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IIntroduction – the framew

We consider now the “global” s
the temporal fluctuations of mo

The stochastic models of morta
to this analysis They suggest tto this analysis. They suggest t
a random variable, and thus    
a function of t for a fixed age x)

μ

The mortality rate is effectively
given year is the realization ofgiven year is the realization of 

work

systematic risk associated with 
ortality.

ality provide a tool well-adapted 
that the future death rate itself isthat the future death rate itself is 
       is a stochastic process (as 
).
( ),x t

y observed for an age and thus a 
a random variablea random variable.
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IIntroduction – the framew

Through construction of a pros
method of  Lee & Carter (1992

or one of its derivations (cf. Pla
l d t ti t th f t t

ln xt xμ α β= +

are led to estimate the future te
of coefficient

( ,t Mk t t≥

This model suggests an obvio

work

spective mortality table by the 
)

anchet & Thérond (2006)), we 
d th h th d lli

x t xtkβ ε+

endency through the modelling 

)M

ous linear tendency in general.
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IIntroduction – the framew

This will be modelised simply b
*k btk at b= +

work

by assuming that:

b tb γ+

For example one can
put:

( )20Nγ σ≈

This is a systematic risk.

( )0,t N γγ σ≈
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IIntroduction – the framew

To quantify this risk, we consid
according to the benefit amoun
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work

der a scheme of annuities 
nt year by year:
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IIntroduction – the framew

The liabilities are easy to comp
of interest is:
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1
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The best estimate is given by:
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work

pute, and the stochastic variable 
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IIntroduction – the framew

One can show that if you are u
noise about                   for exa( ),t Mk t t≥( )t M

*
t tk at b γ= + +

or the more sophisticated         
vector the systematic risk is ve

*
tk =

vector, the systematic risk is ve
it possible to build a model, c
and that leads to significant 

work

using simple description of the 
mple:

( )20,t N γγ σ≈

          with           a gaussian 
ery weak So the question is : is

ˆât b= + ( )ˆˆ,a b
ery weak. So, the question is : is 
coherent with the observations 
part of systematic risk ?
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The model - description

Nevertheless, while in common
assumed Gaussian or to follow
here that it is represented by a
differentiates three proportions
adjustment of the empirical ( )kadjustment of the empirical

- the proportion     of the
- the proportion     of the

( )tk
p−

p+

- the                 centered
values.

1 p p− +− −

n approaches, this noise is 
w an ARIMA process, we assume 
 conditional model, which 

s among the residuals of the 
)
e smallest residuals,
e largest residuals; and

)

d residuals, weak in absolute 
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The model - description

Considering the small amount 
observations) and due to the fa
big variations in comparison w
without practical impact), we fix

Moreover, we suppose that the

p p− +=

Moreover, we suppose that the
to the tendency value follows a
parameters              . The same
negative deviation with specifi

( ),m α+ +

negative deviation, with specifi

of available data (about fifty 
act that we are interested here in 
ith tendency (weak deviation 
x arbitrarily

e positive deviation in relation

0,43+ =

t
+γe positive     deviation in relation 

a Pareto distribution with 
e assumption is made for the 
c parameters

tγ

c parameters.
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The model - estimation

The Pareto distribution is ,mS α

The parameters as estimated b

{ }ˆ min ;m i n pγ= ≥ ×( ){ }min ;im i n pγ+ += ≥ ×

ˆ
n

n p
α

+

+
+

×⎡ ⎤⎣ ⎦=
⎛ ⎞

NB : the tendancy is simply line
1

ln
ˆ

i

i m
γ+

+=

⎛ ⎞
⎜ ⎟
⎝ ⎠

∑

NB : the tendancy is simply line

( ) xx
m

α

α

−
⎛ ⎞= ⎜ ⎟
⎝ ⎠

by maximum likelihood

{ }ˆ max ;m i n pγ= ≤ ×( ){ }max ;im i n pγ− −= − ≤ ×

ˆ
n

n p
α −
−

×⎡ ⎤⎣ ⎦=
⎛ ⎞

ear with least square estimation
1

ln
ˆ

n
i

i m
γ−

−=

⎛ ⎞−
⎜ ⎟
⎝ ⎠

∑

ear with least square estimation.
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The model - description

With french mortality data (INE

N

p- 

MM-

α- 

ED 1946-1996) we obtain:

Negative Residuals Positive Residuals 

42.9 % p+ 42.9 % 

1 4385 M+ 1 38781.4385 M+ 1.3878

1.13 α+ 1.1105 
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The model - Application to

In the following, for numerical a
consisting of 374 female annui
at the end of the experiment. T
to €5.5 k. With the provision of 
reserve comes to €37 9 M withreserve comes to €37.9 M with
table supra.

o an annuity plan

applications we will use a portfolio 
tants with an average age of 63.8 

The annual mean income comes 
f bank rate of 2.5 %, initial policy 
h the determined prospectiveh the determined prospective 
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The model - Application to
1,80%

1 00%

1,20%

1,40%

1,60% Stochastique
Déterministe

0,40%

0,60%

0,80%

1,00%

Fr
éq

ue
nc

e

0,00%

0,20%

,

 

Expectation 

 Standard Deviation 

Lower Bound of Confi

Upper Bound of Confi

Coefficient of variation
 

o an annuity plan

Milli
Deterministic Stochastic 

Millions

37 937 707 37 380 862 

626 918 2 418 408 

fidence Interval 36 625 000 34 295 073 

14

idence Interval 39 075 000 38 945 073 

n 1.65 % 6.47 % 
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The model - Application to

Even for a portfolio of small siz
mortality on the structure of un
two effects:

- the coefficient of variat
by 3 with respect to the situatioby 3 with respect to the situatio
systematic risk;

- the mean undertaking 
shocks increasing with the dec

o an annuity plan

ze, the impact of stochastic 
dertaking is important. We state 

tion of engagement is multiplied 
on of not taking account theon of not taking account the 

diminishes, due to the impact of 
crement rates.

15



, 

The model - Application to

We therefore compare the con
management: the best estimat
decreasing, but the presence o
calibrate a risk margin taking in
volatility In total it is not certaivolatility. In total, it is not certai
significantly, but its decomposi
risk margin) in prudent logic (S
(IFRS insurance) is modified in(IFRS insurance) is modified in

o an annuity plan

sequences in terms of risk 
e vision of undertaking is seen 
of a systematic risk leads to 
nto account the strongest 
in that the sum changesin that the sum changes 
tion (in terms of expectation and 

Solvability 2) and accounting 
n a sensible wayn a sensible way.
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The model - Application to

However as show in Planchet e
portfolio is an important param
if the absolute level of systema
size of the portfolio, it also doe
risk The part of variance explarisk. The part of variance expla
component of mortality therefo
portfolio

o an annuity plan

et al. (2006) the size of the 
eter to take into account. In fact, 

atic risk does not depend on the 
s not depend on mutualisable 

ained by the stochasticained by the stochastic 
re increases with the size of the 
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The model - Application to

With size x30

2,2%

2,4%

2,6%

Stochastique
Déterministe

1 0%

1,2%

1,4%

1,6%

1,8%

2,0%

ré
qu

en
ce

0 0%

0,2%

0,4%

0,6%

0,8%

1,0%Fr

0,0%

Millio

o an annuity plan
 Deterministic  Stocha

Expectation 1 138 008 113 1 121 52

Standard deviation  5 592 212 69 93

Lower bound of confidence interval 1 131 130 658 1 032 81

Upper bound of confidence interval 1 144 480 658 1 141 81

Coefficient of variation 0,30 % 6
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Conclusion

We propose a model used in c
annuities, which inserts uncerta
long-term tendency through ad
If the level of reserve is not sen
the structure of reserve changethe structure of reserve change
again in decrease and risk mar
systematic risk. This model see
considering the risk carried by 
a more appropriate segmentati
between different risk sources.

calculating the reserve of life 
ainty explicitly in determining the 

djustment of this tendency.
nsibly impacted by this change, 
es: the best estimate is seenes: the best estimate is seen 
rgin in increase due to this 
ems to us in fact better 
the regime of income by allowing 
ion of the sum of undertaking 
.
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