV WUH QG�VWD WLR QD U\ D QG
D OO D VVH WV D UH SULF H G E\ WKH 9 /' ER QG� 6LQF H H [ F KD QJ H UD WH V F D Q EH PR GH OH G D V WKH
UD WLR R I WZ R VWD WH ^ SULF H GH qD WR UV� H [ SH F WH G H [ F KD QJ H �UD WH GH SUH F LD WLR Q GH SH QGV
R Q WKH UD WLR R I WKH WZ R QH XWULQR ID F WR UV� :KH Q QH XWULQR ID F WR UV D UH F R QVWD QW� D Q
LPSR UWD QW VR XUF H R I Y D ULD WLR Q LV PLVVLQJ � :H D SSO\ R XU D QD O\ VLV WR & R QVWD QWL�
QLGH V �� � � � � D QG 5R J H UV �� � � � �� D QG Z H SUR Y LGH D QXPEH U R I H [ SR QH QWLD O�D rQH
H [ D PSOH V�

�� ,QW U RGXF W LRQ

7KH VWDWH^SULFH GHqDWRU �D�N�D� WKH SULFLQJ NHUQHO� SOD\V D FHQWUDO UROH LQ DQ\
JHQHUDO�HTXLOLEULXP RU DUELWUDJH�IUHH PRGHO RI DVVHW SULFHV� 7KH H[LVWHQFH RI D VWDWH^
SULFH GHqDWRU JXDUDQWHHV WKH DEVHQFH RI DUELWUDJH RSSRUWXQLWLHV� DQG �VXEMHFW WR
WHFKQLFDO FRQGLWLRQV� WKH FRQYHUVH LV DOVR WUXH� 7KH FHQWUDO IHDWXUH RI WKH VWDWH^
SULFH GHqDWRU LV WKDW GHqDWHG WUDGLQJ JDLQV DUH PDUWLQJDOHV� ,Q WKH FRQVXPSWLRQ�
EDVHG FDSLWDO DVVHW SULFLQJ PRGHO �&^&$30�� IRU H[DPSOH� WKH VWDWH^SULFH GHqDWRU
LV WKH VXEMHFWLYHO\ GLVFRXQWHG YDOXH RI WKH PDUJLQDO XWLOLW\ RI FRQVXPSWLRQ� ,Q
WKLV FDVH� WKH PDUWLQJDOH SURSHUW\ LV HPERGLHG LQ WKH RSWLPDOLW\ FRQGLWLRQ WKDW WKH
H[SHFWHG PDUJLQDO XWLOLW\ IURP OLTXLGDWLQJ D SRUWIROLR RI DVVHWV LQ WKH IXWXUH HTXDOV
WKH PDUJLQDO XWLOLW\ RI LWV SXUFKDVH SULFH WRGD\�
,Q WKH FRQWH[W RI D QRPLQDO YHUVLRQ RI WKH &^&$30� .D]HPL ������ GHPRQVWUDWHV

WKDW LI WKH PDUJLQDO XWLOLW\ RI FRQVXPSWLRQ KDV D OLPLWLQJ VWDWLRQDU\ GLVWULEXWLRQ

'DWH� ) H EUXD U\ � � � � � � � �
-( / & ODV V LpFDWLRQ� *� � �
.H\ ZRUGV DQG SKUDV HV � 6WD WH �SULF H GH qD WR U� SULF LQJ N H UQH O� WH UP VWUXF WXUH R I LQWH UH VW UD WH V� H [ �
F KD QJ H UD WH V� UH D O D QG QR PLQD O LQWH UH VW UD WH V� SR WH QWLD O D SSUR D F K� SR VLWLY H LQWH UH VW UD WH PR GH OV�
QH XWULQR ID F WR U�
7 KH Y LH Z V H [ SUH VVH G KH UH LQ D UH WKH D XWKR U
V D QG GR QR W QH F H VVD ULO\ UH qH F W WKR VH R I %H D U� 6WH D UQV
	 & R � WKH ) H GH UD O 5H VH UY H %D QN R I $ WOD QWD � R U WKH ) H GH UD O 5H VH UY H 6\ VWH P�
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WKHQ WKH YHU\�ORQJ GLVFRXQW �9/'� ERQG SOD\V WKH VDPH UROH DV WKDW RI WKH PDU�
NHW SRUWIROLR LQ WKH &$30� QDPHO\ ULVN�SUHPLD DUH GHWHUPLQHG E\ WKH FRYDULDQFH
ZLWK WKH UHWXUQ RQ WKH 9/' ERQG� .D]HPL
V SRLQW JHQHUDOL]HV EH\RQG KLV HTXLOLE�
ULXP PRGHO WR DQ\ VWDWH^SULFH GHqDWRU_UHDO RU QRPLQDO� JHQHUDO�HTXLOLEULXP EDVHG
RU DEVHQFH�RI�DUELWUDJH EDVHG� ,I WKH VWDWH^SULFH GHqDWRU LV WUHQG�VWDWLRQDU\� WKH
YDOXH RI WKH 9/' ERQG LV LWV LQYHUVH� ZLWK WKH FRQVHTXHQFH WKDW DOO ULVN SUHPLD DUH
GHWHUPLQHG E\ FRYDULDQFH ZLWK WKH UHWXUQ RQ WKH 9/' ERQG�� 7KLV LV D VXEVWDQ�
WLYH UHVWULFWLRQ WKDW KDV VLJQLpFDQW LPSOLFDWLRQV� VRPH RI ZKLFK PD\ RU PD\ QRW EH
GHVLUDEOH��

7KH VWDWH^SULFH GHqDWRU FDQ EH GHFRPSRVHG �VXEMHFW WR WHFKQLFDO FRQGLWLRQV� LQWR
WKH SURGXFW RI WZR IDFWRUV� D ?SHUPDQHQW� SURFHVV DQG D WUHQG�VWDWLRQDU\ SURFHVV��

7KH SHUPDQHQW SURFHVV LV D PDUWLQJDOH� ZKLFK ZH FRPSXWH DV WKH DV\PSWRWLF UHYLVLRQ
SURFHVV IRU WKH VWDWH^SULFH GHqDWRU� 7KH SHUPDQHQW FRPSRQHQW FKDQJHV LI DQG RQO\
LI WKH FRQGLWLRQDO H[SHFWDWLRQ RI WKH VWDWH^SULFH GHqDWRU �VXLWDEO\ QRUPDOL]HG� LQ WKH
GLVWDQW IXWXUH FKDQJHV� 7KH WUHQG�VWDWLRQDU\ SURFHVV LV WKH LQYHUVH RI WKH 9/' ERQG
SULFH� :KHQ WKH VWDWH^SULFH GHqDWRU LV WUHQG�VWDWLRQDU\� WKH SHUPDQHQW FRPSRQHQW
LV LGHQWLFDOO\ RQH�
,Q JHQHUDO� FKDQJHV WR WKH SHUPDQHQW FRPSRQHQW ZLOO EH FRUUHODWHG ZLWK ERQG

UHWXUQV� LQFOXGLQJ WKH UHWXUQ RQ WKH 9/' ERQG� 7KLV FRUUHODWLRQ FDQ EH XVHG WR
GHFRPSRVH WKH SHUPDQHQW FRPSRQHQW LWVHOI LQWR WKH SURGXFW RI WZR �H[SRQHQWLDO�
PDUWLQJDOHV WKDW DUH LQGHSHQGHQW RI HDFK RWKHU �RQH RU ERWK RI ZKLFK PD\ EH LGHQ�
WLFDOO\ RQH�� +HUH LV WKH UHFLSH IRU FRPSXWLQJ WKH GHFRPSRVLWLRQ� *LYHQ WKH LQWHUHVW
UDWH DQG WKH SULFH RI ULVN� ZKLFK FDQ EH FRPSXWHG IURP WKH G\QDPLFV RI WKH VWDWH^
SULFH GHqDWRU� RQH FDQ FRPSXWH ERQG UHWXUQV� 7KH GLoHUHQFH EHWZHHQ WKH SULFH RI
WHUP�VWUXFWXUH ULVN DQG WKH YRODWLOLW\ RI WKH UHWXUQ RQ WKH 9/' ERQG LGHQWLpHV WKH
WZR FRPSRQHQWV� RQH RI ZKLFK LV FRUUHODWHG ZLWK ERQG UHWXUQV �WKH WHUP�VWUXFWXUH
PDUWLQJDOH� DQG WKH RWKHU RI ZKLFK LV QRW �WKH QHXWULQR IDFWRU�� 7KH QHXWULQR IDFWRU
LV VR�QDPHG EHFDXVH LW SDVVHV WKURXJK WKH ERQG PDUNHW ZLWKRXW D WUDFH �PXFK DV
QHXWULQRV SDVV WKURXJK WKH RUGLQDU\ PDWWHU XQGHWHFWHG���

,I LW WXUQV RXW WKDW WKH WHUP�VWUXFWXUH PDUWLQJDOH LV FRQVWDQW �LQ ZKLFK FDVH
WKH QHXWULQR IDFWRU FRPSULVHV WKH HQWLUH SHUPDQHQW FRPSRQHQW RI WKH VWDWH^SULFH
GHqDWRU�� WKHQ WKH SULFH RI WHUP�VWUXFWXUH ULVN LV LGHQWLFDO WR WKH YRODWLOLW\ RI WKH

� 7 KH UH WXUQV SUR F H VV IR U WKH 9 /' ER QG LV VLPSO\ WKH OLPLW R I WKH UH WXUQV SUR F H VV IR U ] H UR �F R XSR Q
ER QGV Z LWK pQLWH KR UL] R QV� 6LQF H WKH 7 UH D VXU\ F D Q LVVXH ] H UR �F R XSR Q ER QGV Z LWK D Q\ LQLWLD O PD WX�
ULW\ � WKH UH WXUQ R Q WKH 9 /' ER QG F D Q EH D SSUR [ LPD WH G D UELWUD ULO\ Z H OO�
�,I WKH UH VWULF WLR Q Z H UH WUXH � WKH Q R I F R XUVH LW Z R XOG EH GH VLUD EOH WR LPSR VH LW� :H VXVSH F W WKD W LW LV
ID U IUR P WUXH D QG WKD W LWV LPSR VLWLR Q VLPSO\ UH GXF H V WKH qH [ LELOLW\ R I PR GH OV D QG PD \ OH D G R QH WR
LQD SSUR SULD WH O\ D ED QGR Q D PR GH O� 2QH R I WKH LPSOLF D WLR QV LV VSH OOH G R XW LQ $ SSH QGL[ $ Z KH UH Z H
VKR Z KR Z WKH 9 /' ER QG F D Q EH XVH G WR H [ WUD F W PD UN H W H [ SH F WD WLR QV Z KH Q WKH VWD WH ^ SULF H GH qD WR U
LV WUH QG�VWD WLR QD U\ �
� 7 KLV GH F R PSR VLWLR Q LV VLPLOD U LQ VSLULW WR WKH GH F R PSR VLWLR Q R I %H Y H ULGJ H D QG 1 H OVR Q �� � � � �� :H
GLVF XVV WKH UH OD WLR Q EH WZ H H Q WKH WZ R LQ $ SSH QGL[ & �
�:H D UH D EOH WR LGH QWLI\ WKH QH XWULQR ID F WR U EH F D XVH Z H D VVXPH Z H N QR Z WKH VWD WH ^ SULF H GH qD WR U�
,I LQVWH D G Z H Z LVKH G WR F R QVWUXF W D VWD WH ^ SULF H GH qD WR U IUR P ER QG SULF H V� Z H Z R XOG KD Y H QR LQIR U�
PD WLR Q D ER XW D Q\ QH XWULQR ID F WR UV� :H Z R XOG QH H G R WKH U VH F XULW\ SULF H V WR F R PSXWH D QH XWULQR
ID F WR U� D QG H Y H Q WKH Q WKH UH Z R XOG D OZ D \ V EH WKH SR VVLELOLW\ WKD W WKH UH Z H UH R WKH U SULF H G VKR F N V
EH \ R QG WKR VH F D SWXUH G E\ WKH VH W R I D VVH WV F KR VH Q�
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UHWXUQ RQ WKH 9/' ERQG DQG FRQVHTXHQWO\ ULVN�SUHPLD IRU DOO ERQGV DUH GHWHUPLQHG
E\ WKH FRYDULDQFH ZLWK WKH UHWXUQ RQ WKH 9/' ERQG� ,Q RWKHU ZRUGV� WKH 9/' ERQG
SULFHV WKH ERQG PDUNHW� 7KLV E\ LWVHOI LV D VLJQLpFDQW UHVWULFWLRQ WKDW PD\ RU PD\
QRW EH GHVLUDEOH� HYHQ LI WKH 9/' ERQG GRHV QRW SULFH DOO DVVHWV �DV LW ZRXOG LI WKH
VWDWH^SULFH GHqDWRU ZHUH WUHQG�VWDWLRQDU\�� )RU H[DPSOH� WHUP SUHPLD LQ WKH ERQG
PDUNHW DUH FRQVWUDLQHG LQ VXFK D ZD\ WKDW WKH\ FDQ EH LGHQWLpHG IURP NQRZOHGJH RI
WKH IRUPXOD IRU ERQG SULFHV DQG WKH YRODWLOLW\ RI WKH VWDWH YDULDEOHV��

7KH FODVVLF H[DPSOH RI D PRGHO RI WKH VWDWH^SULFH GHqDWRU ZLWK D QRQFRQVWDQW
QHXWULQR IDFWRU DQG D FRQVWDQW WHUP�VWUXFWXUH PDUWLQJDOH LV WKDW RI &RQVWDQWLQLGHV
������� ZKRVH PDLQ SXUSRVH ZDV WR FRQVWUXFW D PRGHO RI WKH WHUP VWUXFWXUH ZLWK
SRVLWLYH LQWHUHVW UDWHV� 0RUH UHFHQWO\� 5RJHUV ������ KDV SURSRVHG D VWUDWHJ\ IRU
PRGHOLQJ ERWK WKH WHUP VWUXFWXUH �DOVR ZLWK SRVLWLYH LQWHUHVW UDWHV� DQG IRUHLJQ H[�
FKDQJH UDWHV WKDW LPSRVHV WUHQG�VWDWLRQDULW\ RQ WKH VWDWH^SULFH GHqDWRU�� 1RW RQO\
GRHV WKLV VWUDWHJ\ KDYH WKH VLGH�HoHFWV DOUHDG\ GHVFULEHG� EXW LW DOVR FRQVWUDLQV WKH
EHKDYLRU RI H[FKDQJH UDWHV LQ DQ LPSRUWDQW ZD\� ([FKDQJH UDWHV FDQ EH PRGHOHG DV
UDWLRV RI WZR VWDWH^SULFH GHqDWRUV� $V 5RJHUV SRLQWV RXW� LI RQH IROORZV KLV VWUDWHJ\�
WKHUH FDQ EH QR VKRFNV WR WKH H[FKDQJH UDWH WKDW DUH LQGHSHQGHQW RI WKH WZR WHUP
VWUXFWXUHV� 7KHUH LV� KRZHYHU� HYLGHQFH WKDW H[SHFWHG H[FKDQJH�UDWH GHSUHFLDWLRQ
KDV D FRPSRQHQW WKDW LV LQGHSHQGHQW RI ERWK WHUP VWUXFWXUHV� $V ZH GLVFXVV� WKH
RQO\ ZD\ IRU WKLV WR FRPH DERXW LV LI WKHUH LV D QHXWULQR�IDFWRU FRPSRQHQW WR H[�
SHFWHG H[FKDQJH�UDWH GHSUHFLDWLRQ� $ QHXWULQR�IDFWRU FRPSRQHQW ZLOO EH SUHVHQW LI
DQG RQO\ LI WKH UDWLR RI WKH WZR QHXWULQR IDFWRUV �RQH IURP HDFK VWDWH^SULFH GHqDWRU�
LV QRW LGHQWLFDOO\ RQH� DQG WKLV UHTXLUHV DGGLWLRQDO VKRFNV�
2QH FDQ LPDJLQH WZR PRGHOLQJ VWUDWHJLHV IRU LQWURGXFLQJ 0DUNRYLDQ VWDWH YDUL�

DEOHV� 7KH pUVW VWUDWHJ\ LV WR GLUHFWO\ 0DUNRYLDQL]H WKH VWDWH^SULFH GHqDWRU LWVHOI�
7KLV LV HVVHQWLDOO\ ZKDW &RQVWDQWLQLGHV DQG 5RJHUV GR� 7KH VHFRQG VWUDWHJ\ LV WR
0DUNRYLDQL]H WKH G\QDPLFV RI WKH VWDWH^SULFH GHqDWRU_WKH LQWHUHVW UDWH DQG WKH
SULFH RI ULVN� &OHDUO\ D PRGHO GHULYHG YLD RQH VWUDWHJ\ PXVW EH GHULYDEOH DW OHDVW
LQ SULQFLSOH YLD WKH RWKHU VWUDWHJ\� 2QH FDQ DOZD\V UHFRYHU WKH G\QDPLFV IURP WKH
VROXWLRQ XVLQJ ,WR
V OHPPD� FRQYHUVHO\� D PRGHO RI WKH G\QDPLFV LV YDOLG RQO\ ZKHQ
WKH VWRFKDVWLF LQWHJUDO DVVRFLDWHG ZLWK WKRVH G\QDPLFV H[LVWV� 1HYHUWKHOHVV� DV ZH
KDYH LQGLFDWHG� WKH W\SLFDO VWUDWHJ\ RI PRGHOLQJ WKH VWDWH^SULFH GHqDWRU GLUHFWO\ KDV
OHDG WR ZKDW FRXOG EH FDOOHG DQ ?RYHU�0DUNRYLDQL]DWLRQ��
7KH VRXUFH RI WKH UHVWULFWLYHQHVV RI WKH VWUDWHJ\ RI PRGHOLQJ WKH VWDWH^SULFH GH�

qDWRU FDQ EH XQGHUVWRRG E\ FRQVLGHULQJ WKH UHODWLRQ EHWZHHQ ERQG SULFHV DQG WKH
VWDWH^SULFH GHqDWRU� ,Q DQ HFRQRP\ ZKHUH WKH SULFH RI D ]HUR�FRXSRQ ERQG FDQ EH

�:H QR WH LQ SD VVLQJ WKD W R XU D QD O\ VLV KD V LPSOLF D WLR QV IR U WKH PD F UR OLWH UD WXUH WKD W KD V H [ D PLQH G
�LQ WKH F R QWH [ W R I WKH & ^ & $ 30 � KR Z WKH VOR SH R I WKH WH UP VWUXF WXUH GH SH QGV R Q Z KH WKH U R U
QR W R XWSXW� D QG KH QF H WKH VWD WH �SULF H GH qD WR U� LV WUH QG�VWD WLR QD U\ � ,Q SD UWLF XOD U� WKH D QD O\ VLV KD V
LPSOLF LWO\ LGH QWLpH G WKH SH UPD QH QW F R PSR QH QW R I WKH VWD WH ^ SULF H GH qD WR U Z LWK WKH WH UP�VWUXF WXUH
PD UWLQJ D OH � �6H H � IR U H [ D PSOH � /D ED GLH �� � � � ��� %\ F R QWUD VW� LI D QH XWULQR ID F WR U Z H UH LQWUR GXF H G
LQWR R WKH UZ LVH WUH QG�VWD WLR QD U\ H F R QR P\ � WKH UH VXOW Z R XOG EH D ? WUH QG�VWD WLR QD U\ � WH UP�VWUXF WXUH
LQ D Q H F R QR P\ WKD W LV QR W WUH QG�VWD WLR QD U\ �
�-LQ D QG *OD VVH UPD Q �� � � � � VKR Z KR Z SR VLWLY H LQWH UH VW UD WH PR GH OV F D Q EH EXLOW IUR P D ID PLO\ R I
SR VLWLY H PD UWLQJ D OH V� ,Q $ SSH QGL[ % Z H VKR Z WKD W WKH SH UPD QH QW F R PSR QH QW R I WKH VWD WH �SULF H
GH qD WR U LV WKH OLPLW R I WKD W ID PLO\ �
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H[SUHVVHG DV D IXQFWLRQ RI D VHW RI 0DUNRYLDQ VWDWH YDULDEOHV� WKH VWDWH^SULFH GHqDWRU
FDQQRW LQ JHQHUDO EH H[SUHVVHG DV D IXQFWLRQ RI WKH VDPH VHW RI VWDWH YDULDEOHV� &RQ�
VHTXHQWO\� PRGHOLQJ VWUDWHJLHV WKDW LPSRVH D 0DUNRYLDQ VWUXFWXUH RQ WKH VWDWH^SULFH
GHqDWRU LPSRVH UHVWULFWLRQV RQ WKH SULFH RI ULVN WKDW FDQ EH XQGHVLUDEOH�
7R H[SORUH WKHVH UHVWULFWLRQV� ZH PRGHO WKH VWDWH^SULFH GHqDWRU DV WKH UDWLR RI DQ

H[SRQHQWLDO PDUWLQJDOH WR WKH YDOXH RI D 0DUNRYLDQ EXEEOH DVVHW� :H VKRZ WKDW WKH
VWDWH YDULDEOHV WKDW GULYH WKH YDOXH RI WKH EXEEOH DOVR GULYH WKH WHUP VWUXFWXUH RI
LQWHUHVW UDWHV� DQG ZH VKRZ KRZ WKH EXEEOH LV UHODWHG WR WKH 9/' ERQG� :H SUHVHQW
D FRPSHQGLXP RI UHVXOWV UHJDUGLQJ WKH 9/' ERQG� H[WHQGLQJ WKH UHVXOWV RI .D]HPL
������ WKDW UHODWH WKH YRODWLOLW\ RI WKH 9/' ERQG WR WKH SULFH RI ULVN�

5HODWHG ZRUN� .D]HPL DQG *HRUJLHY ������ KDYH LQGHSHQGHQWO\ FRYHUHG VRPH RI WKH
VDPH JURXQG WKDW ZH GR LQ WKLV SDSHU� ,Q SDUWLFXODU� WKH\ DGRSW WKH H[SRQHQWLDO�
DrQH IUDPHZRUN DV GHOLQHDWHG E\ 'XrH DQG .DQ ������� ZKHUH WKH PDUNHW SULFH RI
ULVN LV XQVSHFLpHG DQG WKH G\QDPLFV RI WKH VWDWH YDULDEOHV DUH VSHFLpHG RQO\ XQGHU
WKH VWDQGDUG HTXLYDOHQW PDUWLQJDOH PHDVXUH �4y LQ RXU QRWDWLRQ� VHH 6HFWLRQ ���
:LWKLQ WKLV IUDPHZRUN WKH\ SURYLGH WZR H[DPSOHV� D VLQJOH IDFWRU PRGHO DQG D
PXOWLIDFWRU PRGHO WKDW LQFOXGHV D QHXWULQR IDFWRU� ,Q ERWK H[DPSOHV WKH WHUP�
VWUXFWXUH PDUWLQJDOH LV FRQVWDQW� 7KH\ FRQpUP WKDW WKH SULFH RI �WHUP�VWUXFWXUH�
ULVN HTXDOV WKH YRODWLOLW\ RI WKH UHWXUQ RQ WKH 9/' ERQG LQ ERWK H[DPSOHV� 7KH\
HPSKDVL]H WKH DGYDQWDJH RI WKH FRQVWDQF\ RI WKH WHUP�VWUXFWXUH PDUWLQJDOH� 1R
DGGLWLRQDO SDUDPHWHUV DUH UHTXLUHG WR FRPSOHWH WKH PRGHO� EHFDXVH WKH SULFH RI ULVN
FDQ EH FRPSXWHG IURP SDUDPHWHUV LGHQWLpHG LQ ERQG SULFHV�

2XWOLQH RI WKH UHVW RI WKH SDSHU� ,Q 6HFWLRQ � ZH SURYLGH DQ LQWURGXFWRU\ H[DPSOH�
,Q 6HFWLRQ � ZH SURYLGH DQ H[SOLFLW VWDWHPHQW RI WKH LQIRUPDWLRQ VWUXFWXUH WKDW ZH
DGRSW LQ WKLV SDSHU� ,Q 6HFWLRQ � ZH GHpQH WKH DV\PSWRWLF UHYLVLRQ SURFHVV DQG
WUHQG�VWDWLRQDULW\� DQG ZH SUHVHQW D QXPEHU RI SURSRVLWLRQV LQ D QRQ�0DUNRYLDQ
VHWWLQJ� ,Q 6HFWLRQ � ZH DSSO\ WKHVH UHVXOWV LQ D 0DUNRYLDQ VHWWLQJ DQG GLVFXVV
&RQVWDQWLQLGHV ������� ,Q 6HFWLRQ � ZH WUHDW WKH H[SRQHQWLDO�DrQH FODVV RI PRGHOV
DQG SURYLGH DGGLWLRQDO H[DPSOHV WKDW LOOXVWUDWH D QXPEHU RI UHVXOWV IURP 6HFWLRQ ��
,Q 6HFWLRQ � ZH H[DPLQH H[FKDQJH UDWHV� ZLWK SDUWLFXODU IRFXV RQ KRZ WKH QHXWULQR�
IDFWRU FRPSRQHQW DoHFWV WKH G\QDPLFV RI H[SHFWHG H[FKDQJH UDWH GHSUHFLDWLRQ� DQG
ZH GLVFXVV 5RJHUV �������
7KH SDSHU KDV D QXPEHU RI DSSHQGLFHV� ,Q $SSHQGL[ $ ZH VKRZ KRZ WKH 9/'

ERQG FDQ EH XVHG WR H[WUDFW PDUNHW H[SHFWDWLRQV� ,Q $SSHQGL[ % ZH GLVFXVV WKH
UHODWLRQ EHWZHHQ WKH DV\PSWRWLF UHYLVLRQ SURFHVV DQG WKH IDPLO\ RI SRVLWLYH PDUWLQ�
JDOHV WKDW DUH FHQWUDO WR SRVLWLYH LQWHUHVW�UDWH PRGHOV� ,Q $SSHQGL[ & ZH GLVFXVV
WKH UHODWLRQ EHWZHHQ RXU GHFRPSRVLWLRQ DQG WKH %HYHULGJH^1HOVRQ GHFRPSRVLWLRQ�
,Q $SSHQGL[ ' ZH UHODWH D JHQHUDOL]HG 9/' ERQG WR WKH SD\Ro EXEEOHV RI *LOOHV
DQG /H5R\ �������

�� $Q LQW U RGXF W RU \ H[DP SO H

%HIRUH SURFHHGLQJ WR WKH JHQHUDO DQDO\VLV� ZH LOOXVWUDWH VHYHUDO RI WKH PDLQ SRLQWV
ZLWK D VLPSOH H[DPSOH�
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3UHOLPLQDULHV� )LUVW ZH HVWDEOLVK VRPH QRWDWLRQ DQG VWDWH TXLWH EULHq\ D IHZ DVVHW�
SULFLQJ IDFWV ZH XVH LQ WKH H[DPSOH��

$ VWDWH^SULFH GHqDWRU LV D SRVLWLYH SURFHVV WKDW JXDUDQWHHV WKH DEVHQFH RI DU�
ELWUDJH RSSRUWXQLWLHV� /HW Q GHQRWH D VWDWH^SULFH GHqDWRU� QRUPDOL]HG VR WKDW
Q���  �� /HW S�W� 7 � GHQRWH WKH YDOXH DW WLPH W RI D GHIDXOW�IUHH� ]HUR�FRXSRQ
ERQG WKDW SD\V RQH XQLW ZKHQ LW PDWXUHV DW WLPH 7 � 7KH IDFW WKDW WKH ERQGV DUH
GHIDXOW�IUHH LPSOLHV S�7� 7 �  �� )RUZDUG UDWHV FDQ EH FRPSXWHG IURP ERQG SULFHV�

I�W� 7 �  b# ORJ�S�W� 7 �� #7�

7KH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ SURYLGHG E\ WKH VWDWH^SULFH GHqDWRU LV WKDW
GHqDWHG DVVHW SULFHV DUH PDUWLQJDOHV� )RU ERQG SULFHV WKLV PHDQV Q�W� S�W� 7 �  
(W>Q��� S��� 7 �@ IRU W x � x 7 � ZKHUH (W> c @ LV WKH H[SHFWDWLRQ RSHUDWRU FRQGLWLRQDO
RQ LQIRUPDWLRQ DW WLPH W� )RU �  7 � WKH DEVHQFH�RI�DUELWUDJH FRQGLWLRQ KDV D
FRQYHQLHQW IRUP�

S�W� 7 �  (W>Q�7 � Q�W�@� �����

/HW XV DVVXPH WKDW DOO XQFHUWDLQW\ LV GULYHQ E\ %URZQLDQ PRWLRQ DQG WKDW WKH
VWDWH^SULFH GHqDWRU DQG ERQG SULFH DUH ,WR SURFHVVHV� ,Q WKLV FDVH� WKH G\QDPLFV RI
Q DUH JLYHQ E\

GQ�W�

Q�W�
 bU�W� GWb y�W�!G: �W�� �����

ZKHUH U LV WKH ULVN�IUHH LQWHUHVW UDWH� y LV WKH SULFH RI ULVN YHFWRU� DQG : LV D YHFWRU
RI LQGHSHQGHQW %URZQLDQ PRWLRQV�� 7KH G\QDPLFV RI ERQG SULFHV FDQ EH ZULWWHQ DV

GS�W� 7 �

S�W� 7 �
 zS�W� 7 � GW� �S�W� 7 �

!G: �W�� �����

ZKHUH zS LV WKH H[SHFW UHWXUQ DQG �S LV WKH YRODWLOLW\ RI WKH UHWXUQ� 7KH DEVHQFH�
RI�DUELWUDJH FRQGLWLRQ FDQ EH H[SUHVVHG LQ WHUPV RI WKHVH G\QDPLFV� ,Q SDUWLFXODU�
WKH IDFW WKDW WKH GHqDWHG ERQG SULFH� Q�W� S�W� 7 �� LV D PDUWLQJDOH PHDQV WKDW LW KDV
]HUR GULIW� ZKLFK LPSOLHV

zS�W� 7 �  U�W� � y�W�!�S�W� 7 �� �����

(TXDWLRQ ����� VD\V WKDW WKH H[SHFWHG UHWXUQ HTXDOV WKH ULVN�IUHH UDWH SOXV D ULVN
SUHPLXP WKDW GHSHQGV RQ WKH FRYDULDQFH ZLWK WKH VWDWH^SULFH GHqDWRU�

7KH H[DPSOH� ,Q WKLV H[DPSOH WKHUH LV D VLQJOH VWDWH YDULDEOH ZLWK 2UQVWHLQ^
8KOHQEHFN G\QDPLFV�

G;�W�  x �v b;�W�� GW� � G:;�W��

ZKHUH x� v� DQG � DUH SDUDPHWHUV DQG :; LV D %URZQLDQ PRWLRQ� :LWK WKHVH
G\QDPLFV� WKH GLVWULEXWLRQ RI ;�7 � FRQGLWLRQDO RQ ;�W� LV *DXVVLDQ� ZLWK PHDQ

�6H H 6H F WLR Q � IR U PR UH GH WD LO�
� 7 KH QR WD WLR Q [!\ GH QR WH V WKH LQQH U SUR GXF W R I WZ R Y H F WR UV [ D QG \�
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;�W� 7 � � (W>;�7 �@ DQG YDULDQFH h�W� 7 � � (W>�;�7 �b(W>;�7 �@�
�@� ZKHUH

;�W� 7 �  v
t
�b Hbx �7bW�

u
�;�W� Hbx �7bW� ����D�

h�W� 7 �  
��

�x

t
�b Hb�x �7bW�

u
� ����E�

$VVXPLQJ x ! �� WKH OLPLWLQJ GLVWULEXWLRQ DV 7 � � LV LQGHSHQGHQW RI DQ\ LQIRU�
PDWLRQ DW WLPH W�

0RGHO �� ,Q WKH pUVW PRGHOLQJ VWUDWHJ\� ZH PRGHO WKH LQWHUHVW UDWH DQG WKH SULFH RI
ULVN DV IXQFWLRQV RI WKH VWDWH YDULDEOH�

U�W�  D� E;�W� DQG y�W�  T� �0RGHO ��

ZKHUH D� E� DQG T DUH SDUDPHWHUV� 7RJHWKHU U� y� DQG WKH G\QDPLFV RI; FRPSULVH DQ
H[SRQHQWLDO�DrQH PRGHO RI WKH WHUP VWUXFWXUH�� 7KH SULFH RI D ]HUR�FRXSRQ ERQG LV
JLYHQ E\ S�W� 7 �  3 �;�W�� 7 bW�� ZKHUH 3 �[� ��  H[S�b$���b%���[�� *LYHQ WKLV
VHWXS� DEVHQFH�RI�DUELWUDJH FRQGLWLRQ ����� EHFRPHV D SDUWLDO GLoHUHQWLDO HTXDWLRQ
�VHH ������ EHORZ�� WKH VROXWLRQ WR ZKLFK LV

$���  

= �

X �

v
D� �x v b T ��%�X�b �

�
��%�X��

w
GX

%���  
E

x

b
�b Hbx �

c
�

7KH DV\PSWRWLF IRUZDUG UDWH LV JLYHQ E\

$���� � OLP
��� $����  D� E v b E T �

x
b �

�

E� ��

x�
�

7KH YRODWLOLW\ RI ERQG UHWXUQV LV JLYHQ E\ b%����� VR OHWWLQJ

%��� � OLP
��� %���  E x�

WKH DV\PSWRWLF ERQG�UHWXUQ YRODWLOLW\ LV

b%����  bE � x� �����

�7KH DV\PSWRWLF ERQG�UHWXUQ YRODWLOLW\ LV WKH YRODWLOLW\ RI WKH UHWXUQ IRU WKH 9/'
ERQG� :H LQWURGXFH WKH 9/' ERQG IRUPDOO\ LQ 6HFWLRQ ���

0RGHO �� ,Q WKH VHFRQG PRGHOLQJ VWUDWHJ\� ZH PRGHO WKH VWDWH^SULFH GHqDWRU �ZKLFK
ZH GHQRWH Q��W� LQ RUGHU WR GLVWLQJXLVK LW IURP RWKHU VWDWH^SULFH GHqDWRUV WR EH
LQWURGXFHG VKRUWO\� DV D IXQFWLRQ RI WKH VWDWH YDULDEOH DQG WLPH�

Q��W�  H[S
jbo Wb p

b
;�W�b;���

ck
� �0RGHO ��

ZKHUH o DQG p DUH SDUDPHWHUV� �7KH IDFWRU Hp ;��� HQVXUHV Q����  ��� :H FDQ
FRPSXWH ERQG SULFHV XVLQJ DEVHQFH�RI�DUELWUDJH FRQGLWLRQ ������

S��W� 7 �  (W>Q��7 � Q��W�@  Hbo �7bW��p ;�W�(W

K
Hbp ;�7 �

L
�

�:H WUH D W H [ SR QH QWLD O�D rQH PR GH OV LQ J H QH UD O LQ 6H F WLR Q � � Z KH UH Z H D OVR SUR Y LGH D QXPEH U R I
R WKH U H [ SR QH QWLD O�D rQH H [ D PSOH V� ,Q WKH F XUUH QW H [ D PSOH � LI Z H VH W D  � D QG E  � Z H KD Y H WKH
WH UP VWUXF WXUH PR GH O R I 9 D VLF H N �� � � � ��
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6LQFH bp ;�7 � LV FRQGLWLRQDOO\ *DXVVLDQ� Hbp ;�7 � LV FRQGLWLRQDOO\ ORJQRUPDOO\ GLV�
WULEXWHG� ZLWK

(W

K
Hbp ;�7 �

L
 H[S

v
bp ;�W� 7 � �

�

�
p�h�W� 7 �

w
� �����

7KHUHIRUH� ERQG SULFHV DUH JLYHQ E\ S��W� 7 �  3��;�W�� 7 b W�� ZKHUH 3��[� ��  
H[S�b$����b%����[� DQG ZKHUH

$����  o � � p v
b
�b Hbx �

cb p� ��

�x

b
�b Hb�x �

c
����D�

%����  bp
b
�b Hbx �

c
� ����E�

:H VHH WKDW 0RGHO � SURGXFHV D WHUP�VWUXFWXUH PRGHO RI WKH VDPH IRUP DV 0RGHO ��
)URP ������ ZH FDQ FRPSXWH WKH DV\PSWRWLF IRUZDUG UDWH $�

����  o DQG WKH
DV\PSWRWLF ERQG UHWXUQ YRODWLOLW\ b%�����  p ��
%\ DSSO\LQJ ,WR
V OHPPD WR WKH VWDWH^SULFH GHqDWRU Q� DQG LGHQWLI\LQJ WKH UHODWLYH

GULIW DQG GLoXVLRQ DV LQ ������ ZH FDQ FRPSXWH WKH LQWHUHVW UDWH DQG SULFH RI ULVN IRU
0RGHO �� U��W�  D� � E�;�W� DQG y��W�  T�� ZKHUH

D�  o� p x v b �

�
p� ��� E�  bp x� DQG T�  p ��

$OWKRXJK WKH 0RGHO � LV TXLWH VLPLODU WR 0RGHO �� WKHUH LV DQ LPSRUWDQW GLVWLQFWLRQ
EHWZHHQ WKHP� ,Q 0RGHO �� WKH SULFH RI ULVN y� LV QHFHVVDULO\ LGHQWLpHG ZLWK WKH
DV\PSWRWLF YRODWLOLW\ RI ERQG UHWXUQV b%������ ZKLFK LV QRW WUXH LQ 0RGHO �� ,Q
RWKHU ZRUGV� 0RGHO � LV D UHVWULFWHG YHUVLRQ RI 0RGHO ��

0RGHO �� :H FDQ PRGLI\ WKH VHFRQG PRGHOLQJ VWUDWHJ\ WR SURGXFH D PRGHO WKDW LV
HTXLYDOHQW WR 0RGHO �� ,Q RUGHU WR KDYH DQ HTXLYDOHQW PRGHO� ZH PXVW LQFRUSRUDWH
DQ H[SRQHQWLDO PDUWLQJDOH WKDW LV GULYHQ E\ WKH VDPH %URZQLDQ WKDW GULYHV WKH WHUP
VWUXFWXUH� :H FDOO WKLV PDUWLQJDOH WKH WHUP�VWUXFWXUH PDUWLQJDOH� /HW ]� GHQRWH WKH
WHUP�VWUXFWXUH PDUWLQJDOH� DQG OHW ]����  �� DQG OHW WKH G\QDPLFV RI ]� EH JLYHQ
E\ G]��W� ]��W�  bJ G:;�W�� ZKHUH J LV D SDUDPHWHU� 1RZ PRGHO WKH VWDWH^SULFH
GHqDWRU DV IROORZV�

Q��W�  ]��W�Q��W�� �0RGHO ��

ZKHUH Q��W� LV JLYHQ LQ 0RGHO �� 7KH FRQGLWLRQDO H[SHFWDWLRQ (W>]��W�Q��W�@ LV
QRW DV VLPSOH WR FRPSXWH� VLQFH ]� DQG Q� DUH FRUUHODWHG� ,Q DQ\ HYHQW� ZH FDQ
DSSO\ ,WR
V OHPPD WR Q� WR FRPSXWH WKH LQWHUHVW UDWH DQG SULFH RI ULVN IRU 0RGHO ��
U��W�  D� � E�;�W� DQG y��W�  T�� ZKHUH

D�  D� b J p �� E�  E�� DQG T�  T� � J�

7KHVH HTXDWLRQV SURYLGH D XQLTXH VROXWLRQ IRU o� p� DQG J LQ WHUPV RI D�� E�� DQG
T�� ZKLFK ZH FDQ LGHQWLI\ ZLWK WKH SDUDPHWHUV D� E� DQG T RI 0RGHO �� ,Q SDUWLFXODU�
ZH KDYH

o  $�
����� p  b%����� DQG J  T b p �� �����

(TXDWLRQV ����� KLJKOLJKW WKH IHDWXUHV RI WKH 0RGHO � WKDW DUH DQG DUH QRW FKDQJHG
UHODWLYH WR 0RGHO � E\ WKH DGGLWLRQ RI WKH WHUP�VWUXFWXUH PDUWLQJDOH� 1HLWKHU WKH
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DV\PSWRWLF IRUZDUG UDWH QRU WKH DV\PSWRWLF ERQG�UHWXUQ YRODWLOLW\ DUH FKDQJHG� EXW
WKH SULFH RI ULVN LV FKDQJHG� GULYLQJ D ZHGJH EHWZHHQ WKH SULFH RI ULVN DQG WKH
DV\PSWRWLF ERQG�UHWXUQ YRODWLOLW\�

0RGHO �� 7KHUH LV DQRWKHU SRLQW ZH FDQ LOOXVWUDWH ZLWK WKLV H[DPSOH� $V LW VWDQGV�
WKH VWDWH^SULFH GHqDWRU LQ 0RGHO � KDV WKH SURSHUW\ WKDW RQO\ WHUP�VWUXFWXUH�UHODWHG
ULVN LV SULFHG� ,Q RWKHU ZRUGV� WKH ULVN SUHPLXP RQ HTXLWLHV �IRU H[DPSOH� FDQ EH
FRPSXWHG IURP WKH SULFH RI ULVN WKDW LV LGHQWLpHG VROHO\ IURP ERQG SULFHV� ,I WKH
LQWHUHVW UDWH ZHUH FRQVWDQW� WKHQ WKHUH ZRXOG EH QR ULVN SUHPLXP IRU DQ\ DVVHW�
,Q RUGHU WR LQWURGXFH DGGLWLRQDO FRPSRQHQWV WR WKH SULFH RI ULVN YHFWRU ZLWKRXW

DoHFWLQJ WKH WHUP VWUXFWXUH� ZH FDQ DXJPHQW WKH PRGHO ZLWK ZKDW ZH FDOO D QHXWULQR
IDFWRU� DQ H[SRQHQWLDO PDUWLQJDOH WKDW LV LQGHSHQGHQW RI WKH WHUP VWUXFWXUH� /HW ]�
GHQRWH WKLV PDUWLQJDOH �ZLWK ]����  ��� DQG GHpQH D QHZ VWDWH^SULFH GHqDWRU�

Q��W�  ]��W�Q��W�� �0RGHO ��

ZKHUH Q��W� LV JLYHQ LQ 0RGHO �� 7KH NH\ IHDWXUH RI 0RGHO � LQ UHODWLRQ WR 0RGHO �
LV

(W>Q��7 � Q��W�@  (W>Q��7 � Q��W�@� ������

VR WKDW ERQG SULFHV DUH WKH VDPH LQ WKH WZR PRGHOV� $V DQ H[DPSOH� OHW WKH G\QDPLFV
RI ]� EH JLYHQ E\ G]��W� ]��W�  bK�;�W�� < �W�� G:< �W�� ZKHUH :< LV D %URZQLDQ
PRWLRQ WKDW LV LQGHSHQGHQW RI :; � K�[� \� LV D GHWHUPLQLVWLF IXQFWLRQ� DQG < LV
D VWDWH YDULDEOH WKDW PD\ EH GULYHQ E\ ERWK :; DQG :< � $SSO\LQJ ,WR
V OHPPD
WR Q�� ZH FDQ VHH WKDW U��W�  U��W� DQG WKH SULFH RI ULVN QRZ KDV DQ DGGLWLRQDO
FRPSRQHQW�

y��W�  

v
p � � J

K�;�W�� < �W��

w
�

7KH pUVW FRPSRQHQW LV WKH SULFH RI WHUP�VWUXFWXUH ULVN� VLQFH WKH VHFRQG FRPSRQHQW
KDV QR LPSDFW RQ ERQG SULFHV DV LV FOHDU IURP ������� ,Q SDUWLFXODU� D QHXWULQR
IDFWRU GRHV QRW DoHFW WKH UHODWLRQ EHWZHHQ WKH SULFH RI WHUP�VWUXFWXUH ULVN DQG WKH
DV\PSWRWLF YRODWLOLW\ RI ERQG UHWXUQV�

�� 'HVF U LSW LRQ RI W KH VHW W LQJ

8QFHUWDLQW\� :H UHIHU WKH UHDGHU WR 'XrH ������ RU .DUDW]DV DQG 6KUHYH �������
IRU DOO WKH PLVVLQJ GHWDLOV DQG GHpQLWLRQV�
:H p[ D YHFWRU :  �:�� � � � �:G� RI RUWKRJRQDO VWDQGDUG %URZQLDQ PRWLRQV

GHpQHG RQ D FRPSOHWH SUREDELOLW\ VSDFH In�) �3J �WKH YHFWRU : LV RIWHQ VSOLW LQWR
YHFWRUV :; DQG :< � ZLWK GLPHQVLRQV G; DQG G< VDWLVI\LQJ G; � G<  G�� $OO WKH
FRPSRQHQWV RI : DUH LQLWLDOL]HG WR �� WKDW LV� 3�: ���  ��  �� 7KH pOWUDWLRQ
I)W M W y �J WKDW GHVFULEHV WKH HYROXWLRQ RI XQFHUWDLQW\ LV WKDW JHQHUDWHG E\ : �W��
DXJPHQWHG VR WKDW )W LQFOXGHV DOO WKH 3�QXOO VHWV RI ) � 7KLV pOWUDWLRQ VDWLVpHV WKH
VR�FDOOHG XVXDO FRQGLWLRQV�
:H GHpQH D VWRFKDVWLF SURFHVV = DV D MRLQWO\ PHDVXUDEOH IXQFWLRQ RQ >����d n

LQWR VRPH (XFOLGHDQ VSDFH� DQG ZH ZULWH =�W� IRU WKH UDQGRP YDULDEOH =�W� c� GHpQHG
RQ n� :H UHVWULFW DWWHQWLRQ WR WKH VWRFKDVWLF SURFHVVHV = WKDW DUH DGDSWHG WR WKH
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pOWUDWLRQ I)WJ DQG KDYH FRQWLQXRXV SDWKV �WKDW LV� =�W� LV )W�PHDVXUDEOH DQG� IRU
3�DOPRVW DOO �� W � =�W� �� LV FRQWLQXRXV��
:H ZULWH G=�W�  z]�W� GW � �]�V�

!G: �W� WR PHDQ WKDW =�W� LV D SURFHVV ZLWK
UHSUHVHQWDWLRQ DV D �VFDODU� VWRFKDVWLF LQWHJUDO RI WKH IRUP

=�W�  =��� �

= W

�
z]�V� GW�

= W

�
�]�V�

!G: �V��

7KH GULIW RI =� z]�W�� DQG LWV GLoXVLRQ� �]�W�� PD\ EH VWRFKDVWLF SURFHVVHV WKHP�
VHOYHV� LQ ZKLFK FDVH ZH DOZD\V DVVXPH WKDW WKH\ VDWLVI\ WKH LQWHJUDELOLW\ FRQGL�
WLRQV� 3�D�V� DQG IRU DOO W y �� �D�

5 W
� Mz]�V�MGV � � DQG �E�

5 W
� N�]�V�N�GV � ��

7KLV LPSOLHV WKDW DOO VWRFKDVWLF SURFHVVHV WKDW ZH FRQVLGHU DUH VTXDUH�LQWHJUDEOH
�(W>=�7 �

�@ � � IRU DOO W x 7 � D�V�� VR WKDW DOO FRQGLWLRQDO pUVW DQG VHFRQG PRPHQWV
H[LVW��
:H ZULWH (W IRU WKH H[SHFWDWLRQ FRQGLWLRQDO RQ WKH ��pHOG )W� WKDW LV� JLYHQ D

UDQGRP YDULDEOH ; GHpQHG RQ n� (W>[@ � (>; M )W@� FRQGLWLRQDO YDULDQFHV DQG
FRYDULDQFHV DUH GHQRWHG LQ D VLPLODUO\ IDVKLRQ�

7KH VWDWH�SULFH GHqDWRU� 7KH VWDWH�SULFH GHqDWRU SOD\V D FHQWUDO UROH LQ WKH
DQDO\VLV� ,W LV D VWULFWO\ SRVLWLYH VWRFKDVWLF SURFHVV Q QRUPDOL]HG VR WKDW Q���  � DQG
VXFK WKDW WKH GHqDWHG JDLQV SURFHVV DVVRFLDWHG ZLWK DQ\ DGPLVVLEOH WUDGLQJ VWUDWHJ\
LV D PDUWLQJDOH_WKH VR�FDOOHG QR�DUELWUDJH FRQGLWLRQ� )RU HDVH RI H[SRVLWLRQ� ZH
UHVWULFW DWWHQWLRQ WR DVVHWV WKDW DUH FODLPV WR D VLQJOH OXPS\ SD\Ro� ,I 6�W�� � x W x
7 � LV WKH YDOXH SURFHVV RI VXFK DQ DVVHW ZLWK SD\Ro DW WLPH 7 DQG Q LV WKH VWDWH�SULFH
GHqDWRU� WKHQ Q6 LV D PDUWLQJDOH� WKDW LV�

Q�W� V�W�  (W>Q�7 � V�7 �@ �����

IRU DOO � x W x � x 7 � D�V�
:H DVVXPH WKDW DOO GHIDXOW�IUHH ]HUR�FRXSRQ ERQGV DUH WUDGHG� ,Q RWKHU ZRUGV�

IRU DOO 7 ! � WKH FODLP WR RQH XQLW RI QXPHUDLUH SD\DEOH DW 7 LV WUDGHG� DQG S�W� 7 ��
� x W x 7 GHQRWHV LWV SULFH SURFHVV� %HFDXVH S�7� 7 �  � DQG Q�W� S�W� 7 � LV D
PDUWLQJDOH� ZH KDYH WKDW S�W� 7 �  (W>Q�7 �@ Q�W� IRU DOO W � 7 � PRUHRYHU� EHFDXVH
Q�W� LV VWULFWO\ SRVLWLYH� S�W� 7 � ! �� VR WKDW ORJ�S�W� 7 �� LV ZHOO GHpQHG�
)RU DQ\ W y �� ZH GHpQH WKH LQVWDQWDQHRXV IRUZDUG UDWH FXUYH II�W� 7 � M 7 y WJ

E\ I�W� 7 � � b# ORJ�S�W� 7 �� #7 � ZKHQ VXFK D GHULYDWLYH H[LVW� DQG ZH GHpQH WKH
VKRUW UDWH DV U�W� � OLP7�W I�W� 7 � ZKHQ VXFK D OLPLW H[LVWV� :H UHVWULFW DWWHQWLRQ
WR VWDWH�SULFH GHqDWRUV WKDW DUH UHJXODU HQRXJK WKDW WKH IRUZDUG UDWH FXUYH DQG WKH
VKRUW UDWH H[LVW D�V�� IRU DOO W�
$ VWDWH SULFH GHqDWRU Q FDQ EH UHSUHVHQWHG DV D VWRFKDVWLF LQWHJUDO� ZKLFK LQ

GLoHUHQWLDO IRUP FDQ EH H[SUHVVHG DV

GQ�W�  zQ�W� GW� �Q�W�
!G: �W�� �����

,I V LV WKH YDOXH RI D VWULFWO\ SRVLWLYH DVVHW� WKHQ LWV SURFHVV FDQ EH ZULWWHQ

GV�W� V�W�  zV�W� GW� �V�W�
!G: �W�� �����

:H FDQ H[SUHVV DEVHQFH�RI�DUELWUDJH FRQGLWLRQ ����� LQ WHUPV RI WKH SDUDPHWHUV LQ
����� DQG ����� E\ DSSO\LQJ ,WR
V OHPPD WR WKH GHqDWHG DVVHW SULFH DQG VHWWLQJ WKH
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GULIW WR ]HUR�

zV�W�  b
v
zQ�W�

Q�W�

w
b
v
�Q�W�

Q�W�

w!
�V�W�� �����

(TXDWLRQ ����� FKDUDFWHUL]HV WKH UHODWLYH GULIW RI WKLV DVVHW
V YDOXH �WKH H[SHFWHG
UHWXUQ RI WKLV DVVHW� LQ WHUPV RI WKH UHODWLYH GULIW RI WKH VWDWH^SULFH GHqDWRU DQG WKH
FRYDULDQFH EHWZHHQ UHODWLYH FKDQJHV LQ WKH VWDWH^SULFH GHqDWRU DQG UHODWLYH FKDQJHV
LQ WKLV DVVHW
V YDOXH�
:H GHpQH WKH YDOXH RI WKH PRQH\ PDUNHW DFFRXQW �00$� DV WKH SURFHVV p�W�  

H[S
t5 W
� U�V�GV

u
� ZKLFK REH\V WKH ORFDOO\ ULVN�IUHH G\QDPLFV

Gp�W� p�W�  U�W� GW�

7KH 00$ FDQ EH LQWHUSUHWHG DV D EXEEOH� WKH YDOXH RI D FODLP WR D SD\Ro DW
LQpQLW\� DV VKRZQ LQ WKH $SSHQGL[ '� $SSO\LQJ ����� WR WKH YDOXH RI WKH 00$�
ZH VHH WKDW U�W�  bzQ�W� Q�W�� :H FDQ XVH WKLV UHODWLRQ DORQJ ZLWK WKH GHpQLWLRQ
y�W� � b�Q�W� Q�W� WR UHZULWH ����� DV

zV�W�  U�W� � y�W�!�V�W�� �����

7KH WHUP y�W�!�V�W� LV FDOOHG WKH ULVN�SUHPLXP DQG y�W� LV FDOOHG WKH SULFH RI ULVN
VLQFH LW GHWHUPLQHV FRPSRQHQW�E\�FRPSRQHQW WKH ULVN SUHPLXP LQ WHUPV RI WKH
DPRXQW RI ULVN DV PHDVXUHG E\ �V�W�� ,Q WKH FDVH RI ERQG SULFHV� ZKHUH WKH G\�
QDPLFV RI S�W� 7 � DUH JLYHQ E\ ������ WKH QR�DUELWUDJH FRQGLWLRQ ERLOV GRZQ WR ������

$Q HTXLYDOHQW PDUWLQJDOH PHDVXUH� *LYHQ D SURFHVV �� GHpQH

t��W�  H[S

v= W

V �
b�
�
N��V�N� GVb

= W

V �
��V�!G: �V�

w
� �����

8QGHU VXLWDEOH LQWHJUDELOLW\ FRQGLWLRQV� t� LV D PDUWLQJDOH XQGHU WKH SK\VLFDO PHD�
VXUH 3��� 7KH G\QDPLFV RI t� DV JLYHQ E\ Gt��W� t��W�  b��W�!G: �W�� :KHQ Q LV
D VWDWH^SULFH GHqDWRU� ZH DVVXPH ty LV D 3�PDUWLQJDOH�
,W LV FRQYHQLHQW WR H[SUHVV H[SHFWDWLRQV DQG G\QDPLFV XQGHU DQ HTXLYDOHQW PHD�

VXUH� ZKHUH DQ H[SRQHQWLDO PDUWLQJDOH t� LV WKH FKDQJH�RI�PHDVXUH SURFHVV� :H UHIHU
WR WKLV HTXLYDOHQW PHDVXUH DV 4�� 7KH %URZQLDQV IRU 4� DUH UHODWHG WR %URZQLDQV
IRU WKH RULJLQDO PHDVXUH �WKH SK\VLFDO PHDVXUH 3� YLD

G:��W�  G: �W� � ��W� GW� �����

ZKHUH :� DUH VWDQGDUG LQGHSHQGHQW %URZQLDQ PRWLRQV XQGHU 4�� &RQGLWLRQDO
H[SHFWDWLRQV XQGHU 4� FDQ EH FRPSXWHG XQGHU 3 YLD

(�
W >$7 @  t��W�b�(W

K
t��7 �$7

L
� �����

�� 7 KH 1 R Y LN R Y F R QGLWLR Q LV VXrF LH QW�

(�

�
H [ S

t
�

�

= 7

V �

N ��V�N � GV
uw

� � IR U D OO � x 7 � � �

6H H . D UD W] D V D QG 6KUH Y H �� � � � � 6H F WLR Q � �� �' ��
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ZKHUH $7 LV DQ\ WLPH�7 PHDVXUDEOH UDQGRP YDULDEOH DQG (�
W > c @ LV WKH FRQGLWLRQDO

H[SHFWDWLRQ RSHUDWRU XQGHU4�� 5HYHUVLQJ GLUHFWLRQ� FRQGLWLRQDO H[SHFWDWLRQV XQGHU
3 FDQ EH FRPSXWHG XQGHU 4� YLD

(W>$7 @  t��W�(�
W

K
t��7 �b�$7

L
� �����

ZKHUH t��W�b� LV D PDUWLQJDOH XQGHU 4��

�� 7 KH 9/' ERQG LQ D 1RQ�0 DU N RYLDQ VHW W LQJ

.D]HPL ������ FRQGXFWV KLV DQDO\VLV LQ D VSHFLpF HTXLOLEULXP PRGHO LQ D 0DU�
NRYLDQ VHWWLQJ LQ QRPLQDO WHUPV� $V ZH ZLOO VKRZ� WKH FHQWUDO LGHD H[WHQGV EH\RQG
WKLV VHWWLQJ WR D QRQ�0DUNRYLDQ QR�DUELWUDJH VHWWLQJ� ZKHUH WKH VWDWH^SULFH GHqDWRU
PD\ EH PHDVXUHG LQ DQ\ XQLWV�

7KH YHU\�ORQJ GLVFRXQW ERQG� 5HFDOO WKDW S�W� 7 � LV WKH YDOXH DW WLPH W RI D
]HUR�FRXSRQ ERQG WKDW SD\V RQH XQLW ZKHQ LW PDWXUHV DW WLPH 7 � /HW Y�W� 7 � GHQRWH
WKH YDOXH RI D ]HUR�FRXSRQ ERQG WKDW SD\V � S��� 7 � XQLWV DW PDWXULW\� VR WKDW
Y�W� 7 �  S�W� 7 � S��� 7 �� :H GHpQH WKH YDOXH RI WKH 9/' ERQG DV IROORZV� Y�W� � 
OLP7�� Y�W� 7 � LI WKH OLPLW H[LVWV� LQ ZKLFK FDVH ZH VD\ WKH 9/' ERQG H[LVWV�
,I WKH 9/' ERQG H[LVWV� WKHQ

OLP
7��

#Y�W� V�

#V

pppp
V 7

 OLP
7��

Y�W� 7 �
b
I��� 7 �b I�W� 7 �

c
 �� �����

ZKHUH I�W� 7 � LV WKH IRUZDUG UDWH� (TXDWLRQ ����� LQGLFDWHV WKDW� LI WKH 9/' ERQG
H[LVWV� DQ\ FKDQJHV LQ WKH ORQJ �L�H�� DV\PSWRWLF� IRUZDUG UDWH PXVW EH RoVHW E\
WKH YDOXH RI WKH 9/' ERQG JRLQJ WR ]HUR� '\EYLJ� ,QJHUVROO� DQG 5RVV ������ KDYH
VKRZQ WKDW WKH ORQJ IRUZDUG UDWH FDQQRW IDOO DEVHQW DUELWUDJH RSSRUWXQLWLHV� 6LQFH
WKH H[LVWHQFH RI D VWDWH^SULFH GHqDWRU LPSOLHV WKH DEVHQFH RI DUELWUDJH RSSRUWXQLWLHV�
WKH ORQJ IRUZDUG UDWH FDQ QHYHU IDOO LQ RXU VHWWLQJ� +RZHYHU� WKH DEVHQFH RI DUELWUDJH
GRHV QRW UXOH RXW WKH SRVVLELOLW\ WKDW WKH ORQJ IRUZDUG UDWH PD\ ULVH� ,I LW ZHUH WR
ULVH� WKHQ WKH YDOXH RI WKH 9/' ERQG PXVW JR WR ]HUR���

7KH DV\PSWRWLF UHYLVLRQ SURFHVV DQG WUHQG�VWDWLRQDULW\� +HUH ZH SUHVHQW
VRPH XVHIXO GHpQLWLRQV DQG SURSRVLWLRQV�

'HpQLWLRQ �� :H VD\ WKDW WKH IRUZDUG UDWH LV DV\PSWRWLFDOO\�GHWHUPLQLVWLF LI� DO�
PRVW VXUHO\ �KHUHDIWHU D�V���

OLP
7��

I��� 7 �b I�W� 7 �  � IRU DOO W y �� �����

�� ' \ EY LJ � ,QJ H UVR OO� D QG 5R VV �� � � � � SUR Y LGH WZ R H [ D PSOH V Z KH UH WKH WKH OR QJ UD WH ULVH V� $ GLVF UH WH �
WLPH H [ D PSOH Z KH UH WKH Y D OXH R I WKH 9 /' ER QG J R H V WR ] H UR H D F K WLPH WKH OR QJ UD WH ULVH V �VLPXOWD QH �
R XVO\ � D GLoH UH QW D VVH W WD N H V R Q WKH Y D OXH R I D 9 /' ER QG GH pQH G LQ WH UPV R I WKH OLPLW R I QR UPD OL] H G
ER QG SULF H V� D QG D F R QWLQXR XV�WLPH H [ D PSOH Z KH UH WKH OR QJ UD WH ULVH V IUR P VR PH pQLWH Y D OXH D W
WLPH ] H UR WR LQpQLW\ WKH UH D IWH U VR WKD W WKH 9 /' ER QG F H D VH V WR H [ LVW EH \ R QG WLPH ] H UR � 7 KH \ D OVR
UH IH U WR D QR WKH U F R QWLQXR XV�WLPH H [ D PSOH � IR XQG LQ ,QJ H UVR OO� -U�� 6N H OWR Q� D QG :H LO �� � � � �� Z KH UH
WKH OR QJ IR UZ D UG UD WH H [ LVWV IR U D OO W y � � ,Q WKLV PR GH O� XSZ D UG VKLIWV LQ WKH \ LH OG F XUY H D UH GULY H Q
E\ 3R LVR Q H Y H QWV�
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$ FRQVWDQW ORQJ IRUZDUG UDWH LV VXrFLHQW WR JXDUDQWHH ������ EXW QRW QHFHVVDU\�
:H FRXOG KDYH I�W� 7 �  VLQ�7 �� IRU H[DPSOH� LQ ZKLFK FDVH Y�W�  H�bFRV�W� ! ��

3URSRVLWLRQ �� ,I WKH YDOXH RI WKH 9/' ERQG H[LVWV DQG LV VWULFWO\ SRVLWLYH D�V��
WKH IRUZDUG UDWH LV DV\PSWRWLFDOO\ GHWHUPLQLVWLF�

3URRI� ,I YDOXH RI WKH 9/' ERQG LV VWULFWO\ SRVLWLYH� WKHQ ����� LPSOLHV WKH IRUZDUG
UDWH LV DV\PSWRWLFDOO\�GHWHUPLQLVWLF�

'HpQLWLRQ �� /HW Q DQG AQ EH WZR VWDWH^SULFH GHqDWRUV ZLWK IRUZDUG UDWHV I DQG
AI UHVSHFWLYHO\� :H VD\ I DQG AI DUH DV\PSWRWLFDOO\ WKH VDPH LI D�V�

OLP
7��

I�W� 7 �b AI�W� 7 �  � IRU DOO W y ��

'HpQLWLRQ �� /HW Q EH D VWULFWO\ SRVLWLYH ,WR SURFHVV QRUPDOL]HG VR WKDW Q���  ��
,I D�V�

]�W�  OLP
7��

(W>Q�7 �@

(�>Q�7 �@

H[LVWV IRU DOO W y �� WKHQ ZH VD\ WKDW ] LV WKH DV\PSWRWLF UHYLVLRQ SURFHVV IRU Q �XQGHU
3�� ZKLFK ZH ZULWH DV ]  
�Q�� 2WKHUZLVH� ZH VD\ WKDW WKH DV\PSWRWLF UHYLVLRQ
SURFHVV IRU Q GRHV QRW H[LVW� 6LPLODUO\� LI D�V�

]�W�  OLP
7��

(�
W >Q�7 �@

(�
� >Q�7 �@

H[LVWV IRU DOO W y �� WKHQ ZH VD\ WKDW ] LV WKH DV\PSWRWLF UHYLVLRQ SURFHVV IRU Q XQGHU
4�� ZKLFK ZH ZULWH DV ]  
��Q��

3URSRVLWLRQ �� )RU D SRVLWLYH ,WR SURFHVV Q� VXSSRVH ]  
�Q� H[LVWV D�V� ,I� IRU

DQ\ W� WKH UDQGRP YDULDEOH [�W� 7 � � (W>Q�7 �@
(�>Q�7 �@

FRQYHUJHV WR ]�W� LQ /�� WKHQ ] LV D

PDUWLQJDOH�

3URRI� /HW W � V� WKHQ (W>]�V�@  (W>OLP7�� [�V� 7 �@  OLP7�� (W>[�V� 7 �@� ,Q�
WHUFKDQJLQJ WKH OLPLW ZLWK WKH H[SHFWDWLRQ LV DOORZHG EHFDXVH [�V� 7 � FRQYHUJHV LQ
/�� )RU p[HG 7 �ODUJHU WKDQ V�� [�W� 7 � LV D PDUWLQJDOH VR WKDW (W>[�V� 7 �@  [�W� 7 ��
7KHUHIRUH (W>]�V�@  OLP7�� [�W� 7 �  ]�W��

'HpQLWLRQ �� :H VD\ WKDW Q LV WUHQG�VWDWLRQDU\ �XQGHU 3� LI D�V�

OLP
7��

(W>Q�7 �@

(�>Q�7 �@
 �

IRU DOO W y �� LQ ZKLFK FDVH ZH ZULWH 
�Q�  �� ,Q RWKHU ZRUGV� D WUHQG�VWDWLRQDU\
SURFHVV KDV DQ DV\PSWRWLF UHYLVLRQ SURFHVV WKDW LV LGHQWLFDOO\ RQH� ZKLFK LV FRQVLVWHQW
ZLWK WKH DEVHQFH RI UHYLVLRQV WR WKH ORQJ�KRUL]RQ IRUHFDVW� 2WKHUZLVH ZH VD\ WKDW
Q LV QRW WUHQG�VWDWLRQDU\� 6LPLODUO\� ZH VD\ WKDW Q LV WUHQG�VWDWLRQDU\ XQGHU 4� LI

��Q�  ��

6HH $SSHQGL[ & IRU D GLVFXVVLRQ RI KRZ RXU GHpQLWLRQ RI WUHQG�VWDWLRQDULW\ LV
UHODWHG WR WKH QRWLRQ RI WUHQG�VWDWLRQDULW\ LQ DQ $5,0$ VHWWLQJ�
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3URSRVLWLRQ �� /HW Y GHQRWH WKH 9/' ERQG SULFH SURFHVV DQG OHW Q GHQRWH WKH
VWDWH^SULFH GHqDWRU� 7KHQ Y H[LVWV LI DQG RQO\ LI 
�Q� H[LVWV� LQ ZKLFK FDVH

Y  
�Q� Q�

3URRI�

Y�W�  OLP
7��

Y�W� 7 �  OLP
7��

S�W� 7 �

S��� 7 �
 

�

Q�W�
OLP
7��

(W>Q�7 �@

(�>Q�7 �@
�

3URSRVLWLRQ � LPSOLHV

Y  � Q �� 
�Q�  �� �����

,Q RWKHU ZRUGV� WKH 9/' ERQG LV WKH LQYHUVH RI WKH VWDWH^SULFH GHqDWRU LI DQG RQO\
LI WKH VWDWH^SULFH GHqDWRU LV WUHQG�VWDWLRQDU\� ,Q WKLV FDVH� Y LV VWULFWO\ SRVLWLYH
�VLQFH Q LV QHYHU LQpQLWH�� DQG WKH IRUZDUG UDWH LV DV\PSWRWLFDOO\�GHWHUPLQLVWLF �E\
3URSRVLWLRQ ���
:H LOOXVWUDWH 3URSRVLWLRQ � ZLWK WKH H[DPSOH IURP 6HFWLRQ �� :H VWDUW E\ FRP�

SXWLQJ WKH DV\PSWRWLF UHYLVLRQ SURFHVV IRU WKH VWDWH^SULFH GHqDWRU IURP 0RGHO ��

OLP
7��

(W>Q��7 �@

(�>Q��7 �@
 OLP

7��
(W

d
Hbp ;�7 �

e
(�

d
Hbp ;�7 �

e
 OLP

7��
H[S

~
bp

b
;�W� 7 �b;��� 7 �

c
�
�

�
p�

b
h�W� 7 �b h��� 7 �c�

 ��

ZKHUH (W

d
Hbp ;�7 �

e
LV JLYHQ LQ ������ 6LQFH 
�Q��  �� ZH KDYH Y�W�  � Q��W�  

H[S
j
o W� p

b
;�W�b;���

ck
�

1H[W FRQVLGHU WKH IROORZLQJ VWDWH^SULFH GHqDWRU� Q  ]� Q�� ZKLFK FRPELQHV WKH
SUHYLRXV VWDWH^SULFH GHqDWRU ZLWK D QHXWULQR IDFWRU� ,Q WKLV FDVH ZH KDYH


�Q�  
�]� Q��  ]� 
�Q��  ]��

ZKHUH WKH VHFRQG HTXDOLW\ XVHV WKH IDFWRU WKDW ]� LV D PDUWLQJDOH DQG LV XQFRUUHODWHG
ZLWK Q�� &RQVHTXHQWO\ Y  ]� Q  � Q� DV EHIRUH� 6XSSRVH QRZ ZH FRPSXWH WKH
DV\PSWRWLF UHYLVLRQ SURFHVV IRU Q�  ]� Q�� 7KLV FDVH LV OHVV VWUDLJKWIRUZDUG� JLYHQ
WKH FRUUHODWLRQ EHWZHHQ ]� DQG Q�� :H DQDO\]H WKLV FDVH IROORZLQJ 3URSRVLWLRQ ��

3URSRVLWLRQ �� /HW ] EH DQ H[SRQHQWLDO PDUWLQJDOH DQG OHW � EH D WUHQG�VWDWLRQDU\
SURFHVV� 7KHQ 
�] ��  ]�

3URRI� :H FDQ ZULWH

OLP
7��

(W>]�7 ���7 �@

(�>]�W���7 �@
 ]�W�

�
# OLP

7��

(W>��7 �@
(�>��7 �@

� �
]�W� &RYW>]�7 �� \�7 �@

� � &RY�>]�7 �� \�7 �@

�
$ �

ZKHUH \�W� � ��W� (�>��W�@� ZH ZDQW WR VKRZ WKDW OLP7��&RYW>]�7 �� \�7 �@  � IRU
DOO W DQG DOO SDWKV LQ D VHW RI IXOO PHDVXUH�
'HpQH ]Q DV WKH PDUWLQJDOH ] VWRSSHG DW WKH UDQGRP WLPH �Q � LQII� M ]��� y

QJ� 1RWH WKDW ]Q LV D ERXQGHG PDUWLQJDOH� DQG WKHUHIRUH LW FRQYHUJHV D�V� DQG
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LQ /� WR D UDQGRP YDULDEOH ]Q��� VXFK WKDW ]Q�W�  (W>]
Q���@� $V D UHVXOW�

OLP7��&RYW>]Q�7 �� \�7 �@  OLP7��&RYW>]Q���� \�7 �@� DQG WKH ODVW H[SUHVVLRQ LV
]HUR EHFDXVH RWKHUZLVH OLP7��(>\�7 � M ]Q���@ ZRXOG EH D QRQ�FRQVWDQW IXQFWLRQ RI
]Q���� PHDQLQJ WKDW RQ VRPH SDWKV �WKRVH OHDGLQJ WR SDUWLFXODU YDOXHV RI ]Q����
WKH DV\PSWRWLF H[SHFWDWLRQ RI \�7 � LV UHYLVHG� VR WKDW \ LV QRW WUHQG�VWDWLRQDU\�
)LQDOO\� QRWH WKDW

OLP
7��

&RYW>]�7 �� \�7 �@  OLP
Q�� OLP

7��
&RYW>]

Q���� \�7 �@  ��

/HW XV UHWXUQ WR FRQVLGHUDWLRQ RI Q�  ]� Q�� 6LQFH t�  ]� LV DQ H[SRQHQWLDO
PDUWLQJDOH XQGHU WKH SK\VLFDO PHDVXUH DQG ZH KDYH DOUHDG\ FRQpUPHG 
�Q��  ��
LW IROORZV IURP 3URSRVLWLRQ � WKDW ]�  
�Q�� DQG Y  � Q��
7KH IROORZLQJ SURSRVLWLRQ LV DQ LQWHUHVWLQJ FRUROODU\ RI 3URSRVLWLRQ ��

3URSRVLWLRQ �� $ SURFHVV LV WUHQG�VWDWLRQDU\ XQGHU RQH PHDVXUH LI DQG RQO\ LI LW
LV WUHQG�VWDWLRQDU\ XQGHU DQ HTXLYDOHQW PHDVXUH�

3URRI� 6XSSRVH D SRVLWLYH SURFHVV X LV WUHQG�VWDWLRQDU\ XQGHU 3� /HW 4� EH VRPH
HTXLYDOHQW PHDVXUH� 7KHQ� XVLQJ ����� DQG 3URSRVLWLRQ ��

OLP
7��

(�
W >X�7 �@

(�
� >X�7 �@

 t��W�b� OLP
7��

(W>t
��7 �X�7 �@

(�>t��W�X�7 �@
 ��

ZKHUH t� LV WKH FKDQJH�RI�PHDVXUH SURFHVV� DQ H[SRQHQWLDO PDUWLQJDOH� 6LQFH 3 DQG
4� DUH HTXLYDOHQW� WKH DUJXPHQW ZRUNV WKH RWKHU ZD\ DV ZHOO�

:H XVH 3URSRVLWLRQ � LQ WKH SURRI RI WKH IROORZLQJ SURSRVLWLRQ� ZKLFK VKRZV
WKDW WKH DV\PSWRWLF IRUZDUG UDWH LV GHWHUPLQHG HQWLUHO\ E\ WKH WUHQG�VWDWLRQDU\
FRPSRQHQW RI WKH VWDWH^SULFH GHqDWRU�

3URSRVLWLRQ �� ,I Q  t� � LV D VWDWH^SULFH GHqDWRU� ZKHUH t� LV DQ H[SRQHQWLDO
PDUWLQJDOH DQG � LV D WUHQG�VWDWLRQDU\ SURFHVV� WKHQ WKH DV\PSWRWLF IRUZDUG UDWH LV
GHWHUPLQHG E\ ��

3URRI� &RPSXWH ERQG SULFHV IURP �� S��W� 7 �  (W>��7 �@ ��W�� 1RWH WKDW S
���� W�  

(�>��7 �@ DQG GHpQHP�W� � ��W� (�>��W�@� VR WKDW ZH FDQ ZULWH ��W�  P�W� S���� W��
1RWH WKDW �E\ FRQVWUXFWLRQ� (�>P�7 �@  � IRU DOO 7 y � DQG �E\ WKH WUHQG�
VWDWLRQDULW\ RI �� OLP7�� (W>P�7 �@  � IRU DOO W y �� :H FDQ FRPSXWH IRUZDUG
UDWHV IURP ��

I��W� 7 �  
b# ORJ�S��W� 7 ��

#7
 

b#(W>��7 �@ #7

(W>��7 �@
 I���� 7 �b #(W>P�7 �@ #7

(W>P�7 �@
�

&RPSXWH ERQG SULFHV DQG IRUZDUG UDWHV IURP Q  t� ��

SQ�W� 7 �  
(W>Q�7 �@

Q�W�
 

(W>t
��7 �P�7 �@ S���� 7 �

t��W�P�W� S���� W�
 

(�
W >P�7 �@ S

���� 7 �

P�W� S���� W�

DQG

IQ�W� 7 �  
b# ORJ�SQ�W� 7 ��

#7
 I���� 7 �b #(�

W >P�7 �@ #7

(�
W >P�7 �@

�
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3URSRVLWLRQ � LPSOLHV OLP7�� (�
W >P�7 �@  � IRU DOO W y �� ZKLFK LQ WXUQ LPSOLHV

OLP
7��

IQ�W� 7 �b I��W� 7 �  ��

ZKLFK ZDV WR EH VKRZQ�

/HW tu EH DQ H[SRQHQWLDO 3�PDUWLQJDOH DQG GHpQH \HW DQRWKHU QHZ VWDWH^SULFH
GHqDWRU�

Q��W� � tu�W�Q��W�  tu�W� t��W�Q�W�  tu���W� \�W�Q�W��

ZKHUH tu�� LV DQ H[SRQHQWLDO PDUWLQJDOH DQG

\�W�  H[S

v= W

X �
��X�!u�X� GX

w
�

,I ��X�!u�X�  �� WKHQ \�W�  � DQG Q� LV IRUPDOO\ WKH VDPH DV Q�� &RQVHTXHQWO\�
I� LV DV\PSWRWLFDOO\ WKH VDPH DV I � 7KLV ZRXOG EH WKH FDVH LI� IRU H[DPSOH� t

� ZHUH
WKH WHUP�VWUXFWXUH PDUWLQJDOH DQG tu ZHUH WKH QHXWULQR IDFWRU� 2Q WKH RWKHU KDQG�
LI ��W�!u�W� � �� WKHQ \�W� � �� ,Q WKLV FDVH� \ LV QRW WUHQG�VWDWLRQDU\ LQ JHQHUDO
DQG WKH YDOXH RI WKH 9/' ERQG LV QRW JLYHQ E\ \�W�Q�W��

3URSRVLWLRQ �� /HW ]  
�Q� DQG Y  
�Q� Q� 7KH IROORZLQJ DUH HTXLYDOHQW�

�D� &RYW >� Y�7 �� ]�7 �@  �� � x W x 7 � �
�E� S�W� 7 �  (W >Y�W� Y�7 �@ � � x W x 7 � ��

3URRI� &RPSXWH ERQG SULFHV XVLQJ Q  ] Y�

S�W� 7 �  (W

x
Q�7 �

Q�W�

y
 (W

x
]�7 �

]�W�

Y�W�

Y�7 �

y
 (W

x
Y�W�

Y�7 �

y
�

Y�W�

]�W�
&RYW

x
�

Y�7 �
� ]�7 �

y
�

3URSRVLWLRQ � VD\V WKDW LI WKH FRQGLWLRQDO FRYDULDQFH LV LGHQWLFDOO\ ]HUR� WKHQ ERQG
SULFHV FDQ EH FRPSXWHG IURP WKH G\QDPLFV RI WKH 9/' ERQG� $Q\ YDULDWLRQ LQ ] LV
GXH WR YDULDWLRQ LQ WKH QHXWULQR IDFWRU� WKH WHUP�VWUXFWXUH PDUWLQJDOH LV FRQVWDQW�
,Q WKLV FDVH ZH VD\ WKDW WKH 9/' ERQG SULFHV DOO ERQGV� 5HIHUULQJ WR WKH H[DPSOH
LQ 6HFWLRQ �� JLYHQ Q  ]� Q�� WKH 9/' ERQG SULFHV DOO ERQGV�

'\QDPLFV� /HW Q EH D VWDWH^SULFH GHqDWRU DQG OHW 
�Q� H[LVW� /HW t�  
�Q� DQG
Y  
�Q� Q� :H FDQ H[SUHVV WKH G\QDPLFV RI WKH H[SRQHQWLDO PDUWLQJDOH t� DV

Gt��W� t��W�  b��W�!G: �W��

7KH G\QDPLFV RI Y FDQ EH ZULWWHQ DV

GY�W� Y�W�  zY�W� GW� �Y�W�
!G: �W��

ZKHUH� DSSO\LQJ ,WR
V OHPPD WR Y  t� Q���

zY�W�  U�W� � y�W�!�Y�W� DQG �Y�W�  y�W�b ��W��

�� $ OVR QR WH WKD W Z H F D Q VLQF H Y�W� 7 �  S�W� 7 � S�� � 7 ��

zY�W�  OLP
7 � �

zS�W� 7 � D QG �Y�W�  OLP
7 � �

�S�W� 7 ��
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,I Q LV WUHQG�VWDWLRQDU\� ]  �� ��W�  �� DQG y�W�  �Y�W�� ,Q RWKHU ZRUGV� LI Q LV
WUHQG�VWDWLRQDU\� WKHQ WKH UHODWLYH YRODWLOLW\ RI WKH 9/' ERQG LV WKH SULFH RI ULVN�
,Q WKLV FDVH ZH VD\ WKDW WKH 9/' ERQG SULFHV DOO DVVHWV� 1RWH WKDW ZH FDQ ZULWH

y�W�!�Y�W�  N�Y�W�N� � ��W�!�Y�W��

VR WKDW

y�W�!�Y�W�  N�Y�W�N� �� ��W�!�Y�W�  ��

1RWH� KRZHYHU� WKDW ��W�!�Y�W� u � GRHV QRW LPSO\ &RYW >� Y�7 �� ]�7 �@ u �� EHFDXVH
Y KDV D QRQ�]HUR GULIW LQ JHQHUDO� �7KLV SRLQW LV LOOXVWUDWHG LQ RQH RI WKH H[DPSOHV
LQ 6HFWLRQ ���

�� 7 KH VW DW H^ SU LF H GHI O DW RU LQ D 0 DU N RYLDQ VHW W LQJ

,Q WKLV VHFWLRQ� ZH SUHVHQW D 0DUNRYLDQ IUDPHZRUN WKDW LV VXrFLHQWO\ JHQHUDO WR
HQFRPSDVV DOO RI RXU H[DPSOHV DV ZHOO DV PDQ\ PRGHOV LQ WKH OLWHUDWXUH� LQFOXGLQJ
&RQVWDQWLQLGHV ������� ZKLFK ZH GLVFXVV DW WKH HQG RI WKLV VHFWLRQ� 7KH 0DUNRYLDQ
IUDPHZRUN DOORZV XV WR qHVK�RXW WKH LPSOLFDWLRQV RI WKH SUHYLRXV VHFWLRQ DQG WR
SXW RXU H[DPSOHV LQWR D PRUH JHQHUDO FRQWH[W� ,Q DGGLWLRQ� WKH 0DUNRYLDQ VHWWLQJ
SURYLGHV D FRQYHQLHQW IUDPHZRUN LQ ZKLFK �L� WR SDUWLWLRQ WKH VKRFNV LQWR WKRVH WKDW
GULYH WKH WHUP VWUXFWXUH �DQG KHQFH WKH 9/' ERQG� DQG WKRVH WKDW GR QRW� �LL� WR
GHpQH WKH SULFH RI WHUP�VWUXFWXUH ULVN� DQG �LLL� WR LVRODWH WKH QHXWULQR IDFWRU�
,Q D 0DUNRYLDQ VHWWLQJ� DVVHW SULFHV FDQ EH H[SUHVVHG DV IXQFWLRQV RI VWDWH YDUL�

DEOHV� %RQG SULFHV� LQ SDUWLFXODU� GHSHQG RQO\ RQ D VXEVHW RI VWDWH YDULDEOHV� :H
VKRZ KRZ WR FRQVWUXFW WKH 9/'�ERQG SULFH IXQFWLRQ IURP WKH OLPLWV RI WKH SDUWLDO
GHULYDWLYHV RI WKH ]HUR�FRXSRQ ERQG SULFH IXQFWLRQ�

6WDWH YDULDEOHV� $VVXPH WKHUH LV D YHFWRU RI Q; VWDWH YDULDEOHV ; DQG Q< VWDWH
YDULDEOHV < � 7KH G\QDPLFV RI WKH VWDWH YDULDEOHV XQGHU WKH SK\VLFDO PHDVXUH DUH
JLYHQ E\

G;�W�  z;�;�W�� GW� �;�;�W�� G:;�W� ����D�

G< �W�  z< �;�W�� < �W�� GW� �< �;�W�� < �W�� G: �W�� ����E�

ZKHUH

:  

v
:;

:<

w
LV D YHFWRU RI G; � G< LQGHSHQGHQW %URZQLDQ PRWLRQV� 1RWH WKDW ; DQG < DUH
MRLQWO\ 0DUNRYLDQ� DQG WKDW ; LV 0DUNRYLDQ E\ LWVHOI� LQ SDUWLFXODU� ; GRHV QRW
GHSHQG RQ :< �

7KH VWDWH^SULFH GHqDWRU� /HW WKH VWDWH^SULFH GHqDWRU EH JLYHQ E\ Q�W�  t��W� X�W��
ZKHUH t��W� LV JLYHQ E\ ������ DQG ZKHUH

X�W�  8�;�W�� W� DQG ��W�  

v
J�;�W��

K�;�W�� < �W��

w
� �����
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:H FDQ IDFWRU WKH PDUWLQJDOH t�  ] { LQWR WZR LQGHSHQGHQW FRPSRQHQWV� WKH WHUP�
VWUXFWXUH PDUWLQJDOH ] DQG WKH QHXWULQR IDFWRU {� ZKHUH

G]�W�

]�W�
 bJ�;�W��!G:;�W� DQG

G{�W�

{�W�
 bK�;�W�� < �W��!G:< �W��

7KH VWDWH�SULFH GHqDWRU FDQQRW LQ JHQHUDO EH H[SUHVVHG DV D IXQFWLRQ RI WKH VWDWH
YDULDEOHV XQOHVV ERWK FRPSRQHQWV DUH FRQVWDQW� L�H�� J  K u ��
/HW 8W�[� W�� 8[�[� W�� DQG 8[[�[� W� GHQRWH WKH REYLRXV SDUWLDO GHULYDWLYHV� 7KH

G\QDPLFV RI X DUH JLYHQ E\

GX�W� X�W�  zX�W� GW� �X�W�
!G: �W��

ZKHUH� E\ ,WR
V OHPPD�

zX  8W 8 � z!
; 8[ 8 �

�

�
WU
K
�; �!

; 8[[ 8
L

����D�

�X  �!
; 8[ 8� ����E�

7KH LQWHUHVW UDWH DQG WKH SULFH RI ULVN� $SSO\LQJ ,WR
V OHPPD WR Q�W�  t��W� X�W��
ZH JHW WKH 0DUNRYLDQ G\QDPLFV RI WKH VWDWH^SULFH GHqDWRU�

U�W�  5�;�W�� DQG y�W�  e�;�W�� < �W��  

v
e;�;�W��

e< �;�W�� < �W��

w
�

ZKHUH

5  
8W

8
�

~
z; b �;

v
J � �!

;

8[

8

w�! 8[

8
�
�

�
WU
K
�; �!

; 8[[ 8
L

����D�

DQG

e  

v
e;

e<

w
 

v
J � �!

; 8[ 8
K

w
� ����E�

1RWH WKDW 5 DQG e; GHSHQG RQO\ RQ ;� :H UHIHU WR e; DV WKH SULFH RI WHUP�
VWUXFWXUH ULVN�

$VVHW SULFLQJ� ,W LV FRQYHQLHQW WR H[SUHVV H[SHFWDWLRQV DQG G\QDPLFV XQGHU WKH
HTXLYDOHQW PHDVXUH 4�� ZKHUH t� LV WKH FKDQJH�RI�PHDVXUH SURFHVV� 7KH G\QDPLFV
RI WKH VWDWH YDULDEOHV ; DQG < XQGHU 4� DUH JLYHQ E\

G;�W�  z�;�;�W�� GW� �;�;�W�� G:
�
;�W� ����D�

G< �W�  z�< �;�W�� < �W�� GW� �< �;�W�� < �W�� G:
��W�� ����E�

ZKHUH

z�;�[�  z;�[�b �;�[� J�[� ����D�

z�< �[� \�  z< �[� \�b �< �[� \�

v
J�[�

K�[� \�

w
� ����E�

7KXV ; DQG �;�< � UHPDLQ 0DUNRYLDQ XQGHU 4��
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:H FDQ XVH ����� WR FRPSXWH DVVHW SULFHV�

V�W� 7 �  (W

x
Q�7 �

Q�W�
��7 �

y
 (�

W

x
Q�7 � t��W�

Q�W� t��7 �
��7 �

y
 X�W�(�

W

x
��7 �

X�7 �

y
�

ZKHUH ��W�  n�;�W�� < �W�� W�� 1RWH WKDW (�
W >��7 � X�7 �@ GHSHQGV RQO\ RQ ;�W��

< �W�� DQG WKH G\QDPLFV RI �;�< � XQGHU 4�� LQ SDUWLFXODU� LW GRHV QRW GHSHQG RQ
t�� 0RUHRYHU� IRU DQ\ ��W�  n�;�W�� W� WKDW GRHV QRW GHSHQG RQ < � (�

W >��7 � X�7 �@
GHSHQGV RQO\ RQ ;�W� DQG LWV G\QDPLFV XQGHU 4�� LW GRHV QRW GHSHQG RQ < RU t��
)RU H[DPSOH� FRQVLGHU WKH YDOXH RI D ]HUR�FRXSRQ ERQG S�W� 7 � WKDW SD\V RQH XQLW

RI WKH QXPHUDLUH DW WLPH 7 y W ZLWKRXW IDLO �L�H�� IRU ZKLFK ��7 � u ���

S�W� 7 �  X�W�(�
W

d
X�7 �b�

e
 8�;�W�� W�(�

W

d
8�;�7 �� 7 �b�

e
 3 �;�W�� W� 7 ��

�����

ZKHUH 3 �[� W� 7 � LV D GHWHUPLQLVWLF IXQFWLRQ RI [� W� DQG 7 RQO\� ,Q RWKHU ZRUGV�
FRQGLWLRQDO RQ WKH YDOXH RI ;�W� DQG LWV G\QDPLFV XQGHU 4�� < �W� DQG LWV G\QDPLFV
DUH LUUHOHYDQW� 7KH H[SUHVVLRQ IRU ERQG SULFHV LQ ����� VKRZV WKDW WKH H[SRQHQWLDO
PDUWLQJDOH SOD\V QR UROH LQ ERQG SULFLQJ RQFH WKH PHDVXUH KDV EHHQ FKDQJHG� 1RWH
WKDW WKH SULFH RI D ]HUR�FRXSRQ ERQG LV D IXQFWLRQ RI ; HYHQ LI WKH VWDWH^SULFH
GHqDWRU FDQQRW EH H[SUHVVHG DV D IXQFWLRQ RI �;�< ��

7KH YDOXH RI WKH 9/' ERQG� *LYHQ Q  t� X� 3URSRVLWLRQ � VKRZV WKDW LI
t� LV DQ H[SRQHQWLDO PDUWLQJDOH DQG 
�� X�  �� WKHQ X LV WKH YDOXH RI WKH 9/'
ERQG� *LYHQ RXU 0DUNRYLDQ VHWXS� LW LV VXrFLHQW WKDW ; KDYH D OLPLWLQJ VWDWLRQDU\
GLVWULEXWLRQ XQGHU 3� :LWK WKLV DVVXPSWLRQ� ZH FDQ FRPSXWH 8�[� W� IURP ERQG
SULFHV�
$W WKLV SRLQW� LW LV FRQYHQLHQW WR FRQVLGHU D ERQG SULFH IXQFWLRQ RI WKH IRUP

S�W� 7 �  3 �;�W�� 7 b W�� ZKHUH 3 �[� �� LV D IXQFWLRQ RI W DQG 7 RQO\ WKURXJK WKH
UHPDLQLQJ WLPH WR PDWXULW\ � � ,Q DGGLWLRQ ZH DVVXPH 3� �[� ��  b#3 �[� 7 b W� #W�
ZKLFK UXOHV RXW WKH SRVVLELOLW\ WKDW DQ\ RI WKH VWDWH YDULDEOHV EHKDYHV OLNH WLPH�
*LYHQ WKLV ERQG SULFH IXQFWLRQ� ZH KDYH

8�[� W�  OLP
7��

3 �[� 7 b W� 3 �[�� 7 �� �����
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7DNLQJ WKH ORJ RI ERWK VLGHV RI ������ ZH KDYH

ORJ
b
8�[� W�

c
 OLP

7��
ORJ

b
3 �[� 7 b W�

cb ORJ b3 �[�� 7 �c
 OLP

7��

= �[�W�

�| [��t ��
G ORJ�3 �|� 7 b t��

 OLP
7��

= �[�W�

�| [��t ��
b3� �|� 7 b t�

3 �|� 7 b t�
Gt �

v
3[�|� 7 b t�

3 �|� 7 b t�

w!
G|

 

= �[�W�

�| [��t ��

v
OLP
7��

b3� �|� 7 b t�

3 �|� 7 b t�

w
Gt �

v
OLP
7��

3[�|� 7 b t�

3 �|� 7 b t�

w!
G|

 

= �[�W�

�| [��t ��
oGt � p�|�!G|

 o W�

= [

| [�

p�|�!G|�

�����

ZKHUH

o � OLP
��� b3� �[� �� 3 �[� �� DQG p�[� � OLP

��� 3[�[� �� 3 �[� ��� ������

1RWH WKDW o LV WKH ORQJ IRUZDUG UDWH��� 7KH VHFRQG OLQH RI ����� UH�H[SUHVVHV WKH
pUVW OLQH DV D SDWK�LQGHSHQGHQW OLQH LQWHJUDO RI WKH WRWDO GLoHUHQWLDO G ORJ 3 � 7KH
WKLUG OLQH UH�H[SUHVVHV WKH VHFRQG OLQH LQ WHUPV RI WKH GLoHUHQWLDOV RI WKH DUJXPHQWV�
7KH pIWK OLQH LV MXVWLpHG E\ WKH H[LVWHQFH RI WKH 9/' ERQG XQGHU WKH FRQGLWLRQV
VWDWHG� ZKLFK LQ WXUQ LPSOLHV WKH H[LVWHQFH RI WKH OLPLWV� 7KH ODVW OLQH IROORZV IURP
WKH SDWK�LQGHSHQGHQFH RI WKH LQWHJUDO� 7R FRQFOXGH�

8�[� W�  H[S�o W� I�[���

ZKHUH I�[� � 
5 [
| [�

p�|�!G|� )RU H[DPSOH� LI p�[�  p� WKHQ I�[�  p!�[b [���

6SHFLDOL]H WKH EXEEOH� &KDQJLQJ SHUVSHFWLYH� OHW XV QRZ DVVXPH

8�[� W�  H[SIo W� I�[�b I�[��J� ������

ZKHUH o LV FRQVWDQW DQG I�[� LV DQ DUELWUDU\ WZLFH�GLoHUHQWLDEOH IXQFWLRQ RI WKH
YHFWRU [� 7KLV IRUP RI 8 ZLOO SURGXFH D FRQVWDQW ORQJ IRUZDUG UDWH HTXDO WR o DQG
ERQG SULFHV WKDW GHSHQG RQO\ RQ PDWXULW\� ,Q WKLV FDVH� ZH KDYH

8W 8  o� 8[ 8  I[� DQG 8[[ 8  I[ I
!
[ � I[[�

:H FDQ UHZULWH 5 DQG e; LQ ����� LQ WHUPV RI I �

5  o�
j
z; b �; e;

k!
I[ �

�

�
WU
K
�; �!

;

t
I[ I

!
[ � I[[

uL
�����D�

e;  J � �!
; I[� �����E�

��6LQF H ER QG SULF H V GR QR W VH SD UD WH O\ GH SH QG R Q 7 LQ WKLV IR UPXOD WLR Q� WKH OR QJ IR UZ D UG UD WH PXVW
EH F R QVWD QW LI WKH IR UZ D UG UD WH LV D V\ PSWR WLF D OO\ GH WH UPLQLVWLF �
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,Q DGGLWLRQ� ZH FDQ VSHFLDOL]H ������

3 �[� ��  Hbo��I�[�(�
K
HbI�;�W���� M ;�W�  [

L
� ������

1RWH WKDW J�[� u � LPSOLHV z;�[� u z�;�[�� VR WKDW WKH G\QDPLFV RI ; DUH WKH

VDPH XQGHU 4� DV XQGHU 3� ,Q WKLV FDVH ZH FDQ FRPSXWH ERQG SULFHV XQGHU WKH
SK\VLFDO PHDVXUH YLD

3 �[� ��  Hbo��I�[�(
K
HbI�;�W���� M ;�W�  [

L
� ������

$V D UHVXOW� WKH SK\VLFDO GULIW z; LV VHSDUDWHO\ LGHQWLpHG LQ ERQG SULFHV� ,Q JHQHUDO�
WKH SULFH RI WHUP�VWUXFWXUH ULVN LV QRW LGHQWLpHG IURP WKH ERQG SULFH IXQFWLRQ3 �[� ���
+RZHYHU� LI ; KDV D OLPLWLQJ VWDWLRQDU\ GLVWULEXWLRQ DQG J�[� u �� WKHQ WKH SULFH
RI WHUP�VWUXFWXUH ULVN HTXDOV WKH YRODWLOLW\ RI WKH 9/' ERQG� e;  �; I[� ZKLFK LV
LGHQWLpDEOH IURP ERQG SULFHV� &OHDUO\� ������ HPERGLHV D VXEVWDQWLDO UHVWULFWLRQ�

3'( ERQG SULFLQJ� *LYHQ WKH G\QDPLFV RI WKH VWDWH YDULDEOHV �L�H�� WKH IXQFWLRQV
z; � DQG �;�� ZH FDQ XVH ,WR
V OHPPD WR ZULWH zS�W� 7 �  z3 �;�W�� 7 b W� DQG
�S�W� 7 �  �3 �;�W�� 7 b W� ZKHUH WKH IXQFWLRQV z3 �[� �� DQG �3 �[� �� DUH JLYHQ E\

z3  b3�

3
� z!

;

3[

3
�
�

�
WU

x
�; �!

;

3[[

3

y
DQG �3  �!

;

3[

3
� ������

:LWK WKHVH IXQFWLRQV� DEVHQFH�RI�DUELWUDJH FRQGLWLRQ ����� FDQ EH ZULWWHQ DV WKH
SDUWLDO GLoHUHQWLDO HTXDWLRQ

5  b3�

3
� �z; b �; e;�

! 3[

3
�
�

�
WU

x
�; �!

;

3[[

3

y
� ������

VXEMHFW WR 3 �[� ��  ��
7KH LQVWDQWDQHRXV WHUP SUHPLXP� zS�W� 7 �b U�W�� LV JLYHQ E\

z3 b5  e!
;

v
�!
;

3[

3

w
 

v
J � �!

;

8[

8

w!v
�!
;

3[

3

w
� ������

,Q ������� ERWK 3[ 3 DQG 8[ 8 DUH FRPSOHWHO\ GHWHUPLQHG E\ WKH ERQG SULFH IXQF�
WLRQ 3 ZKHQ X LV WKH YDOXH RI WKH 9/'� ,I� LQ DGGLWLRQ� J u �� WHUP SUHPLD FDQ EH
FRPSXWHG GLUHFWO\ IURP 3 DQG �; � 1R GLUHFW NQRZOHGJH RI z; LV UHTXLUHG�

&RQVWDQWLQLGHV� &RQVWDQWLQLGHV ������ SURGXFHV D PRGHO RI WKH WHUP VWUXFWXUH
E\ PRGHOLQJ WKH VWDWH^SULFH GHqDWRU GLUHFWO\� &RQVWDQWLQLGHV LQWURGXFHV QRQ�WUHQG�
VWDWLRQDULW\ LQWR WKH VWDWH^SULFH GHqDWRU ZLWK D QHXWULQR IDFWRU� �,QGHHG� ZH FRQ�
VLGHU WKLV WR EH WKH FODVVLF H[DPSOH�� %\ FRQWUDVW� WKH WHUP�VWUXFWXUH PDUWLQJDOH LV
FRQVWDQW LQ KLV PRGHO�
&RQVWDQWLQLGHV PRGHO RI VWDWH SULFH GHqDWRU FDQ EH H[SUHVVHG DV IROORZV� /HW��

X�W�  H[S�o Wb N;�W�b FN���
ZKHUH F LV D FRQVWDQW YHFWRU DQG ; LV D YHFWRU RI LQGHSHQGHQW� PHDQ UHYHUWLQJ
*DXVVLDQ YDULDEOHV�

G;�W�  b.;�W� GW� 6 G:;�W��

�� 7 R D Y R LG F OXWWH U� Z H KD Y H QR W LPSR VH G X�� �  � �
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. DQG 6 DUH GLDJRQDO PDWULFHV RI SRVLWLYH FRQVWDQWV� 7KH G\QDPLFV RI WKH H[SR�
QHQWLDO PDUWLQJDOH FDQ EH VSHFLpHG LQ WHUPV RI

J�[�  � DQG K� c �  ���

ZKHUH �� LV D VFDODU FRQVWDQW� 7KXV Gt��W� t��W�  b�� G:< �W�� ZKHUH :< LV
D VFDODU %URZQLDQ PRWLRQ LQGHSHQGHQW RI :; � 8VLQJ ����� ZH FDQ FRPSXWH WKH
LQWHUHVW UDWH DQG SULFH RI ULVN�

5�[�  ob WU>6�@ � � �[b F�!
j
�. b 6�� �[b F� �. F

k
e�[�  

v
�6 �Fb [�
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&RQVWDQWLQLGHV FRPSXWHV ERQG SULFHV XVLQJ �������
6LQFH WKH VWDWH YDULDEOHV DUH VWDWLRQDU\� X LV WKH YDOXH RI WKH 9/' ERQG� 0RUHRYHU�

VLQFH J u �� WKH YRODWLOLW\ RI WKH 9/' ERQG LV WKH SULFH RI WHUP�VWUXFWXUH ULVN� 7KH
YRODWLOLW\ RI WKH 9/' ERQG LV
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v
�6 �Fb [�
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7KLV UHVWULFWLRQ FDQ EH UHOD[HG� H[WHQGLQJ &RQVWDQWLQLGHV
 PRGHO� E\ DOORZLQJ D
QRQ]HUR J�[� WKDW LV OLQHDU LQ [ DQG LQWHUSUHWLQJ WKH VSHFLpHG G\QDPLFV WR EH WKRVH
XQGHU 4�� 7R SURFHHG DORQJ WKHVH OLQHV� OHW

z�;�[�  b. [�

&KRRVH D VXLWDEOH J�[� DQG GHpQH
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&RQVWDQWLQLGHV
 H[SUHVVLRQV IRU ERQG SULFHV� ERQG \LHOGV� DQG WKH LQWHUHVW UDWH DUH
DOO XQFKDQJHG� EXW KLV H[SUHVVLRQV IRU WHUP SUHPLD PXVW EH PRGLpHG VLQFH WKH\
ZHUH FRPSXWHG ZLWK J u � �VHH �������� :H KDYH LQWURGXFHG SDUDPHWHUV �LQ % DQG
v� WKDW DUH QRW LGHQWLpHG XVLQJ SXUHO\ FURVV�VHFWLRQDO LQIRUPDWLRQ�

�� ([SRQHQW LDO �DI I LQH P RGHO V RI W KH W HU P VW U XF W XU H

([SRQHQWLDO�DrQH PRGHOV RI WKH WHUP VWUXFWXUH DUH VXrFLHQWO\ LPSRUWDQW DQG
XVHIXO WR PHULW H[SOLFLW WUHDWPHQW�
)LVKHU DQG *LOOHV ������ GHpQH D WHUP�VWUXFWXUH PRGHO WR EH ?H[SRQHQWLDO DrQH�

ZKHQHYHU �D� \LHOGV RI ]HUR�FRXSRQ ERQGV DQG �E� WKH pUVW DQG VHFRQG FRQGLWLRQDO
PRPHQWV RI WKH GLVWULEXWLRQ RI IXWXUH VWDWH YDULDEOHV DUH ERWK DrQH LQ WKH FXUUHQW
VWDWH YDULDEOHV� 7KLV GHpQLWLRQ LV PRUH UHVWULFWLYH WKDQ WKH RULJLQDO GHpQLWLRQ RI
'XrH DQG .DQ ������� ZKLFK FRYHUV RQO\ FRQGLWLRQ �D�� DV D UHVXOW� WKH FLUFXP�
VWDQFHV XQGHU ZKLFK RXU FRQGLWLRQV KROG DUH D OLWWOH ELW PRUH UHVWULFWLYH WKDQ WKRVH
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VHW RXW LQ 'XrH DQG .DQ� 7KH WHUP ?H[SRQHQWLDO DrQH� FRPHV IURP WKH IDFW WKDW
IRU FRQGLWLRQ �D� WR KROG� WKH ERQG SULFH IXQFWLRQ 3 �[� �� PXVW KDYH WKH IRUP
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ZKHUH $��� DQG %L��� DUH p[HG IXQFWLRQV RI � � WKH WLPH WR PDWXULW\� $V H[SODLQHG
LQ )LVKHU DQG *LOOHV ������� D PRGHO KDV DQ H[SRQHQWLDO�DrQH VWUXFWXUH LI DQG RQO\
LI

0�[� DQG 6�[�!6�[� DUH DrQH LQ [� �����
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&RQGLWLRQV ����� DUH PRUH UHVWULFWLYH WKDQ WKH FRQGLWLRQV WKDW 'XrH DQG .DQ DVVXPH
VLQFH WKH\ GR QRW PRGHO WKH SULFH RI ULVN� 7KH\ DVVXPH RQO\ WKDW

5�[�� z;�[�b �;�[� e;�[�� DQG �;�[��;�[�
!

DUH DrQH LQ [�
,W ZLOO EH FRQYHQLHQW WR UHIHU WR H[SOLFLWO\ DrQH UHSUHVHQWDWLRQV IRU WKH UHOHYDQW

YDULDEOHV� 6WDUWLQJ ZLWK 0�[�� OHW
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1H[W� WXUQLQJ WR 6�[�� DGDSWLQJ D SURRI LQ 'XrH DQG .DQ WR WKH SUHVHQW FRQWH[W
VKRZV WKDW 6�[�!6�[� LV DrQH LQ [ LI DQG RQO\ LI 6�[� FDQ EH ZULWWHQ DV
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c
ZKHUH n LV D Q; d G; PDWUL[ RI FRQVWDQWV� q LV D Q; d � YHFWRU RI FRQVWDQWV� DQG
'�[� LV D GLDJRQDO Q; d Q; PDWUL[ ZKRVH L�WK GLDJRQDO HQWU\� XL�[� VDWLVpHV

XL�[�  

YXXWoL� �

Q;;
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oLM [M �

1RZ� ZH FDQ ZULWH �;�[��;�[�
!  n!'��[�n� e�[�!e�[�  q!'��[� q DQG

�;�[� e�[�  n
!'��[� q� ZKLFK DUH DOO DrQH VLQFH '��[� KDV WKH UHSUHVHQWDWLRQ

'��[�  '�� �

Q;;
L �

'�L [L�

ZKHUH HDFK '�L LV DQ Q; d Q; GLDJRQDO PDWUL[ ZLWK M�WK GLDJRQDO HQWU\ 'LM  oLM �
7R VKRZ WKDW ERQG SULFHV VDWLVI\ ������ DVVXPH WKDW WKH\ GR DQG VKRZ WKDW IRU
VSHFLpF IXQFWLRQV $��� DQG %L���� WKH 3'( ������ LV VDWLVpHG�
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1RZ OHW XV IXUWKHU VSHFLDOL]H ������� OHWWLQJ I�[�  p![� VR WKDW
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:H FDQ XVH ����� WR UHSURGXFH DQ\ H[SRQHQWLDO�DrQH PRGHO RI WKH WHUP VWUXFWXUH�
*LYHQ z; � �; � 5� DQG e; � pUVW FKRRVH o DQG p WR PDWFK FRHrFLHQWV LQ ����D�� WKHQ
XVH ����E� WR GHWHUPLQH J� )RU *DXVVLDQ PRGHOV �L�H�� PRGHOV IRU ZKLFK WKH YRODWLOLW\
PDWUL[ �; LV FRQVWDQW�� WKHUH LV D XQLTXH VROXWLRQ� )RU QRQ�*DXVVLDQ PRGHOV� WKHUH
PD\ EH PRUH WKDQ RQH VROXWLRQ� +RZHYHU� LI WKH VWDWH YDULDEOHV KDYH D OLPLWLQJ
VWDWLRQDU\ GLVWULEXWLRQ� WKHQ WKHUH LV D XQLTXH VROXWLRQ ZKHUH o DQG p DUH WKH OLPLWV
RI WKH ORJ ERQG�SULFH GHULYDWLYHV�
*RLQJ WKH RWKHU ZD\� ZH FDQ FKRRVH 8 DQG J WR GHOLYHU DQ H[SRQHQWLDO�DrQH WHUP

VWUXFWXUH� *LYHQ z;�[� DQG �;�[�
!  '�[�n� FKRRVH

8�[� W�  H[S�o W� p![�
J�[�  '�[� �q bn p��

7KHQ 5�[� LV DrQH LQ [ DQG e;�[�  '�[� q� ,Q WKLV FDVH� WKH UHVWULFWLRQ J�[� u �
LV HTXLYDOHQW WR q  n p�

:H QRZ SURYLGH D QXPEHU RI H[DPSOHV IURP WKH H[SRQHQWLDO�DrQH FODVV WKDW
LOOXVWUDWH PDQ\ RI WKH SRLQWV IURP WKH SUHFHGLQJ VHFWLRQV�

2QH�IDFWRU &,5� ,Q WKLV H[DPSOH� ZH PRGHO WKH LQWHUHVW UDWH DQG WKH SULFH RI ULVN
GLUHFWO\ DQG GHULYH WKH VROXWLRQ WR WKH VWDWH^SULFH GHqDWRU��� 7R NHHS WKLQJV VLPSOH�
ZH WDNH WKH LQWHUHVW UDWH WR EH WKH VLQJOH VWDWH YDULDEOH� U�W�  ;�W�� DQG PRGHO LW
DV D VTXDUH�URRW SURFHVV DORQJ WKH OLQHV RI &,5�
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IRU VRPH IXQFWLRQ K DQG VRPH VWDWH YDULDEOHV < �
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7KXV WKHUH DUH WZR UHSUHVHQWDWLRQV IRU WKH VWDWH^SULFH GHqDWRU WKDW DUH FRQVLVWHQW
ZLWK RXU UHVWULFWLRQV RQ IXQFWLRQDO IRUPV� 7KH GULIW RI [ XQGHU 4� LV JLYHQ E\

z�;�[�  x v h q [�

7KXV ; KDV D OLPLWLQJ VWDWLRQDU\ GLVWULEXWLRQ ZLWK WKH VHFRQG VROXWLRQ IRU p� p  
�x� T b q� V�� EXW QRW ZLWK WKH pUVW VROXWLRQ� 7KHUHIRUH� LW LV WKH VHFRQG VROXWLRQ

��:H Z LOO UH OD WH WKH PR GH O LQ WKLV VH F WLR Q WR WKH & ^ & $ 30 IUD PH Z R UN LQ WKH IR OOR Z LQJ VH F WLR Q�
��2XU T LV & ,5
V SD UD PH WH U y�
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WKDW GHOLYHUV WKH GHFRPSRVLWLRQ LQWR WKH DV\PSWRWLF UHYLVLRQ SURFHVV DQG WKH LQYHUVH
RI WKH 9/' ERQG SULFH�
,W LV ZHOO�NQRZQ WKDW WKH ERQG SULFH IXQFWLRQ LV JLYHQ E\ 3 �[� ��  H[S�b$���b

%���[�� ZKHUH
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ZKLFK DJUHHV ZLWK WKH VWDWLRQDU\ VROXWLRQ FRPSXWHG DERYH�
7KH SDUDPHWHUV x DQG T GR QRW DSSHDU LQ WKH ERQG SULFH IXQFWLRQ VHSDUDWHO\� EXW

RQO\ DV WKH VXP x � T� $V D UHVXOW� WKHVH SDUDPHWHUV DUH QRW VHSDUDWHO\ LGHQWLpHG
XVLQJ WKH ERQG SULFH IXQFWLRQ 3 �[� �� DORQH� DOWKRXJK WKH VXP LV� ,Q JHQHUDO� RQH
QHHGV WLPH�VHULHV GDWD WR LGHQWLI\ WKH SULFH�RI�ULVN SDUDPHWHU T YLD WKH GULIW XQGHU
WKH SK\VLFDO PHDVXUH� +RZHYHU� LI ZH UHVWULFW WKH PRGHO WR KDYH J u �� WKHQ T  V� p
LV LGHQWLpHG ZLWKRXW UHVRUWLQJ WR WLPH�VHULHV GDWD� 7KLV LGHQWLpFDWLRQ RI T qRZV IURP
WKH HTXLYDOHQFH RI WKH SULFH RI WHUP�VWUXFWXUH ULVN ZLWK WKH YRODWLOLW\ RI WKH 9/'
ERQG�

$Q HTXLOLEULXP LQWHUSUHWDWLRQ� &RQVLGHU WKH &�&$30 ZLWK SRZHU XWLOLW\� ,Q WKLV
FDVH ZH KDYH Q�W�  Hbr W F�W�b� u ZKHUH r LV WKH UDWH RI WLPH SUHIHUHQFH DQG u LV WKH
HODVWLFLW\ RI LQWHUWHPSRUDO VXEVWLWXWLRQ� *LYHQ WKH G\QDPLFV RI FRQVXPSWLRQ�

G ORJ�F�W��  HzF�W� GW� �F�W�
!G: �W��

RU HTXLYDOHQWO\

F�W�  H[S
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V �
HzF�V� GV� = W

V �
�F�V�

!G: �V�
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WKH LQWHUHVW UDWH DQG SULFH RI ULVN DUH JLYHQ E\

U�W�  r �
�

u
HzF�W�b �

�
Ny�W�N� DQG y�W�  
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u
�F�W�

$V ORQJ DV WKH G\QDPLFV RI FRQVXPSWLRQ �L�H�� HzF�W� DQG �F�W�� DUH GHWHUPLQLVWLF
IXQFWLRQV RI 0DUNRYLDQ VWDWH YDULDEOHV� ERQG SULFHV ZLOO DOVR EH GHWHUPLQLVWLF IXQF�
WLRQV RI WKRVH VWDWH YDULDEOHV_HYHQ WKRXJK FRQVXPSWLRQ DQG WKH VWDWH^SULFH GHqDWRU
DUH QRW� 2XU DSSURDFK SURYLGHV DQ H[SOLFLW GHFRPSRVLWLRQ RI WKH VWDWH^SULFH GHqDWRU
LQWR �L� WUHQG�VWDWLRQDU\ DQG �LL� PDUWLQJDOH FRPSRQHQWV���

��:H F R XOG R I F R XUVH VH SD UD WH O\ GH F R PSR VH F R QVXPSWLR Q LQWR LWV WUH QG�VWD WLR QD U\ D QG PD UWLQJ D OH
F R PSR QH QWV� 
�F� F D QG 
�F��
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$V DQ LOOXVWUDWLRQ� FRQVLGHU D FDVH ZKHUH ; DQG < HDFK FRQWDLQ D VLQJOH VWDWH
YDULDEOH� DQG WKHUH DUH WZR %URZQLDQV� ,Q SDUWLFXODU� OHW
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7KLV LQWHUHVW UDWH DQG SULFH RI ULVN GHOLYHU &,5 ERQG SULFHV� $V VKRZQ DERYH�
WKH 9/' ERQG LV WKH 0DUNRYLDQ EXEEOH DVVHW� ZKLFK FDQ EH FRPSXWHG IURP WKH
DSSURSULDWH OLPLW� ,Q WKLV H[DPSOH� J�[�  

S
[ �q b x� V DQG K�[� \�  t

S
\� 7KXV

LI x  q� J�[� u � DQG WKH 9/' ERQG ZLOO SULFH DOO ERQGV� HYHQ WKRXJK LW GRHV QRW
SULFH DOO DVVHWV DV ORQJ DV t � ����

$ 0DUNRYLDQ 00$�EXEEOH ZLWK VWRFKDVWLF LQWHUHVW UDWHV� 8QGHU ZKDW FRQ�
GLWLRQV FDQ WKH PRQH\�PDUNHW DFFRXQW EH D 0DUNRYLDQ EXEEOH DVVHW" 9DOXH RI WKH

00$ LV %�W�  H[S
t5 W

V � U�V� GV
u
� VR LWV G\QDPLFV DUH JLYHQ E\ G%�W� %�W�  

U�W� GW� 7KHUHIRUH� LI WKH YDOXH RI WKH 00$ LV SURSRUWLRQDO WR 8�;�W�� W�� ZH PXVW
KDYH �L� zX�W�  U�W� DQG �LL� �X�W�  �� &RQGLWLRQ �LL� LPSOLHV �; 8[ 8 u �� ZKLFK
LQ WXUQ LPSOLHV FRQGLWLRQ �L�� �&RPSDUH ����� ZLWK ����D��� $VVXPLQJ �; LV LQYHUW�
LEOH� FRQGLWLRQ �LL� LPSOLHV 8[ u �� ,Q RWKHU ZRUGV� LI �; LV LQYHUWLEOH WKH 00$
FDQ RQO\ EH WKH 0DUNRYLDQ EXEEOH ZKHQ 8 LV D IXQFWLRQ RI WLPH RQO\� LQ ZKLFK FDVH
WKH LQWHUHVW UDWH LV GHWHUPLQLVWLF� +RZHYHU� LI �; KDV OHVV WKDQ IXOO UDQN� WKH 00$
FDQ EH D 0DUNRYLDQ EXEEOH HYHQ ZLWK VWRFKDVWLF UDWHV� :H FDQ VXPPDUL]H WKLV GLV�
FXVVLRQ E\ VD\LQJ WKDW LI WKH EXEEOH GHSHQGV RQ DQ\ VWRFKDVWLF VWDWH YDULDEOHV� WKH\
PXVW EH ORFDOO\ ULVNOHVV LQ RUGHU IRU WKH EXEEOH WR EH WKH 00$� )LQDOO\ QRWH WKDW
FRQGLWLRQ �LL� LPSOLHV WKH SULFH RI WHUP�VWUXFWXUH ULVN LV JLYHQ E\ e;�[�  J�[��
:H LOOXVWUDWH WKH IRUHJRLQJ DQDO\VLV ZLWK DQ H[DPSOH LQ ZKLFK WKH 9/' ERQG

H[LVWV DQG WKH 00$ LV QRW D 0DUNRYLDQ EXEEOH LQ JHQHUDO� +RZHYHU� WKH H[DPSOH
FDQ EH VSHFLDOL]HG LQ WZR ZD\V �RQH ZD\ PDNLQJ WKH LQWHUHVW UDWH GHWHUPLQLVWLF DQG
WKH RWKHU ZD\ OHDYLQJ LW VWRFKDVWLF�� ERWK RI ZKLFK LGHQWLI\ WKH 9/' ERQG ZLWK WKH
00$� /HW WKH G\QDPLFV RI WKH VWDWH YDULDEOHV EH JLYHQ E\

G;��W�  x� �v b;��W�� GW� V� G:;��W� ����D�

G;��W�  x� �;��W�b r ;��W�� GW� V� G:;��W�� ����E�

�� & D PSEH OO� . D ] H PL� D QG 1 D QLVH WW\ �� � � � � H [ D PLQH ULVN �SUH PLD LQ WKH ER QG PD UN H W WR VH H Z KH WKH U
WKH 9 /' ER QG SULF H V ER QGV E\ LWVH OI� 7 KH H [ D PSOH VKR Z V WKD W H Y H Q IR U WKH & ^ & $ 30 � WKH pQGLQJ
WKD W WKH 9 /' ER QG SULF H V D OO ER QGV LV QR W VXrF LH QW WR F R QF OXGH WKD W WKH 9 /' ER QG SULF H V D OO
D VVH WV�
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$VVXPLQJ x� ! � DQG x� r ! �� WKHUH LV D OLPLWLQJ VWDWLRQDU\ GLVWULEXWLRQ IRU
;  �;��;�� XQGHU ERWK 3 DQG 4�� &RQVHTXHQWO\� X LV WKH YDOXH RI WKH 9/'
ERQG� :H FDQ FRPSXWH WKH LQWHUHVW UDWH DQG WKH SULFH RI WHUP�VWUXFWXUH ULVN�
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ZKLFK WRJHWKHU ZLWK ����� FRPSULVH DQ H[SRQHQWLDO�DrQH PRGHO RI WKH WHUP VWUXF�
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�;
8[

8
 

v
V� �
� V�

w v
�
p

w
 

v
�

p V�

w
�

%\ PDNLQJ WKLV YRODWLOLW\ ]HUR� ZH LGHQWLI\ WKH 9/' ERQG ZLWK WKH 00$� 2QH
ZD\ ZH FDQ GR WKLV LV E\ VHWWLQJ p  �� LQ ZKLFK FDVH WKH LQWHUHVW UDWH EHFRPHV
GHWHUPLQLVWLF� U�W�  o� 7KH RWKHU ZD\ ZH FDQ GR WKLV LV E\ VHWWLQJ V�  �� ZKLFK
PDNHV ;� ORFDOO\ ULVN�IUHH DQG UHGXFHV WKH UDQN RI �; � ,Q WKLV FDVH WKH LQWHUHVW UDWH
LV VWRFKDVWLF� U�W�  o� p x� �;��W�b r ;��W��� WKH UHODWLYH GULIW RI X�W��
7KLV H[DPSOH SURYLGHV DQ LOOXVWUDWLRQ RI WKH IDFW WKDW �!�Y u � GRHV QRW LPSO\

e;  �Y� /HW T�  �� ,Q WKLV FDVH� �!�X  � DQG e!
;�X  N�XN� HYHQ WKRXJK
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$ FKDQJH RI VWDWH YDULDEOHV� :H FDQ H[DPLQH D GLoHUHQW LVVXH E\ VSHFLDOL]LQJ WKH
PRGHO LQ WKH SUHYLRXV VHFWLRQ LQ DQRWKHU GLUHFWLRQ� *LYHQ WKH VHWXS LQ WKH SUHFHGLQJ
VHFWLRQ� ERQG SULFHV DUH JLYHQ E\
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&��� u �� DQG %���  x� p x�� 7KH 9/' ERQG FDQ EH H[SUHVVHG DV D IXQFWLRQ RI
;� DORQH� ZKLFK LV 0DUNRYLDQ DQG KDV D OLPLWLQJ VWDWLRQDU\ GLVWULEXWLRQ�
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ZKHUH
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6LQFH ;� GRHV QRW HQWHU HLWKHU 5�[� RI e;�[�� LW LV LUUHOHYDQW WR WKH WHUP VWUXFWXUH
DQG FDQ EH UHPRYHG IURP WKH ; YHFWRU� ,Q WKLV FDVH� JLYHQ

A5�[��  

v
ob T� p V� b �

�
�p V��

�

w
� �p x��[��

Ae;�[��  T�� Az;�[��  x� �v b [��� DQG A�;�[��  V�� WKH XQLTXH VROXWLRQ WR D
YHUVLRQ RI ����� ZLWK KDWV LV JLYHQ E\ ����� DQG

AJ�[�  T� �
p x� V�
x�

�

*LYHQ AX�W�  H[S�Ao W�Ap ;��W�� DQG AJ�[�� ZH FDQ pQG DQ AK� c � VXFK WKDW WKH G\QDPLFV
RI AQ�W�  A]�W� AX�W� DUH LGHQWLFDO WR WKRVH RI Q�W�� 7KH YRODWLOLW\ RI Q�W� LQYROYHV WKH
VHFRQG FRPSRQHQW RI e;� c � LQ ����E�� ,Q RUGHU WR NHHS WKH SULFH RI ULVN XQFKDQJHG�
GHpQH Ae< � c �  K� c �  T� � p V�� VR WKDW

GA]�W�

A]�W�
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v
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p x� V�
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ZKHUH ZH KDYH UHODEHOHG :;� DV :<� � 6LQFH Q�W� DQG AQ�W� KDYH WKH VDPH G\QDPLFV�
WKH\ SULFH DOO DVVHWV LGHQWLFDOO\� LQFOXGLQJ X�W� LQ SDUWLFXODU�

1R 9/' ERQG� :H SUHVHQW DQ H[DPSOH RI DQ DrQH HFRQRP\ LQ ZKLFK WKHUH LV QR
9/' ERQG� 7KH H[DPSOH ZDV LQWURGXFHG E\ )LVKHU DQG *LOOHV ������� 7KHUH DUH
WZR VWDWH YDULDEOHV ZKRVH G\QDPLFV DUH JLYHQ E\

G;��W�  �v b;��W�� GWb t G:;��W�

G;��W�  ;��W� GW� t G:;��W��

ZKHUH v DQG t DUH FRQVWDQWV� 7KH FRQGLWLRQDO H[SHFWDWLRQ RI WKH VWDWH YDULDEOHV LV
JLYHQ E\ (W>;�7 �@  (�;�W�� 7 b W�� ZKHUH

(�[� ��  
v

[� FRV��� � �[� b v� VLQ���
v � [� VLQ��� � �[� b v� FRV���

w
�

7KH SRLQW [�  ��� v� LV D VWDWLRQDU\ SRLQW LQ VWDWH VSDFH� (�[�� ��  [�� +RZHYHU�
WKHUH LV QR WHQGHQF\ IRU WKH VWDWH YDULDEOHV WR PRYH WRZDUG WKLV VWDWLRQDU\ SRLQW�
&RQVHTXHQWO\� WKHUH LV QR OLPLWLQJ VWDWLRQDU\ GLVWULEXWLRQ�
/HW WKH LQWHUHVW UDWH DQG SULFH RI WHUP�VWUXFWXUH ULVN EH JLYHQ E\

5�[�  [� DQG e;�[�  

v
t
�

w
�



�� 0$ 5. ),6 + ( 5 $ 1 ' & + 5,6 7 ,$ 1 *,//( 6

ZKLFK SURGXFHV DQ H[SRQHQWLDO�DrQH PRGHO RI WKH WHUP VWUXFWXUH� %RQG SULFHV DUH
JLYHQ E\

3 �[� ��  H[S�b$����b$����[� b$����[���

ZKHUH

$����  v �� b VLQ���� � $����  �b FRV���� DQG $����  VLQ����

7KH IRUZDUG UDWH IXQFWLRQ LV

) �[� ��  v � [� VLQ��� � �[� b v� FRV����

ZKLFK LV LGHQWLFDO WR WKH FRQGLWLRQDO H[SHFWDWLRQ RI WKH LQWHUHVW UDWH� ;�� ,Q RWKHU
ZRUGV� WKH ?VWURQJ IRUP� RI WKH H[SHFWDWLRQV K\SRWKHVLV KROGV LQ WKLV PRGHO�
/HW XV H[DPLQH WKH VWDWH^SULFH GHqDWRU� 7KH VROXWLRQ WR ����� LV JLYHQ E\
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b
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DVVXPLQJ K�[� \� u �� 3HUKDSV VXUSULVLQJO\� ;� GRHV QRW DSSHDU LQ WKH VWDWH^SULFH
GHqDWRU� 6LQFH Q KDV QR DV\PSWRWLF UHYLVLRQ SURFHVV� WKH 9/' ERQG GRHV QRW H[LVW�
DQG WKH ORQJ IRUZDUG UDWH LV QRW DV\PSWRWLFDOO\�GHWHUPLQLVWLF� )LQDOO\ QRWH WKDW
HYHQ WKRXJK J  �� VR WKDW WKH SULFH RI ULVN LV WKH YRODWLOLW\ RI WKH EXEEOH DVVHW
�X  � Q�� WKH SULFH�RI�ULVN SDUDPHWHU t LV QRW LGHQWLpHG E\ ERQG SULFHV VLQFH WKH
EXEEOH DVVHW LV QRW D ERQG�

�� ([F KDQJH U DW HV

$EVHQFH�RI�DUELWUDJH FRQGLWLRQV FDQ EH H[SUHVVHG LQ PRUH WKDQ RQH QXPHUDLUH�
7KHUH ZLOO EH D VWDWH^SULFH GHqDWRU IRU HDFK QXPHUDLUH� /HW Q� EH WKH VWDWH^SULFH
GHqDWRU IRU WKH RULJLQDO QXPHUDLUH� DQG OHW V� EH WKH YDOXH RI DQ DVVHW GHQRPLQDWHG
LQ WKDW QXPHUDLUH� /HW ��W� EH WKH H[FKDQJH UDWH EHWZHHQ WKH WZR QXPHUDLUHV� VXFK
WKDW V��W�  ��W� V��W��

�� 7KHQ

Q��W� V��W�  (W>Q���� V����@ DQG Q��W� V��W�  (W>Q���� V����@

DUH HTXLYDOHQW LI

Q��W�  
Q��W�

��W�
� �����

%\ WKH SDUDOOHO VWUXFWXUH RI WKH DEVHQFH�RI�DUELWUDJH FRQGLWLRQV LQ WKH WZR QX�
PHUDLUHV� ZH KDYH

GQL�W�

QL�W�
 bUL�W� GWb yL�W�

!G: �W� IRU L  �� ��

6ROYLQJ ����� IRU � DQG DSSO\LQJ ,WR
V OHPPD SURGXFHV

G ORJ���W��  z��W� GW� ���W�
!G: �W��

�� 7 KH H [ F KD QJ H UD WH F D Q UH IH U WR H LWKH U IR UH LJ Q H [ F KD QJ H R U� LI R QH QXPH UD LUH LV QR PLQD O D QG WKH
R WKH U LV UH D O� WR WKH SULF H OH Y H O�
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ZKHUH

z��W�  U��W�b U��W� �
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bNy��W�N� b Ny��W�N�
c
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$W WKLV SRLQW ZH DGRSW WKH 0DUNRYLDQ VHWWLQJ RI 6HFWLRQ �� :H p[ WKH G\QDPLFV
RI WKH VWDWH YDULDEOHV LQ ������ DQG OHW
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ZKHUH
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v
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:LWK WKLV VWUXFWXUH� ZH FDQ ZULWH WKH 0DUNRYLDQ G\QDPLFV RI WKH H[FKDQJH UDWH�
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ZKHUH WKH IXQFWLRQV 5L DQG e;L DUH WKH DSSURSULDWHO\ VXEVFULSWHG YHUVLRQV RI ������
DQG

�k �[� \�  e��[� \�b e��[� \�  
v
J��[�b J��[� � �;�[� �I�[�[�b I�[�[��

K��[� \�b K��[� \�

w
�

�����

:H UHIHU WR WKH ODVW WHUP RQ WKH ULJKW�KDQG VLGH RI ����� DV WKH QHXWULQR IDFWRU
FRPSRQHQW RI H[SHFWHG H[FKDQJH�UDWH GHSUHFLDWLRQ�
)LUVW� QRWH WKDW

t���W�  t���W� �� ��W�  
X��W�

X��W�
�� 4��  4�� � �����

7KXV ZKHQ t��  t�� � WKH H[FKDQJH UDWH LV WKH UDWLR RI WKH YDOXHV RI WKH WZR
EXEEOH DVVHWV DQG WKHUH D VLQJOH HTXLYDOHQW PDUWLQJDOH PHDVXUH IRU ERWK QXPHUDLUHV�
0RUHRYHU� WKH QHXWULQR IDFWRU FRPSRQHQW LV LGHQWLFDOO\ ]HUR DQG WKH YRODWLOLW\ RI WKH
H[FKDQJH UDWH LV UHGXFHG WR

�k �[� \�  

v
�;�[�

b
I�[�[�b I�[�[�

c
�

w
� �����

6HFRQG� QRWH WKDW RQH RI WKH FHQWUDO VW\OL]HG IDFWV RI IRUHLJQ H[FKDQJH UDWHV LV
WKDW WKH LQVWDQWDQHRXV H[SHFWHG UDWH RI GHSUHFLDWLRQ RI WKH H[FKDQJH UDWH� z�� KDV
D FRPSRQHQW WKDW LV RUWKRJRQDO WR ERWK WHUP VWUXFWXUHV��� ,Q RUGHU IRU WKLV IHDWXUH

��6H H 6D wD �5H T XH MR �� � � � � D QG WKH F LWD WLR QV WKH UH LQ�
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WR REWDLQ LQ ������ WKH QHXWULQR IDFWRU FRPSRQHQW PXVW GHSHQG RQ < LQ D QRQ�WULYLDO
ZD\ �DQG < PXVW GHSHQG RQ :< LQ D QRQ�WULYLDO ZD\��

��

7KLV UHTXLUHV WKDW �� �u ��� LQ ZKLFK FDVH WKHUH DUH WZR GLoHUHQW HTXLYDOHQW
PDUWLQJDOH PHDVXUHV� 4�� DQG 4�� � 1HYHUWKHOHVV� ZH FRXOG VWLOO KDYH J�  J��
LQ ZKLFK FDVH ; ZRXOG KDYH LGHQWLFDO G\QDPLFV XQGHU HDFK RI WKH WZR PDUWLQJDOH
PHDVXUHV� ,Q WKLV FDVH� WKH RQO\ GLoHUHQFH LQ WKH 0DUNRYLDQ ERQG SULFHV DFURVV
WKH WZR QXPHUDLUHV ZRXOG FRPH IRUP 8��[� W� � 8��[� W�� 1HYHUWKHOHVV� FRQYHUWLQJ
WKH QXPHUDLUH�� YDOXH RI D ERQG WR LWV QXPHUDLUH�� YDOXH �IRU H[DPSOH� ZRXOG VWLOO
UHTXLUH WKH H[FKDQJH UDWH ZKLFK� LI LW LV WR FDSWXUH WKH DIRUH�PHQWLRQHG VW\OL]HG
IDFW� LQYROYHV < � 7KHUHIRUH� JLYHQ J�  J�� DGGLWLRQDOO\ LPSRVLQJ K�  K� ZRXOG
LPSRVH HPSLULFDOO\ LQFRUUHFW FURVV�FXUUHQF\ ERQG SULFLQJ UHVWULFWLRQV� :H SURYLGH
DQ H[DPSOH RI DQ H[SRQHQWLDO�DrQH PRGHO RI WKH H[FKDQJH UDWH EHORZ�

([SRQHQWLDO�DrQH PRGHO WKH H[FKDQJH UDWH� 7KLV H[DPSOH LV LQ WKH VSLULW
RI 6DwD�5HTXHMR ������� :H PRGHO WZR \LHOG FXUYHV WKDW VKDUH RQH IDFWRU� U��W�  
;��W� �;��W� DQG U��W�  ;��W� � ;��W�� ZKHUH ;�� ;�� DQG ;� DUH LQGHSHQGHQW
VTXDUH�URRW SURFHVVHV�

G;L�W�  xL �vL b;L�W�� GW� VL
S
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/HW < EH DQ LQGHSHQGHQW VFDODU VTXDUH�URRW SURFHVV
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ZKHUH WKH FRHrFLHQWV DL FDQ EH HDVLO\ FRPSXWHG� :H VHH WKDW DV ORQJ DV o
�
� � p�� �

H[SHFWHG LQqDWLRQ LV GULYHQ E\ < ZKLFK LV XQFRUUHODWHG ZLWK ERWK \LHOG FXUYHV�

5RJHUV� 5RJHUV ������ PRGHOV WKH VWDWH^SULFH GHqDWRU DV Q�W�  � X�W�� ZKHUH
X�W�  H[S�o W� I�;�W������ )RU PRVW RI KLV H[DPSOHV� KH VSHFLpHV WKH G\QDPLFV RI
WKH VWDWH YDULDEOHV DV

z;�[�  b% [ DQG �;�[�  ,� �����

�� 7 KLV SR LQW F D Q EH IR XQG LQ 6D wD �5H T XH MR �� � � � ��
��5R J H UV
 IXQF WLR Q I�[� LV H T XLY D OH QW WR H [ S�bI�[�� LQ R XU QR WD WLR Q�
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ZKHUH % LV D JHQHUDO G d G PDWUL[ DQG , LV WKH G d G LGHQWLW\ PDWUL[� *LYHQ WKLV
VHWXS� ZH KDYH J�[� u �� K�[� \� u �� DQG X  Y� WKH YDOXH RI WKH 9/' ERQG� 5RJHUV
VKRZV WKDW ZLWK ������ WKH H[SHFWDWLRQ LQ ������ LV VWUDLJKWIRUZDUG WR FRPSXWH IRU D
YDULHW\ RI IXQFWLRQDO IRUPV I �
5RJHUV XVHV WKH IRUHJRLQJ VHWXS WR PRGHO IRUHLJQ H[FKDQJH UDWHV� ZKLFK DUH JLYHQ

E\

��W�  
Q��W�

Q��W�
 

X��W�

X��W�
� �����

ZKHUH XL�W�  H[S�oL W � IL�;�W���� $V D UHVXOW� WKHUH LV QR QHXWULQR�IDFWRU FRP�
SRQHQW WR H[FKDQJH UDWHV� $V GLVFXVVHG DERYH� WKHVH DUH VWURQJ UHVWULFWLRQV� ,Q
SDUWLFXODU� LW LV QRW SRVVLEOH IRU H[SHFWHG H[FKDQJH�UDWH GHSUHFLDWLRQ WR PRYH LQ
ZD\V WKDW DUH RUWKRJRQDO WR ERWK WHUP VWUXFWXUHV� 0RUHRYHU� WKH YRODWLOLW\ RI WKH
ORJ RI WKH H[FKDQJH UDWH LV FRQVWUDLQHG WR EH DV JLYHQ LQ ������ 5RJHUV� KRZHYHU�
SRLQWV RXW D ?SUDFWLFDO DGYDQWDJH� WR KLV DSSURDFK� ? � � � RQFH WKH WHUP VWUXFWXUH
KDV EHHQ PRGHOHG LQ WKH WZR FRXQWULHV� WKH H[FKDQJH UDWH EHWZHHQ WKHP LV GHWHU�
PLQHG� QR IXUWKHU %URZQLDQ PRWLRQV DUH QHHGHG���� 7KH XSVKRW LV WKDW DOO IRUHLJQ
H[FKDQJH�UDWH ULVN FDQ EH KHGJHG LQ WKH ERQG PDUNHWV�
,Q RXU DQDO\VLV RI &RQVWDQWLQLGHV ������ LQ 6HFWLRQ �� ZH VKRZHG WKDW E\ DVVXPLQJ

WKH GULIW RI WKH VWDWH YDULDEOHV ZDV VSHFLpHG XQGHU DQ HTXLYDOHQW PDUWLQJDOH PHDVXUH
4� UDWKHU WKDQ XQGHU WKH SK\VLFDO PHDVXUH 3 DV LQ WKH RULJLQDO PRGHO� RQH FDQ UHOD[
WKH UHVWULFWLRQ WKDW LPSRVHV WKH FRQVWDQF\ RI WKH WHUP�VWUXFWXUH PDUWLQJDOH DQG \HW
NHHS WKH ERQG SULFH IXQFWLRQ XQFKDQJHG� :H FDQ DSSO\ WKH VDPH DSSURDFK KHUH�
0RGHOLQJ XQGHU 4� LV QRW UHVWULFWLYH� VLQFH RQH LV IUHH WR LQWURGXFH J�[�� K�[� \��
DQG WKH G\QDPLFV RI < WR REWDLQ D PRUH JHQHUDO PRGHO RI WKH VWDWH^SULFH GHqDWRU���

:KDW DUH WKH FRQVHTXHQFHV RI WKLV UHLQWHUSUHWDWLRQ IRU H[FKDQJH UDWHV" *LYHQ ������
ZH PXVW KDYH t���W� u t���W� DQG FRQVHTXHQWO\

J��[�  J��[� DQG K��[� \�  K��[� \�� ������

7KHUHIRUH� HYHQ ZLWK WKH EHQHpW RI WKH UHLQWHUSUHWDWLRQ� WKH QHXWULQR�IDFWRU FRPSR�
QHQW PXVW EH DEVHQW IURP H[FKDQJH�UDWH G\QDPLFV�

$SSHQGL[ $� 8VLQJ W KH 9/' W R U HYHDO P DU N HW H[SHF W DW LRQV

7KURXJKRXW WKLV DSSHQGL[� ZH DVVXPH WKH 9/' ERQG H[LVWV� /HW Y GHQRWH WKH
YDOXH RI WKH 9/' ERQG� Q GHQRWH WKH VWDWH^SULFH GHqDWRU� DQG ]  Q Y EH WKH
DV\PSWRWLF UHYLVLRQ SURFHVV IRU WKH VWDWH^SULFH GHqDWRU� /HW r�7 � EH VRPH WLPH�7
PHDVXUDEOH UDQGRP YDULDEOH IRU 7 y W� )LUVW ZH VKRZ KRZ WR H[WUDFW WKH FRQGLWLRQDO
H[SHFWDWLRQ RI r�7 �� /HW V�W� EH WKH YDOXH DW WLPH W RI DQ DVVHW WKDW KDV D VLQJOH
SD\Ro Y�7 �r�7 � DW WLPH 7 � ,Q WKLV FDVH� WKH PDUWLQJDOH SURSHUW\ RI GHqDWHG DVVHW
SULFHV �VHH ������ FDQ EH ZULWWHQ DV

Q�W� V�W�  (W>Q�7 � Y�7 � r�7 �@� �$���

��(PSKD VLV LQ WKH R ULJ LQD O�
��2I F R XUVH LI Z H Z LVK WR PD LQWD LQ WKH VD PH IXQF WLR QD O IR UP IR U WKH GULIW R I ; XQGH U ER WK PH D VXUH V�
Z H PXVW UH VWULF W WKH IR UP R I J� *LY H Q �� �� � IR U H [ D PSOH � D V OR QJ D V J�[� LV OLQH D U LQ [� WKH IR UP R I
z; Z LOO EH WKH VD PH D V z�

; �
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'LYLGLQJ ERWK VLGHV RI �$��� E\ ]�W� SURGXFHV
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IRU DOO W x 7 � WKHQ
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 (W >r�7 �@ �

LQ ZKLFK FDVH DVVHW YDOXHV FDQ EH FRQVWUXFWHG XVLQJ WKH 9/' WR UHYHDO WKH PDUNHW
V
H[SHFWDWLRQ DERXW r�7 �� :H FRQVLGHU WZR FDVHV� )LUVW� LI J u �� WKHQ �$��� KROGV
IRU DQ\ r�7 � WKDW LV PHDVXUDEOH ZLWK UHVSHFW WR WKH pOWUDWLRQ JHQHUDWHG E\ :; �
6HFRQG� LI LQ DGGLWLRQ K u �� WKHQ �$��� KROGV IRU DQ\ WLPH�7 PHDVXUDEOH r�7 ��
7KXV IDU� ZH KDYH VKRZQ KRZ WR H[WUDFW WKH FRQGLWLRQDO H[SHFWDWLRQ RI r�7 � XVLQJ

WKH 9/' ERQG� 1RZ ZH VKRZ KRZ WR H[WUDFW WKH HQWLUH FRQGLWLRQDO GLVWULEXWLRQ RI
r�7 �� /HW V�W� 7�.� EH WKH YDOXH RI WKH DVVHW ZLWK SD\Ro Y�7 � �r�7 �b.��� ZKHUH
�[�� � PD[�[� ��� ,Q WKLV FDVH ZH KDYH
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,I WKH FRYDULDQFH WHUP LV ]HUR �IRU RQH UHDVRQ RU DQRWKHU�� WKHQ ZH KDYH
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ZKHUH ��[� W� 7 � LV WKH SUREDELOLW\ GHQVLW\ IXQFWLRQ IRU r�7 � FRQGLWLRQDO RQ WKH LQ�
IRUPDWLRQ DW WLPH W� 'LoHUHQWLDWLQJ WZLFH ZLWK UHVSHFW WR WKH VWULNH SULFH SURGXFHV

#�

#[�
V�W� 7� [�

Y�W�
 ��[� W� 7 ��

3UR[\ 9/' ERQG� 6LQFH LW LV LQIHDVLEOH WR LVVXH D ]HUR�FRXSRQ ERQG ZLWK DQ LQpQLWH
PDWXULW\� ZH LQYHVWLJDWH WKH HoHFWV RI XVLQJ D pQLWH�PDWXULW\ ERQG DV D SUR[\ IRU
WKH 9/' ERQG� $ QDWXUDO SUR[\ IRU Y�W� LV Y�W� ��  S�W� �� S��� �� IRU VRPH ODUJH � �
1H[W ZH VKRZ KRZ WR XVH WKH SUR[\ 9/' ERQG WR H[WUDFW DQ DSSUR[LPDWLRQ WR WKH
PDUNHW H[SHFWDWLRQ� ZKHUH WKH DSSUR[LPDWLRQ HUURU FDQ EH PDGH DUELWUDULO\ VPDOO�
/HW V�W� EH WKH YDOXH RI DQ DVVHW WKDW PDNHV D VLQJOH SD\PHQW RI Y�7� �� r�7 ��

ZKHUH � � 7 � $VVXPH� DV DERYH� &RYW>]�7 � ]�W�� r�7 �@  �� 7KHQ

V�W�

Y�W� ��
 (W

x
Y�7� �� Y�7 �

Y�W� �� Y�W�

]�7 �

]�W�
r�7 �

y

 (W>r�7 �@ � &RYW

x
Y�7� �� Y�7 �

Y�W� �� Y�W�
�
]�7 �

]�W�
r�7 �

y
�

�$���

,Q WKH VHFRQG HTXDOLW\ ZH KDYH XVHG WKH IDFW WKDW Y�W� �� Y�W�� WKH GHqDWHG YDOXH RI
DQ DVVHW� LV D PDUWLQJDOH� 7KH FRYDULDQFH WHUP LQ �$��� LV WKH DSSUR[LPDWLRQ HUURU�
ZKLFK FDQ EH PDGH DUELWUDULO\ VPDOO E\ FKRRVLQJ � VXrFLHQWO\ ODUJH� �$ VLPLODU
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DUJXPHQW VKRZV WKDW ZH FDQ DSSUR[LPDWH DUELWUDULO\�ZHOO WKH HQWLUH FRQGLWLRQDO
GLVWULEXWLRQ RI r�7 � XVLQJ DVVHWV ZLWK SD\RoV HTXDO WR Y�W� �� �r�7 �b.����
)RU H[DPSOH� WKH 7UHDVXU\ FRXOG LVVXH ]HUR�FRXSRQ ERQGV ZLWK DQ RULJLQDO PD�

WXULWLHV RI ���� \HDUV �D YHU\ ORQJ 7UHDVXU\ VHFXULW\�� 7KH 7UHDVXU\ ZRXOG p[ WKH
LVVXH�GDWH YDOXH DW XQLW\� DQG WKH ELGGHUV ZRXOG ELG RQ WKH IDFH YDOXH DW PDWX�
ULW\ ZLWK WKH ORZHVW ELGV EHLQJ DFFHSWHG� 7KH )HGHUDO 5HVHUYH FRXOG UHTXLUH WKH
3ULPDU\ 'HDOHUV WR PDNH PDUNHWV LQ D VHTXHQFH RI DVVHWV ZLWK SD\RoV U�7 � Y�7� ��
ZKHUH U�7 � LV WKH LQWHUHVW UDWH DW WLPH 7 LQ WKH IXWXUH� �7KH )HG FRXOG HQVXUH OLTXLG�
LW\ E\ DFWLYHO\ WUDGLQJ ZLWK WKH 3ULPDU\ 'HDOHUV LI QHFHVVDU\�� 7KHQ �DVVXPLQJ WKH
DSSURSULDWH FRYDULDQFH ZHUH ]HUR� WKH YDOXHV RI WKHVH DVVHWV� GHqDWHG E\ WKH FXUUHQW
YDOXH RI WKH YHU\ ORQJ 7UHDVXU\ VHFXULW\ ZRXOG UHYHDO WKH PDUNHW
V H[SHFWDWLRQ IRU
WKH SDWK RI WKH LQWHUHVW UDWH� $IWHU �� RU �� \HDUV� WKH 7UHDVXU\ FRXOG LVVXH QHZ
YHU\ ORQJ 7UHDVXU\ VHFXULWLHV DQG UHWLUH WKH RXWVWDQGLQJ RQHV�

$SSHQGL[ %� 3RVLW LYH LQW HU HVW U DW H P RGHO V

*LYHQ ������ ZH FDQ ZULWH WKH FRQGLWLRQDO H[SHFWDWLRQ RI WKH VWDWH^SULFH GHqDWRU
DV IROORZV�

(W>Q�7 �@  Q�W� �

= 7

X W
(W>zQ�X�@ GX� �%���

*LYHQ �%���� ZH FDQ H[SUHVV ]  
�Q� DV

]�W�  OLP
7��

Q�W� �
5 7
X W(W>zQ�X�@ GX

� �
5 7
X �(�>zQ�X�@ GX

� �%���

)RU VWULFWO\ SRVLWLYH LQWHUHVW UDWHV� OLP7�� (W>Q�7 �@  �� VR ERWK QXPHUDWRU DQG
GHQRPLQDWRU LQ �%��� JR WR ]HUR� $SSO\LQJ /
+ARSLWDO
V UXOH� ZH KDYH

]�W�  OLP
7��

0�W� 7 � �%���

ZKHUH

0�W� 7 � � 
(W>zQ�7 �@

(�>zQ�7 �@
�

0�W� 7 � LV WKH IDPLO\ RI SRVLWLYH PDUWLQJDOHV WKDW LV FHQWUDO WR WKH SRVLWLYH LQWHUHVW
UDWH PRGHOV RI -LQ DQG *ODVVHUPDQ ������� ,Q SDUWLFXODU� WKH\ H[SUHVV WKH VWDWH�SULFH
GHqDWRU DV

Q�W�  

= �

V W
K�V�0�W� V� GV�

ZKHUH K�V� � b(�>zQ�V�@�
��

��(T XD WLR Q �%�� � LPSOLH V 
�Q�  
�bzQ�  
�Q U�� Z KH UH U LV WKH LQWH UH VW UD WH � 6H H $ SSH QGL[ '
IR U D GLVF XVVLR Q R I J H QH UD OL] H G 9 /' ER QGV�
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$SSHQGL[ &� %HYHU LGJĤ 1HO VRQ GHF RP SRVLW LRQ

:KHQ WKHUH DUH QR VWDWH�GHSHQGHQW YRODWLOLWLHV� WKHUH LV D FORVH FRUUHVSRQGHQFH
EHWZHHQ RXU GHFRPSRVLWLRQ YLD WKH DV\PSWRWLF UHYLVLRQ SURFHVV DQG WKH GHFRPSRVL�
WLRQ RI %HYHULGJH DQG 1HOVRQ ������ IRU GLVFUHWH�WLPH $5,0$ PRGHOV� :H LOOXVWUDWH
WKLV ZLWK DQ H[DPSOH�
)LUVW� ZH LQWURGXFH WZR GHpQLWLRQV�

'HpQLWLRQ �� /HW Q EH D SRVLWLYH SURFHVV ZLWK Q���  �� ,I

|�W�  OLP
7��

(W>ORJ�Q�7 ��@b(�>ORJ�Q�7 ��@

H[LVWV D�V� IRU DOO W y �� WKHQ ZH VD\ WKDW | LV WKH SHUPDQHQW FRPSRQHQW RI Q� ZKLFK
ZH ZULWH DV |  ��ORJ�Q���

'HpQLWLRQ �� :H VD\ WKDW Q LV ORJ�WUHQG�VWDWLRQDU\ LI ��ORJ�Q��  ��

/HW XV WDNH Q�  ]� ]� Q� IURP WKH H[DPSOH LQ 6HFWLRQ � DV WKH VWDWH^SULFH GHqDWRU�
EXW UHSODFH WKH IXQFWLRQ K�[� \� ZLWK WKH SDUDPHWHU K� 7KHQ ZH FDQ ZULWH

ORJ�Q��W��  ORJ�Q��W��b �

�

b
J� � K�

c
Wb J:;�W�b K:< �W�� �&���

2QH FDQ YHULI\ WKDW WKH SHUPDQHQW FRPSRQHQW RI ORJ�Q�� LV JLYHQ E\ |�W�  bJ:;�W�b
K:< �W�� DQG WKDW ORJ�Q��W��b �

�

b
J� � K�

c
W LV WUHQG�VWDWLRQDU\�

/HW XV DVVXPH WKDW ZH VDPSOH WKLV SURFHVV GLVFUHWHO\� DW XQLW LQWHUYDOV� :H
LQWURGXFH WKH VWDQGDUG ODJ RSHUDWRU /� ZKHUH /[�W�  [�W b �� IRU DQ\ SURFHVV [�
%\ DSSO\LQJ WKH GLoHUHQFLQJ RSHUDWRU �b / WR ;�W� �� ZH FDQ GHFRPSRVH

��b /�;�W� ��  �;�W� W� ��b;�W�� �

= W��

V W
G;�V� W� ��

 
b
�b Hbx

c
�v b;�W�� � s�W� ��

�&���

LQWR H[SHFWHG DQG XQH[SHFWHG FRPSRQHQWV� ZKHUH

s�W� ��  

= W��

V W
G;�V� W� ��  

= W��

V W
� Hbx �W��bV� G:;�V�

LV FRQGLWLRQDOO\ *DXVVLDQ ZLWK PHDQ ]HUR DQG YDULDQFH h�W� W������ 7KXV GLVFUHWHO\�
VDPSOHG ; IROORZV DQ $5���� ZKLFK ZH FDQ ZULWH DV

��b ~/�;�W� ��  P� s�W� ��� �&���

ZKHUH P  �� b Hbx� v DQG ~  Hbx� &RQVHTXHQWO\� LI J  K  �� ORJ�Q�� LV DQ
$5��� SOXV GHWHUPLQLVWLF GULIW�
'LoHUHQFLQJ �&��� SURGXFHV

��b /� ORJ�Q��W� ���  

b Aob p ��b /�;�W� ��b J �;�W� ��b K �< �W� ��� �&���

ZKHUH Ao  o � �
�

b
J� � K�

c
DQG �L�W � ��  �� b /�:L�W � ��� 7KH �L�W � �� KDYH

FRQGLWLRQDO PHDQ ]HUR DQG YDULDQFH RQH� $OVR QRWH� WKH FRYDULDQFH EHWZHHQ �;�W���

�� 7 KH H [ SUH VVLR QV IR U ;�W� 7 � D QG h �W� 7 � D UH J LY H Q LQ �� �� ��
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DQG s�W � �� LV JLYHQ E\ �� x� ��b Hbx�� 7KH YDULDQFH RI WKH pUVW GLoHUHQFH RI WKH
SHUPDQHQW FRPSRQHQW LV J� � K�� 6XEVWLWXWLQJ �&��� LQWR �&��� SURGXFHV

��b /� ORJ�Q��W� ���  

b Aob p

v
�b /

�b ~/

w
s�W� ��b J �;�W� ��b K �< �W� ��� �&���

ZKHUH ZH FDQ H[SDQGv
�b /

�b ~/

w
 � � �~b �� b/� ~/� � ~� /� � c c c c �

:H FDQ FRPSXWH WKH DXWRFRYDULDQFH IXQFWLRQ IURP �&����

q���  & � J� � K�

q���  
�~b ��&

�
q�M�  ~ q�M b �� IRU M  �� �� � � � �

�&���

ZKHUH

&  
p� ��

�� � ~�x

b
�b Hb�x

c
�
� J p �

x

b
�b Hbx

c
�

7KLV DXWRFRYDULDQFH IXQFWLRQ LV FKDUDFWHULVWLF RI DQ $5,0$������� ZLWK $5 FRHr�
FLHQW ~� 7KHUHIRUH� ZH FDQ SDUDPHWHUL]H WKH SURFHVV IRU �� b /� ORJ�Q��W � ��� DV
IROORZV�

��b ~/� ��b /� ORJ�Q��W� ���  ��b ~� Ao� �� �d/� H�W� �� �&���

LV

q���  
� �d� � � ~d

�b ~�
��H

q���  
�� � ~d� �~�d�

�b ~�
��H

q�M�  ~ q�M b �� IRU M  �� �� � � � �

�&���

ZKHUH ��H LV WKH FRQGLWLRQDO YDULDQFH RI H�W � ���
�� 0DWFKLQJ H[SUHVVLRQV IRU q���

DQG q��� LQ �&��� DQG �&���� ZH FDQ VROYH IRU d DQG ��H �
:H QRZ WXUQ WR WKH %HYHULGJH^1HOVRQ GHFRPSRVLWLRQ� :H FDQ QRUPDOL]H �&���

LQWR DQ LQpQLWH�RUGHU 0$ UHSHUVHQWDWLRQ IRU WKH JURZWK UDWHV RI Q��

��b /� ORJ�Q��W� ���  Ao� F�/� H�W� ���

ZKHUH F�/� � �� � d/� �� b ~/�� %HYHULGJH DQG 1HOVRQ GHFRPSRVH WKH PRYLQJ
DYHUDJH LQWR SHUPDQHQW DQG WUDQVLWRU\ FRPSRQHQWV� F��� H�W��� DQG Fe�/� H�W����
UHVSHFWLYHO\� ZKHUH Fe�/� � F�/� b F��� DQG F���  F�/  ��  

3�
L � FL� 7KH

RQH�VWHS DKHDG FRQGLWLRQDO YDULDQFH RI WKH SHUPDQHQW FRPSRQHQW LV JLYHQ E\

F�����H  
��H �� �d��

��b ~��
 q���b � q���

~b �  J� � K��

��6H H + D UY H \ �� � � � � F KD SWH U � �� IR U H [ D PSOH �
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ZKLFK �DV QRWHG� LV WKH YDULDQFH RI WKH SHUPDQHQW FRPSRQHQW� �7KH VHFRQG HTXDOLW\
FRPHV IURP VROYLQJ �&��� IRU d DQG ��H � DQG WKH WKLUG HTXDOLW\ FRPHV IURP XVLQJ
�&��� WR HOLPLQDWH q��� DQG q�����

$SSHQGL[ '� 7 KH JHQHU DO L] HG 9/' ERQG DQG SD\RXW EXEEO HV

,Q WKLV DSSHQGL[ ZH GHpQH D JHQHUDOL]DWLRQ RI WKH 9/' ERQG DQG ZH VKRZ WKDW
WKHVH DVVHWV DUH SD\RXW EXEEOHV LQ WKH VHQVH RI *LOOHV DQG /H5R\ �������

7KH JHQHUDOL]HG 9/' ERQG� 'HpQH

V�W� 7 �  (W

x
Q�7 �

Q�W�
��7 �

y
�

ZKHUH ��W� LV VRPH VWULFWO\ SRVLWLYH SURFHVV� ,Q RWKHU ZRUGV� V�W� 7 � LV WKH YDOXH DW
WLPH W RI DQ DVVHW WKDW PDNHV D VLQJOH SD\PHQW RI ��7 � DW WLPH 7 � 1RZ GHpQH

aV�W� 7 �  
V�W� 7 �

V��� 7 �
 

(W

Kt
Q�7 �
Q�W�

u
��7 �

L
(� >Q�7 ���7 �@

 (W

xv
Q�7 �

Q�W�

w
a��7 �

y
�

ZKHUH

a��7 �  
��7 �

(� >Q�7 ���7 �@
�

,Q RWKHU ZRUGV� aV�W� 7 � LV WKH YDOXH DW WLPH W RI DQ DVVHW WKDW PDNHV D VLQJOH SD\PHQW
RI a��7 � DW WLPH 7 � 1RWH WKDW V��� 7 � u �� 1RZ GHpQH

X�W�  OLP
7��

aV�W� 7 ��

LI WKH OLPLW H[LVWV D�V� IRU DOO W y �� ZKLFK ZH FDQ ZULWH DV X  
�Q�� Q� :H UHIHU
WR X DV WKH YDOXH SURFHVV RI D JHQHUDOL]HG 9/' �*9/'� ERQG DQG WR � DV LWV SD\Ro
SURFHVV� 7KH 9/' ERQG LV D VSHFLDO FDVH� ZKHUH �  ��

3URSRVLWLRQ �� /HW � EH WKH SD\Ro SURFHVV IRU WKH *9/' ERQG X DQG OHW Y  

�Q� Q EH WKH YDOXH RI WKH 9/' ERQG� 7KHQ

X  Y �� 
�� Y�  ��

3URRI� /HW t�  
�Q�� 7KHQ

X  
�Q�� Q  
�t� � Y� Q  t� 
��� Y� Q  Y 
��� Y��

%XW E\ 3URSRVLWLRQ �� 
��� Y�  � �� 
�� Y�  ��

5HODWLRQ WR SD\Ro EXEEOHV� ,Q WKLV VHFWLRQ� ZH VNHWFK KRZ WKH 00$ DQG WKH
9/' FDQ EH JLYHQ D PDWKHPDWLFDO UHSUHVHQWDWLRQ� IROORZLQJ WKH DUJXPHQW LQ *LOOHV
DQG /H5R\ ������� )RU HDVH RI H[SRVLWLRQ� ZH DVVXPH WKDW WUDGHG VHFXULWLHV DUH
FODLPV WR OXPS\ GLYLGHQGV SD\DEOH DW DQ\ GDWHV WKDW DUH LQ D p[HG FRXQWDEOH VHW�
VD\ 7  I�� �� �� � � � J� HQGRZHG ZLWK WKH FRXQWLQJ PHDVXUH RQ �7 �WKH VHW RI DOO
VXEVHWV RI 7 �WKH DQDO\VLV FDQ EH FDUULHG RXW RQ WKH KDOI�OLQH >���� ZLWK /HEHVJXH
PHDVXUH� EXW WKH WHFKQLFDO GLrFXOWLHV ZRXOG REIXVFDWH WKH PDLQ LGHD��
:LWK p[HG VWDWH�SULFH GHqDWRU Q�W�� FRQVLGHU WKH VSDFH RI FDVKqRZV

F  IF���� F���� F���� � � � J



5HIHU HQ FHV ��

VXFK WKDW F�W� LV )W�PHDVXUDEOH DQG NFN� � 
3

W�7 (�>Q�W� MF�W�M@ � �� 7KLV VSDFH
FDQ EH WKRXJKW RI DV DQ /� VSDFH ZLWK QRUP N c N� RYHU WKH PHDVXUDEOH VSDFH
In d 7 �) d �7 J� LWV QRUP GXDO LV WKH /� VSDFH FRQVLVWLQJ RI WKH SURFHVVHV P
VXFK WKDW P�W� Q�W� LV HVVHQWLDOO\ ERXQGHG RQ 7 � DQG WKH QRUP RI P LV NPN� � 
HVV VXSW�7 IMP�W�M Q�W�J� 7KH QRUP GXDO RI WKLV /� VSDFH LV D VSDFH� GHQRWHG ED�
RI pQLWHO\�DGGLWLYH PHDVXUHV { RQ n d 7 � VXFK WKDW N{N � VXSI5$ Q�7 � GM{M M $ �
) d �7 J � ��
7KH VSDFH /� RI FDVKqRZV LV HPEHGGHG LQ ED LQ VXFK D ZD\ WKDW WKH XQLW EDOO RI

/� LV GHQVH LQ WKH XQLW EDOO RI ED� ZKHQ /� LV HQGRZHG ZLWK WKH ZHDN
e WRSRORJ\�

&RQVLGHU D VHTXHQFH �[�� [�� � � � � RI FDVKqRZV LQ /�� ZLWK [L FRQVLVWLQJ RI D VLQJOH
QRQ�QHJDWLYH FDVKqRZ F�L� SD\DEOH DW WLPH L VDWLVI\LQJ (�>Q�L� F�L�@ ! �� VR WKDW
N[LN  (�>Q�L� F�L�@ ! �� 'HpQLQJ \L � [L N[LN� WKH VHTXHQFH \ � �\�� \�� � � � � LV
FRQWDLQHG LQ WKH XQLW VSKHUH LQ /�� DQG HDFK \L KDV XQLW YDOXH� 7KHUHIRUH \ KDV D
OLPLW SRLQW E LQ ED� D EXEEOH� RU SD\Ro DW LQpQLW\ ZLWK YDOXH

5
Q� c � GE  ��

5HI HU HQF HV

%HYHULGJH� 6� DQG &� 5� 1HOVRQ ������� $ QHZ DSSURDFK WR GHFRPSRVLWLRQ RI
HFRQRPLF WLPH VHULHV LQWR SHUPDQHQW DQG WUDQVLWRU\ FRPSRQHQWV ZLWK SDUWLF�
XODU DWWHQWLRQ WR PHDVXUHPHQW RI WKH CEXVLQHVV F\FOH
� -RXUQDO RI 0RQHWDU\
(FRQRPLFV �� ���^����

&DPSEHOO� &� -�� +� %� .D]HPL� DQG 3� 1DQLVHWW\ ������� 7LPH�YDU\LQJ ULVN DQG
UHWXUQ LQ WKH ERQG PDUNHW� $ WHVW RI D QHZ HTXLOLEULXP SULFLQJ PRGHO� 5HYLHZ
RI )LQDQFLDO 6WXGLHV �� ���� ���^����

&RQVWDQWLQLGHV� *� 0� ������� $ WKHRU\ RI WKH QRPLQDO WHUP VWUXFWXUH RI LQWHUHVW
UDWHV� 5HYLHZ RI )LQDQFLDO 6WXGLHV � ���� ���^����

'XrH� '� ������� '\QDPLF $VVHW 3ULFLQJ 7KHRU\ �VHFRQG HG��� 3ULQFHWRQ� 1HZ
-HUVH\� 3ULQFHWRQ 8QLYHUVLW\ 3UHVV�

'XrH� '� DQG 5� .DQ ������� $ \LHOG�IDFWRU PRGHO RI LQWHUHVW UDWHV�0DWKHPDWLFDO
)LQDQFH � ���� ���^����

'\EYLJ� 3� +�� -� (� ,QJHUVROO� DQG 6� $� 5RVV ������� /RQJ IRUZDUG DQG ]HUR�
FRXSRQ UDWHV FDQ QHYHU IDOO� -RXUQDO RI %XVLQHVV �� ���� �^���

)LVKHU� 0� DQG &� *LOOHV ������� (VWLPDWLQJ H[SRQHQWLDO�DrQH PRGHOV RI WKH WHUP
VWUXFWXUH� :RUNLQJ SDSHU� %RDUG RI *RYHUQRUV RI WKH )HGHUDO 5HVHUYH 6\VWHP�
:DVKLQJWRQ� '&�

)LVKHU� 0� DQG &� *LOOHV ������� $URXQG DQG DURXQG� 7KH H[SHFWDWLRQV K\SRWK�
HVLV� -RXUQDO RI )LQDQFH ��� ���^����

*LOOHV� &� DQG 6� )� /H5R\ ������� %XEEOHV DV SD\RoV DW LQpQLW\� (FRQRPLF 7KH�
RU\ �� ���^����

+DUYH\� $� &� ������� 7LPH VHULHV PRGHOV� 1HZ <RUN� -RKQ :LOH\ 	 6RQV�
,QJHUVROO� -U�� -� (�� -� 6NHOWRQ� DQG 5� /� :HLO ������� 'XUDWLRQ DIWHU IRUW\ \HDUV�

MITD ��� ���^����
-LQ� <� DQG 3� *ODVVHUPDQ ������� (TXOLEULXP SRVLWLYH LQWHUHVW UDWHV� $ XQLpHG
YLHZ� :RUNLQJ SDSHU� &ROXPELD %XVLQHVV 6FKRRO�

.DUDW]DV� ,� DQG 6� (� 6KUHYH ������� %URZQLDQ PRWLRQ DQG VWRFKDVWLF FDOFXOXV�
1HZ <RUN� 6SULQJHU�9HUODJ�
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.D]HPL� +� %� ������� $Q LQWHUWHPSRUDO PRGHO RI DVVHW SULFHV LQ D 0DUNRY HFRQ�
RP\ ZLWK D OLPLWLQJ VWDWLRQDU\ GLVWULEXWLRQ� 5HYLHZ RI )LQDQFLDO 6WXGLHV � ����
��^����

.D]HPL� +� %� DQG *� <� *HRUJLHY ������� &DOFXODWLQJ WKH PDUNHW SULFH RI
ULVN IURP LQWHUHVW UDWH SURFHVVHV� 8QSXEOLVKHG� 8QLYHUVLW\ RI 0DVVDFKXVHWWV�
$PKHUVW�

/DEDGLH� 3� ������� 7KH WHUP VWUXFWXUH RI LQWHUHVW UDWHV RYHU WKH EXVLQHVV F\FOH�
-RXUQDO RI (FRQRPLF '\QDPLFV DQG &RQWURO ��� ���^����

5RJHUV� /� &� *� ������� 7KH SRWHQWLDO DSSURDFK WR WKH WHUP VWUXFWXUH RI LQWHUHVW
UDWHV DQG IRUHLJQ H[FKDQJH� 0DWKHPDWLFDO )LQDQFH �� ���^����

6DwD�5HTXHMR� -� ������� 7KH G\QDPLFV DQG WKH WHUP VWUXFWXUH RI ULVN SUHPLD LQ
IRUHLJQ H[FKDQJH PDUNHWV� :RUNLQJ SDSHU� ,16($'�

9DVLFHN� 2� ������� $Q HTXLOLEULXP FKDUDFWHUL]DWLRQ RI WKH WHUP VWUXFWXUH� -RXUQDO
RI )LQDQFLDO (FRQRPLFV �� ���^����

�0 D UN ) LVKH U� 5HVHDU F K 'HSDU W P HQW � ) HGHU DO 5HVHU YH %DQN RI $W O DQW D� � � � 0 DU L�
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